5.1. THE RINDLER METRIC

5.1. The Rindler metric

In this section we will study the Minkowski space from the point of view of an observer
in accelerated motion. The plan is the following:

1. find the universe line of an uniformly accelerated observer;

2. determine the time and space coordinates of the other events (if possible) using a
syncronization procedure based on the exchange of light signals;

3. write the metric as a function of these coordinates.

5.1.1. Constant acceleration

In special relativity an uniform acceleration is defined by the requirement that the ac-
celeration in the reference frame of the accelerated object is constant. If we consider the

quadrivector
du”

dr

du” « (0

dr <(i>

where we choose the x axis in the acceleration direction. With a Lorentz transformation
we can rewrite this in the inertial frame

du” d (v _ YU - @
dr — dr \vv) \a+(y—1) %7

If we suppose that initially the object has zero velocity, we see that ¥ will be always in
the same direction of @. This means that we can restrict our equations to the acceleration

direction only, obtaining
d v\ _ (0 a\ /[~
dr \vv) \a 0) \yw
which can be solved as

()= 5)7] (o) - ()

With another integration we get the universe line of the object

we have in the rest frame

dt
= — =cosh
7 dr ar
d
v o= 2 _ sinhar
dr
which gives
r! = —sinhar
a
s 1
To = (coshat — 1) + xg
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For future convenience we choose xg in such a way that asymptotically x = ¢, which

means that o = o~ ! and

= —sinhat
a

1
= —coshar
a

5.1.2. Observer coordinates

The accelerated observer will consider an event to happen at his time 7, if a light signal
emitted at 7 — A and reflected at the event will be received at the symmetric time 7+ A.
This means that the 7 coordinate of an event will be given by

Ty T
2

7 (z#)
where 74 and 7_ are the two solutions of
2

() (1) = a")” = (&5 (1) — a")* = (a¥)* + (27)?
The same observer will assign a distance ¢ to the event given by
. T4 — T—

§(zt) = 5
Explicitly, it must be
1 1 2
< sinhary — :rt> — < coshary — :I:x) = (2¥)? + (2°)*
a a
1 2 /1 2
< sinhar_ — :vt> — < coshar_ — xx) = (a¥)% + (%)
a a
Expanding we get
coshary —sinhary) (2% _a
coshar— —sinha7_ 2t ) 2
or

(oshalr+0) —sinba(r ) (o)

It must be
2% [cosha (T + 0) — cosha (T — §)] = 2’ [sinha (7 4+ §) — sinha (1 — §)]

or
2% sinh ar = 2! cosh ar
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which means that .

x
tanhar = —
x$
In other words, we will assign the same time coordinate to all the events in the hyperplane

2t = 2% tanhar

Substituting we obtain the distance from the event

1 1 2 - .
coshad = —— {a2 - (@ - @) = @) - (@ )2}}
2/ (@) = (&)
A set of observers:
x% = —sinhar
Ty = — coshar
a
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