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Outline of Talk:

• Principal Chiral Model-Definition

• Hamiltonian analysis

• Current Algebra-Poisson bracket of Lax Con-

nection

• Nambu-Gotto form of Principal Chiral Model

• Conclusion
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Hamiltonian formalism and Current algebra

Action for the Principal Chiral Model
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(1)

•
√

λ
2π ... is the effective string tension.

• Coordinates σ, τ ... parametrise the string world-sheet, σ

to be −π ≤ σ ≤ π.

• The current JA
α .... defined through the group element g

that belongs to the group G

Jα = g−1∂αg ≡ JA
α TA , (2)

• TA.... basis of the algebra g

Tr(TATB) = KAB , [TA, TB] = fC
ABTC (3)

• KAB ...invertible matrix, fC
AB = −fC

BA... structure con-

stants of the algebra g.
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• Indices A, B... label components of the basis TA.

• xM :... parametrise the group element q. Then

JA
α = EA

M∂αx
M . (4)

• metric on some target manifold labelled with xM :...

GMN = EA
MKABEB

N (5)

• EA
M .... vielbeins of the target manifold

Hamiltonian Formalism

Conjugate momenta to xM :

pM = −
√

λ

2π

√
−γγταEA

MKABJB
α (6)

Canonical Poisson brackets
{
xM(σ), pN(σ′)

}
= δM

N δ(σ − σ′) (7)

Parametrisation of metric variables γαβ:

λ± =

√
−γ ± γτσ

γσσ
, ξ = ln γσσ , (8)

Hamiltonian density H0:
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H0 = λ+T+ + λ−T− ,

T+ =
1

2
(T0 + T1) , T− =

1

2
(T0 − T1) ,

(9)

where

T1 ≡ pM∂σx
M ,

T0 ≡
π√
λ
pMGMNpN +

√
λ

4π
∂σx

MGMN∂σx
N .

(10)

Absence of time-derivative of γαβ:

π± =
δS

δ∂τλ±
= 0 , πξ =

δS

δ∂τξ
= 0 . (11)

Primary constraint of the theory

Stability of the primary constraints: existence of two sec-

ondary constraints

T+ = T− = 0 . (12)

Constraints T0, T1 do not generate any additional ones.
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Notation:All constraints:

• Φα

• α = (λ±, ξ,±) ...label the first class constraints

• πλ
± = πξ = 0

• T± = 0.

• ρA... Lagrange multipliers

• Generalised Hamiltonian density:

HT = H0 + ρα(p, x, t)Φα , (13)

Remark:

In principle ρα depend on the phase space variables pM , xM , π, λ.

Hamiltonian equation of motion:

∂τF = ∂τF +
{
JA

τ , H
}

= ∂τF +{F, H0}+ρα {F, Φα} . (14)

Then:

JA
τ =

2π√
λ

(− 1√
−γγττ

+ρ0)KABEM
B pM+(−γτσ

γττ
+ρ1)EA

M∂σx
M ,

(15)

Current Algebra
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Important:

The current algebra has closed form for ρ± = ρ(τ, σ)

Define:

− 1√
−γ̃γ̃ττ

= − 1√
−γ̃γ̃ττ

+ ρ0 ,−γ̃τσ

γ̃ττ
= −γτσ

γττ
+ ρ1 . (16)

Lax connection:

Ĵα =
1

1− Λ2
(Jα − Λγ̃αβ ε̃

βγJγ) (17)

is flat:

∂αĴ
A
β − ∂βĴ

A
α + ĴB

α ĴC
β fA

BC = 0 (18)

for general world-sheet metric.

Sign of Integrability of Principal chiral model on

world-sheet with general metric

Further step: Determine the form of Poisson bracket of

Lax connection:

To do this we need to find the form of Poisson brackets

between currents
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Then the Poisson bracket of Lax connection takes the form:

{
ĴA

σ (σ, Λ), ĴB
σ (σ′, Γ)

}
= − 2π√

λ
[
KAB∂σδ(σ − σ′)

(1− Λ2)(1− Γ2)
(Γ + Λ)−

− Γ2

(Γ2 − 1)(Λ− Γ)
ĴC

σ (Λ)fA
CDKDBδ(σ − σ′)−

− Λ2

(Λ2 − 1)(Λ− Γ)
ĴC

σ (Γ)fA
CDKDBδ(σ − σ′)]

(19)

Comments:

• It is desirable that this Poisson bracket does not depend

on γ̃.

• Implication:

Poisson brackets of the monodromy matrices do not depend

on the world-sheet metric and gauge parameters

Monodromy Matrix

T (Λ) = P exp(
∫ y1

x1
dσ′Ĵσ(τ, σ′)) . (20)

Poisson brackets:

{Tαβ(x1, y1, Λ), Tγδ(x2, y2, Γ)} =

=
∫ y1

x1
dσ

∫ y2

x2
dσ′Tαω1(x1, σ, Λ)Tω2β(σ, y1, Λ)×

×{Lω1ω2(σ, Λ), Lρ1ρ2(σ
′, Γ)} Tγρ1(x2, σ

′, Γ)Tρ2,δ(σ
′, y′2, Γ) .

(21)
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Comments

• The calculation depends on the Poisson bracket of Lax

connection:

• It can be shown that for the Poisson bracket of the Lax con-

nection given above the Poisson brackets of the transition

matrix defines an infinite number of integrals of motion

that are in involution (Dorey, Maillet)

• Strong implication if integrability

• This result holds on the world-sheet with general metric

with all gauge freedom

• It can be shown that theory has infinite number of charges

in involution for any fixed world-sheet metric but with un-

fixed Virasoro constraints

• Open problem: Try to determine the Poisson bracket of

the Lax connection for completely fixed theory (uniform

light-cone gauge):work in progress
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Nambu-Gotto Principal Model

S =

√
λ

2π

∫
dσdτL ,L = −

√
− detAαβ (22)

where

Aαβ = JA
α JB

β KAB . (23)

JA
α obey the equations of motion

[∂α[JA
β

(
A−1

)βα√− detA] = 0 (24)

Definition of Lax connection:

Lσ =
1

1− Λ2
[JA

σ + Λ
(
A−1

)τα
JA

α

√
− detA] ,

Lτ =
1

1− Λ2
[JA

τ − Λ
(
A−1

)σα
JA

α

√
− detA] .

(25)

It can be show that it is flat:

∂αL
A
β − ∂βL

A
α + LB

α LC
β fA

BC = 0 (26)

Hamiltonian formalism

Define:

JA
α = EA

M∂αx
M (27)

Momentum conjugate to xM :

pM =
δS

δ∂τxM
= −

√
λ

2π
GMN∂αx

M
(
A−1

)ατ √− detA

(28)
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Two primary constraints:

Φ0 =
2π√
λ
pMGMNpN +

√
λ

2π
∂σx

MgMN∂σx
N = 0

Φ1 = pM∂σx
M = 0

(29)

Original Hamiltonian density:

H = pM∂τx
M − L = 0 (30)

Total Hamiltonian density:

HT = λ0Φ0 + λ1Φ1 (31)

Then it can be shown that the Poisson bracket of the

Lax connection for the Nambu-Gotto string takes the same

form as above

Implication of the classical integrability of the

theory
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Conclusion

• Principal chiral model on world-sheet with general metric

is classically integrable

• Open important problem: Calculate the Poisson bracket

of the gauge fixed theory

I would like to thank to organisers to give me an opportu-

nity to participate on this workshop.
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