Transfer Matrices and Periodic Focusing Systems

8

Transfer Matrices and Periodic Focusing
Systems

Periodic focusing channels are used to confine high-energy beams in linear and circular
accelerators. Periodic channels consist of a sequence of regions called focusing cells containing
one or more charged particle optical elements. A focusing cell is the smallest unit of periodicity in
the channel. The main application of periodic channels is in high-energy acceleratordieat ut
strong focusing. For example, the focusing channel of a linear ion accelerator consists typically of
a series of magnetic quadrupole lenses with alternating north-south pole orientation. Thus, along
either transverse axis, the lenses are alternately focusing and defocusing. We shall see that such a
combination has a net focusing effect that is stronger than a series of solenoid lenses at the same
field strength. A quadrupole focusing channel can therefore be constructed with a much smaller
bore diameter than a solenoid channel of the same acceptance. The associated reduction in the
size and power consumption of focusing magnets has been a key factor in the development of
modern high-energy accelerators. Periodic focusing channels also have application at low beam
energy. Configurations include the electrostatic accelerator column, the electrostatic Einzel lens
array and periodic permanent magnet (PPM) channels used in high-power microwave tubes.

The transfer matrix description of beam transport in near optical elements facilitates the study of
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periodic focusing channels. The matrix description is a mathematical method to organize
information about the transverse motions of particles about the main beam axis. Matrices are
particularly helpful when dealing with systems with a large number of different elements. The
effects on particles of a single element and combinations of elements are described by the familiar
rules of matrix algebra. All the lenses and beam bending devices described in Chapter 6 have
associated transfer matrices.

The transfer matrices for the focusing and defocusing axes of a quadrupole lens are derived in
Section 8.1. Section 8.2 lists transfer matrices for a variety of common optical elements. The rules
for combining matrices to describe complex optical systems are reviewed in Section 8.3. The rules
are applied in Section 8.4 to the quadrupole doublet and triplet lenses. These lenses combine
guadrupole fields to provide focusing along both transverse axes. Periodic systems are introduced
by the example of an array of thin one-dimensional lenses separated by drift spaces (Section 8.5).
The discussion illustrates the concepts of phase advance and orbital stability. Matrix algebra is
used to extend the treatment to general linear focusing systems. Given the transverse matrix for a
focusing cell, the stability limits on beam transport can be derived by studying the mathematical
properties of the matrix power operation (Section 8.6). The chapter concludes with a detailed
look at orbit stability in a long quadrupole channel (Section 8.7).

8.1 TRANSFER MATRIX OF THE QUADRUPOLE LENS

Transfer matrices describe changes in the transverse position and angle of a particle relative to the

main beam axis. We assume paraxial motion and linear fields. The axial velpaity the

location of the main axis are assumed known by a previous equilibrium calculatioandfy are

the coordinates normal & then a particle orbit at some axial position can be represented by the

four-dimensional vectofx, x', y, y') In other words, four quantities specify the particle orbit. The

guantitiesx' andy' are angles with respect to the axis; they are equivalent to transverse velocities

if v, is known. We further assume that the charged particle optical system consists of a number of

separable focusing elements. Separable means that boundary planes between the elements can be

identified. We seek information on orbit vectors at the boundary planes and do not inquire about

details of the orbits within the elements. In this sense, an optical element operates on an entrance

orbit vector to generate an output orbit vector. The transfer matrix represents this operation.
Orbits of particles in a magnetic quadrupole lens were discussed in Section 6.10. The same

equations describe the electric quadrupole with a correct choice of transverse axes and the

replacemenk,, = «.. In the following discussiong can represent either type of lens. According to

Egs. (6.31) and (6.32), motions in tk@ndy directions are separable. Orbits can therefore be

represented by two independent two-dimensional vectors(x, x') andv = (y, y'). This

separation holds for other useful optical elements, such as the magnetic sector field (Section 6.8)

and the focusing edge (Section 6.9). We shall concentrate initially on analyses of orbits along one

coordinate. Orbit vectors have two components and transfer matrices have dimensions 2 x 2.
Consider motion in the& direction in a quadrupole lens oriented as shown in Figure 5.16. The
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lens is focusing in the x direction. If the lens has a lergthe exit parameters are related to the
entrance parameters by

x = x cosg/xl) + x sin(/x)x, (8.1)

% = -x 4 sing/xl) + x cosg/l). (8.2)

The lens converts the orbit vector= (x;, x') into the vecto; = (X;, X'). The components af;
are linear combinations of the componentsiofThe operation can be written in matrix notation
as

U = Ag U, (8.3)

if Aqistaken as

cosg/xl)  sin(/xl)/x
~/x sin(/xl)  cosg/xl)

, (8.4)

where the subscrigt denotes the focusing direction. For review, the rule for multiplication of a 2
X 2 matrix times a vector is

&, &,
&1 &y

- - (8.5)
X + ayX

X/

(x] ax + ax’

If the poles in Figure 5.16 are rotated*9@he lens defocuses in the x direction. The transfer
matrix in this case is

| cosh(fxl)  sinhg/xl)lyx (6.6)
Vi sinhg/xl)  cosh(/xl) | .
Quadrupole lenses are usually used in the lifitl < 1 . In this case, the trigonometric and

hyperbolic functions of Egs. (8.4) and (8.6) can be expanded in a power series. For reference, the
power series forms for the transfer matrices are

1-T?/2+T%24+... (C-T%6+..)h/x

: (8.7)
~/k(C-T%6+...) 1-T%2+T%24+...
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and
| 1+T24T24+. @C+T%6+...)4/x

- 8.8)
J(T+T%6+...)  1+T%2+T%24+...

D

wherel’ = /I . The example of the quadrupole illustrates the method for finding the transfer
matrix for a linear optical element. Numerical or analytic orbit calculations lead to the
identification of the four matrix components. The transfer matrix contains complete information
on the properties of the lens as an orbit operator.

When the action of a focusing system is not decoupledandy, the full four-dimensional
vector must be used and the transfer matrices have the form

‘m RO O]
EE OO
sl
I=psl N B

A focusing system consisting of quadrupole lenses mixed with axisymmetric elements (such as
solenoid lens) has coupling of x and y motions. The transfer matrix for this system has coupling
components represented by the open boxes above. Sometimes, in the design of particle
spectrometers (where beam energy spread is of prime concern), an extra dimension is added to the
orbit vector to represent chromaticity, or the variations of orbit parameters with energy [see P.

Dahl, Introduction to Electron and lon Optics (Academic Press, New York, 1973) Chapter 2]

In this case, the orbit vector is representedias(x, X', y, y', T)

8 .2 TRANSFER MATRICES FOR COMMON OPTICAL ELEMENTS

The following examples illustrate the concept of ray transfer matrices and indicate how they are
derived. The simplest case is the thin one-dimensional lens, illustrated in Figure 8.1. Only the
angle of the orbit changes when a particle passes through the lens. Following Section 6.4, the
transformation of orbit variables is

(8.9)
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Figwrs 81  Effect of a thin lens (fncal kength 1) on a particle orhit intially paralled 10 the axis.

wheref is the focal length. This can be written in the form of Eq. (8.3) with the transfer matrix,

-1/ 1)

1 0 }
. (8.11)

The matrix for a diverging lens is the same except for the &@ywhich equalst1/f. In general,
the sign ofa,, indicates whether the optical element (or combination of elements) is focusing or
defocusing.

An optical element is defined as any region in a focusing system that operates on an orbit vector
to change the orbit parameters. Thus, there is a transfer matrix associated with translation in
field-free space along the z axis (Fig. 8.2). In this case, the distance from the axis changes
according tox, = x. + xi/d , Wherd is the length of the drift space. The angle is unchanged.

The transfer matrix is

1 d
0 1)

x
{ Orbit |
|

: (8.12)

|
|
]
1
|
|
H
t
I
1

>]
Ll d >
Figure 8.2 Modification of a particle orbit passing through a drift region of length 4.

169



Transfer Matrices and Periodic Focusing Systems

We have already studied the magnetic sector lens with uniform field (Section 6.8). A gradient can
be added to the sector field to change the focal properties by varying the width of the gap, as
shown in Figure 8.3. Consider the following special case. The magnet has boundaries
perpendicular to the main orbit so that there is no edge focusing. Furthermore, the field gradient is
parallel to the radius of curvature of the main orbit. With these assumptions, the sector field of
Figure 8.3 is a pie-shaped segment of the betatron field studied in Section 7.3. The field variation
near the main radius is characterized by the field ingdgiq. (7.18)]. Motions about the main

axis in the horizontal and vertical direction are decoupled and are described by independent 2 x 2
matrices. Applying Eq. (7.30), motion in the horizontal plane is given by

X = A cosf/1-n, (z/rg) + @], (8.12)
X = dx/dz = —[‘/1—n0/rg] A sin[,/1-n (z/rg) + ). (8.13)

The initial position and angle are related to the amplitude and phage=lycosy and

X = -y/1-n, A sing/r . In order to determine the net effect of a sector (with transit distance
-d = arg) on horizontal motion, we consider two special input vectfots0) and(0, x'). In the
first casep = 0 and in the second = =/2. According to Egs. (8.12) and (8.13), the final orbit
parameters for a particle entering parallel to the main axis are

X = % cos(/1-n,d/r), (8.14)

and

X\ = =% (JI-ngry) sin(/I-n, d/r), (8.15)

Figure 8.3 Sactor magnet of anguiar extent @ with a negative field gradiem slong the radias of
curvatdare of the main particle arbit,

Similarly, if the particle enters on the main axis at an angle, the final orbit parameters are
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X = x rysinGI-n,d/r)/ [T-ng, (8.16)

and

x| = x cos(fI-n, d/r). (8.17)

The factord/r, is equal toa, the angle subtended by the sector. Combining the results of Egs.
(8.14)-(8.17), the transfer matrix is

cos(/1-n_ a) r.sin@/1-n_ a)/,/1-n
A, - ° (SN, /LT, . (8.18)
‘\/1‘”0 sin(\/l—nO a)/r, cos(/1-n, a)

Similarly, for the vertical direction,

cos(/n, ) resing/n, @)/\/n,
-/n, sin(/n, a)fr,  cos{/n, a) |

A, =

(8.19)

Following the development of Section 6.8, initially parallel beams are focused in the horizontal
direction. The focal point is located a distance

f/ = rjtan(/1-n, o) (8.20)

beyond the sector exit. This should be compared to Eq. (6.27). Whemegative (a positive

field gradient moving out along the radius of curvature), horizontal focusing is strengthened.
Conversely, a positive field index decreases the horizontal focusing. There is also vertical focusing
when the field index is positive. The distance to the vertical focal point is

f/ = rftan(/n, o) (8.21)

If n, = +0.5, horizontal and vertical focal lengths are equal and the sector lens can produce a
two-dimensional image. The dual-focusing property of the gradient field is used in charged
particle spectrometers.

Particles may travel in either direction through a sector magnet field, so there are two transfer
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matrices for the device. The matrix for negatively directed particles can be calculated directly. The
transfer matrix for particles moving backward in the sector field igrikerseof the matrix for
forward motion. The inverse of a 2 x 2 matrix

&1
A =
&1 9y
IS
1 2 T
A= — : (8.22)
deiA T8y ap
The quantitydetA is the determinant of the matr#, defined by
deiA = a,,a,, - a,,8,;. (8.23)

The determinant of the sector field transfer matrix in the horizontal direction is equal to 1. The
inverse is

cos(/1-n_ a) -r sin(/1-n_ o)/,/1-n
ALl = ° (SN, L, . (8.24)

\/1‘”0 sin(\/l—nO a)/r, cos(/1-n, a)

Equation (8.24) is equal to Eq. (8.18) with the replacemert -a. The negative angle
corresponds to motion in the direction. The effect of the element is independent of the
direction. The same holds true for any optical element in which the energy of the charged particle
is unchanged. We can verify that in this caleA = 1.

Acceleration gaps in linear accelerators have the geometry ahithersion lens (Figure 6.10).
This lens does not have the same focal properties for particle motion in different directions.
Assume the focal length for motion of nonrelativistic particles in the accelerating diretfien,
known. This is a function of the lens geometry as well as the absolute potentials of each of the
tubes. The upstream potentialisvhile the downstream potentialgs. The quantityt is defined
as the ratio of the exit velocity to the entrance velocity and is equako,/¢,/¢, . In the
thin-lens approximation, a particle's position is constant but the transverse angle is changed. If the
particle entered parallel to the axis in the accelerating direction, it would emerge at an angle
-x/f,. Similarly, a particle with an entrance veci@, x') emerges at an angie/ £. The traverse
velocity is the same, but the longitudinal velocity increases. The general form for the transfer
matrix of a thin electrostatic lens with acceleration is
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(8.25)

The determinant has the valdetA = 1/£ # 1 . The transfer matrix for a decelerating lens is the
inverse ofA. Applying Eq. (8.22) and inverting signs so that the particle travels irrthe
direction,

(8.26)

In the thin-lens limit, theaccelerating and decelerating focal lengths are relatefg byf /E.

To conclude the discussion of transfer matrices, we consider how the four components of
transfer matrices are related to the focal lengths and principal planes of Gaussian optics (Chapter
6). Consider the uniform sector field of Figure 8.4. This acts as a thick lens with a curved main
axis. An orbit vectoi(1, 0)is incident from the left. The relationship between the emerging orbit
and the matrix components as well as the focal length and principal Higaee indicated on the
figure. Applying the law of similar triangles, the focal length is giveripy -I/a,,. The principal
plane is located a distanee= (1 - a,,)/a,, from the boundary. Thus, the componeatsanda,,
are related tdé, andH,. When the matrix is inverted, the componeatsanda,, move to the first
column. They are related fg andH, for particles traveling from right to left. The matrix and
Gaussian descriptions of linear lenses are equivalent. Lens properties are completely determined
by four quantities.

8.3 COMBINING OPTICAL ELEMENTS
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Matrix algebra makes it relatively easy to find the cumulative effect of a series of transport
devices. A single optical element operates on an entrance orbit vagtehanging it to an exit
vector,u,. This vector may be the entrance vector to another element, which subsequently
changes it tas,. By the superposition property of linear systems, the combined action of the two
elements can be represented by a single matrix that transtgrdasectly tou,,.

If A is the transfer matrix for the first element aBdor the second, the process can be written
symbolically,

u, = A u, u, = Bu, =B (A up,

The matrixC is a function ofA andB. The functional dependence is caliedtrix multiplication
and is denote@ = BA. The rule for multiplication of two 2 x 2 matrices is

bll b12 all a12
by by, || 8y |

Cll ClZ

C - (8.27)

C21 C22

where

(g
|

Cyy = by, + byydy, 12 = Py, + bsdy,,
Cyy = byay; + byya, Cyp = Dyay, + byya,

We shall verify the validity of Eq. (8.27) for the example illustrated in Figure 8.5. The optical

ol

Dt spasce

Figww RS Oroil of o particle piosing througk @ thin lems of focal Eengik ¢ and olg  drifi
dilanee o
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system consists of two one-dimensional elements, a thin lens with focal iefodibwed by a
drift spaced. The particle entrance orbit (&, %,). The position and angle emerging from the
lens arex; = X, andx,' = X, - X,/f. Traveling through the drift space, the orbit angle remains
constant but the displacement changes by an ambunatx,'d. The total transformation is

X, = X + (% = %Jf) d =%, (1 - dif) = x, (8.28)

X, = X - Xf. (8.29)

Inspection of Egs. (8.28) and (8.29) yields the 2 x 2 transformation matrix,
[ 1-dif d 1d|[ 1 o0

. (8.30)

-1 1 01 -1 1

We can easily verify tha€ is the matrix product of Eq. (8.11) by Eq. (8.10).

It is important to note that the mathematic order of matrix multiplication must replicate the
geometric order in which the elements are encountered. Matrix multiplication is not commutative,
so thatAB # BA. The inequality can be demonstrated by calculating the transfer matrix for a drift
space followed by a lens. The effect of this combination is not the same as a lens followed by a
drift space. Consider a parallel orbit entering the two systems. In the drift-lens geometry, the
particle emerges at the same position it entered. In the second combination, the final position will
be different. Multiplying transfer matrices in the improper order is a frequent source of error. To
reiterate, if a particle travels in sequence through elements represemigddy ... , A, ;, A,
then the combination of these elements is a matrix given by

C=A A ,..A A, (8.31)

The astigmatic focusing property of quadrupole doublets (Section 8.4) is an important
consequence of the noncommutative property of matrix multiplication.

We can use matrix algebra to investigate the imaging property of a one-dimensional thin lens.
The proof that a thin lens can form an image has been deferred from Section 6.4. The optical
system consists of a drift space of lengtha lens with focal lengtfiand another drift spacd
(see Fig. 6.7). The vectors,(%,) and (%, X;) represent the orbits in the planesandc,. The
planes are object and image planes if all rays that leave a paspipiass through a corresponding
point inc,, regardless of the orbit angle. An equivalent statement is thataxfunction of x with
no dependence onyxThe transfer matrix for the system is
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c 1d 1 0f|1d,
o1l 1]loa
(8.32)
1-d/f d,+d,~d,d/f
| -uf 1-dyf

The position of the output vector in component fornxis= ¢, X, + C,X.  Animage is formed if
¢, = 0. This is equivalent td/f = (1/d;) + (1/d,). This is the thin-lens formula of Eq. (6.15).
When the image condition hold®] = x/x; = c,.

8.4 QUADRUPOLE DOUBLET AND TRIPLET LENSES

A quadrupole lens focuses in one coordinate direction and defocuses in the other. A single lens
cannot be used to focus a beam to a point or to produce a two-dimensional image.
Two-dimensional focusing can be accomplished with combinations of quadrupole lenses. We will
study the focal properties of two (doublets) and three quadrupole lenses (triplets). Quadrupole
lens combinations form the basis for most high-energy particle transport systems. They occur as
extended arrays or as discrete lenses for final focus to a target. Quadrupole lens combinations are
convenient to describe since transverse motions are separatdadty if the poles (electrodes)
are aligned with the axes as shown in Figures 4.14 (for the electrostatic lens) and 5.16 (for the
magnetic lens). A 2 x 2 matrix analysis can be applied to each direction.

The magnetic quadrupole doublet is illustrated in Figure 8.6. We shall consider identical lenses
in close proximity, neglecting the effects of gaps and edge fields. It is not difficult to extend the
treatment to a geometry with a drift space between the quadrupoles. Relativextdirtbetion,

Figure 34 Magnedc quadnipode doobiler kees.
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the first element is focusing and the second is defocusing. This is represented symbolically as

F D

where particles move from left to right. Conversely, in the y direction the doublet is denoted

D F

The transfer matrices for the combination of the two elements can be found by matrix
multiplication of Egs. (8.4) and (8.6). The multiplication must be performed in the proper order.
The result for aFD channel is

c - cod cosi-sinCsin”  (cosHsinl +codsini)/y/x (8.33)
” Jx(cod'sin"-cosi'sinT)  cod cosh +sinl'sini” ' '
wherel” = ‘/Td. Similarly, for e&DF channel,
cod cosiT+sinCsin”  (cosHsinl +codsini)/y/x
Cor = : (8.34)
Jx(cod'sini"-cosisiT)  cod cosh-sin'sini”

Equations (8.33) and (8.34) have two main implications. First, the combination of equal
defocusing and focusing elements leads to net focusing, and, second, focusing is differert in the
andy directions. As we found in the previous section, the tegpof the transfer matrix
determines whether the lens is focusing or defocusing. In this case,
c,, = Yk (cos/xlsinh/xl-cosh/xlsin/xl). We can verify by direct computation that, & 0 at

kI = 0 and it is a monotonically decreasing function for all positive valuegidf . The reason
for this is illustrated in Figure 8.7, which shows orbits in the quadrupoles faFthandDF
directions. In both cases, the orbit displacement is larger in the focusing section than in the
defocusing section; therefore, the focusing action is stronger. Figure 8.7 also shows that the focal
points in thex andy directions are not equal. An initially parallel beam is compressed to a line
rather than a point in the image planes. A lens with this property is cadiegmatic The term
comes from the Latin wordtigma meaning a small mark. A lens that focuses equally in both
directions can focus to a point or produce a two-dimensional image. Such a lens is called
stigmatic The term anastigmatic is also used. Astigmatism in the doublet arises from the
displacement term,¢ Although initially parallel orbits emerge froffD andDF doublets with the
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same angle, the displacement is increased ilbfheombination, and decreased in tFB.
The transfer matrix for a three-element optical system consisting of a drift space ofliygth
thin lens with focal lengti, and another drift space is

1-1/2f 1-12/4f
-1f  1-1/2f

, (8.35)

Comparison of Eq. (8.35) with Egs. (8.7) and (8.8) shows a correspondence if we take

f = #1/l.Thus, to order/xl)? , quadrupole elements can be replaced by a drift space ofllength
with a thin lens at the center. This construction often helps to visualize the effect of a series of
qguadrupole lenses. A similar power series approximation can be found for the total ray transfer
matrix of a doublet. Combining Eqs. (8.7) and (8.8) by matrix multiplication

1+xl 2 2l
Cor = . (8.36)
-2k243/3 1-«l?
1-xl2 2|
Cop = . (8.37)
-2k 3/3 1+xl?

Equations (8.36) and (8.37) are correct to or¢éd)* .

Stigmatism can be achieved with quadrupoles in a configuration called the triplet. This consists
of three quadrupole sections. The entrance and exit sections have the samd/@nattdl (pole
orientation, while the middle section is rotated3hd has length Orbits in thex andy planes of
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the triplet are illustrated in Figure 8.8. An exact treatment (using the trigonometric-hyperbolic
forms of the transfer matrices) shows that the exit displacements are identical in both planes for
equal entrance displacements. The power series expansions [Egs. (8.7) and (8.8)] can be used to
show that the exit angles are approximately equal. When the calculation is carried out, it is found
that all terms of ordefy/xl)?> mutually cancel from the total matrix. The following result holds for
both theFDF andDFD combinations:

1 2
-«2%6 1

C =

triplet

. (8.38)

Equation (8.38) is accurate to ordgfxl)*

8.5 FOCUSING IN A THIN-LENS ARRAY

As an introduction to periodic focusing, we shall study the thin-lens array illustrated in Figure 8.9.
Orbits in this geometry can be determined easily. The focusing cell boundaries can have any
location as long as they define a periodic collection of identical elements. We will take the
boundary at the exit of a lens. A focusing cell consists of a drift space followed by a lens, as
shown in Figure 8.9.

The goal is to determine the positions and angles of particle orbits at cell boundaries. The
following equations describe the evolution of the orbit parameters traveling through the focusing
cell labeled(n+1) in the series [see Egs. (8.10) and (8.11)]. The subscmgnotes the orbit
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parameter at the exit of theh focusing cell:

X = x +dx) (8.39)

/

X = X0 = x . (8.39)

Equation (8.39) can be solved foy x

X, = (% ,-x)/d. (8.41)

Equation (8.41) can be substituted in Eq. (8.40) to yield
X = [(1-dif) x ., - x]/d. (8.42)

Finally, an equation similar to Eq. (8.41) can be written for the transition through focusing cell
(n+2)

Xo = (X%, )/d. (8.43)

Setting Egs. (8.42) and (8.43) equal gives the difference equation
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Xn+2 - 2 (1_d/2f) Xr|+]_ + Xn = 0 (844)

This is the finite difference equivalent of a second-order differential equation. We found in Section
4.2 that the finite difference approximation to the second derivative of a function involves the
values of the function at three adjacent mesh points.

We seek a mathematical solution of Eq. (8.44) in the form

Definingb = 1 - d/2fand substituting in Eq. (8.44),
expf(n+2)u] - 2b expf(n+1)u] + expfnu) = 0,  or

(8.46)
exp(3u) - 2b expfu) + 1 = 0.
Applying the quadratic formula, the solution of Eq. (8.46) is
expiu) = b +j /1-b2 (8.47)
The complex exponential can be rewritten as
exp(H) = COSH + | Sinp = COSpL + j {/1-cosu . (8.48)
Comparing Egs. (8.47) and (8.48), we find that
i = *cos'b = xcosi(1-d/2f). (8.49)

The solution of Eq. (8.47) is harmonic whéls} < 1 . The particle displacement at the cell
boundaries is given by the real part of Equation 8.45,

X, = X, COSQ~+o). (8.50)

Equation (8.50) gives the displacement measured at a cell boundary. It does not imply that
particle orbits between boundaries are harmonic. In the thin-lens array, it is easy to see that orbits
are straight lines that connect the points of Eq. (8.45). The quantity p is callpthélse advance

in a focusing cell. The meaning of the phase advance is illustrated in Figure 8.10. The case shown
hasp = 2r/7 = 51.4°. Particle orbits between cell boundaries in other focusing systems are
generally not straight lines. Orbits in quadrupole lens arrays are more complex, as we will see in
Section 8.7.
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(u = 51.4°%) Thin-lens array

Envelope

Cell boundary

Figure 8.10 Particle orbit in a thin-lens array with phase advance per cell of 51.4°. Solid line:
Actual particle orbit. Dotted line: Envelope function to calculate particle displacement at cell
boundaries.

The orbit angle at cell boundaries can be determined by substituting Eq. (8.45)in Eq. (8.41).
The result is

X, = (x/d) (expl(n+1)u] - expnp) = (x/d) exp(nu) [expi)-1]. (8.51)

Note that when g O, particle orbits approach the continuous envelope function
X(2) = X, cos(zd+¢).In this limit, the last factor in Eq. (8.51) is approximat@lyso that the
orbit angle becomes

X, = Re([ix,u/d] [exp(np)]) = ~(x,p/d) sin(pz/d). (8.52)

An important result of the thin-lens array derivation is that there are parameters for which all
particle orbits are unstable. Orbits are no longer harmonic but have an exponentially growing
displacment when

b| = [1-d/2f| > 1. (8.53)
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Settingl - d/2fequal to -1 gives the following stability condition for transport in a thin-lens array,
f>d4 (stability). (8.54)

There is a maximum usable lens strength for a given cell length. The physical interpretation of this
instability can be visualized by reference to Figure 8.11. The lens systehIdig so that the

particle orbit is marginally stable. In this caser -1 and p = 180. The orbit crosses the

boundary with a displacement of equal magnitude but opposite sign. If the focusing strength of
the lens is increased slightlf/€ d/4), then the particle has an increased magnitude of

displacement at each cell boundary as shown by the dotted line. The amplitude of displacement
increases without limit.

8.6 RAISING A MATRIX TO A POWER

We want to generalize the treatment of the previous section to investigate orbits and stability
properties for any linear focusing system. Focusing cells may be complex in high-energy
accelerators. They may include quadrupole lenses, bending magnets, gradient fields, and edge
focusing. Nonetheless, the net effect of a focusing cell can be represented by a single 4 x 4
transfer matrix no matter how many sequential elements it contains. When transverse motions
along Cartesian coordinates are decoupled, each direction is separately characterized by a 2 x 2
matrix.

A periodic focusing system consists of a series of identical cells. We shall restrict consideration
to transport in the absence of acceleration. This applies directly to storage ringdinbsaand
electron confinement in a microwave tube. It is also a good approximation for accelerators if the
betatron wavelength is short compared to the distance over which a particle's energy is doubled.

If a particle enters a periodic channel with an orbit veetgithen the vector at the boundary
between the first and second focusing celis,is Cu,. The quantityC is the transfer matrix for a
cell. After traversingn cells, the orbit vector is
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u, = C"u, (8.55)

The quantityC" denotes the matrix multiplication & by itself n times. The behavior of particle
orbits in periodic focusing systems is determined by the matrix power operation. In particular, if
all components o€" are bounded as = «, then particle orbits are stable.

Analytic expressions for even small powers of a matrix can rapidly become unwieldy. The
involved terms encountered in matrix multiplication are evident in Egs. (8.33) and (8.34). We
must use new methods of analysis to investigate the matrix power operation. We will concentrate
on 2 x 2 matrices; the extension to higher-order matrices involves more algebra but is
conceptually straightforward. We have already encountered the determinant of a matrix in Section
8.2. The determinant of a transfer matrix is always equal to unity when there is no acceleration.
Another useful quantity is thieace of a matrix, defined as the sum of diagonal elements. To
summarize, if

Cll ClZ
C = :
C21 C22
then
detC = ¢, ,.C,, - C..Cyy (8.56)
and
Tr C =c, + C,, (8.57)

Transfer matrices havagenvaluesindeigenvectorsThese quantities are defined in the
following way. For most square matrices, there are orbit vectors and numerical constants that
satisfy the equation

Cv, =X v. (8.58)

The vectors for which Eq. (8.58) is true are called eigenvectors (characteristic vectors) of the
matrix. The numerical constants (which may be complex numbers) associated with the vectors are
called eigenvalues.

The following results are quoted without proof from the theory of linear algebra. The order of a
square matrix is the number of rows (or columns). A square matrix of enokith nonzero
determinant ham eigenvectors anch different eigenvalues. The eigenvectors have the property
of orthogonality Any m-dimensional orbit vector can be represented as a linear combination of
eigenvectors. In the case of a 2 x 2 transfer matrix, there are two eigenvectors. Any orbit vector
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at the entrance to a periodic focusing system can be written in the form
Uy = & vV + & ¥y (8.59)

If the orbit given by the input vector of Eq. (8.59) passes throufgtusing cells of a periodic
system, it is transformed to

Uy =C Uy =a M v, +a} v, (8.60)

Equation (8.60) demonstrates the significance of the eigenvector expansion for determining the
power of a matrix. The problem of determining the orbit after a large number of focusing cells is
reduced to finding the power of two numbers rather than the power of a makiX.dhdA," are
bounded quantities far » 1, then orbits are stable in the focusing system characterized by the
transfer matrixC.

The eigenvalues for a 2 x 2 matrix can be calculated directly. Writing Eq. (8.58) in component
form for a general eigenvectgv,y’),

(cy, N v +c,V =0, (8.61)

c,, v + (c,,~A) v = 0. (8.62)

Multiplying Eqg. (8.62) byc,,/(c,,-4) and subtracting from Eq. (8.61), we find that

(Cll_)\’) (sz_%) = GGy

v = 0. 8.63
©, M) (8.63)

Equation (8.63) has a nonzero solution when
(011—7») (sz_x) - C.Cy = 0. (864)

This is a quadratic equation that yields two values.ofhe values can be substituted into Eq.
(8.61) or (8.62) to give," in terms ofv, andv,’ in terms ofv,. Equation (8.64) can be rewritten

A2 - A TrC + detC = 0. (8.65)
The solution to Eq. (8.65) can be found from the quadratic formula using the factetiat 1.

hpoh, = (TICI2) + /(TrCI22-1. (8.66)
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The product of the two eigenvalues of Eq. (8.66) is
A A, = (TrCI2)? - [(TrC/2)?-1] = 1. (8.67)

The fact that the product of the eigenvalues of a transfer matrix is identically equal to unity leads
to a general condition for orbital stability. We know that the eigenvalues are differdgiCiiand
TrC are nonzero. If both eigenvalues are real numbers, then one of the eigenvalues must have a
magnitude greater than unity if the product of eigenvalues equals 1. Assume, for instance, that
A > 1. The termh, will dominate in Eq. (8.60). The magnitude of the orbit displacement will
diverge for a large number of cells so that orbits are unstable. Inspecting Eq. (8.65), the condition
for real eigenvalues and instability j§rC/2| > 1

When [TrC/2| < 1, the square root quantity is negative in Eq. (8.65) so that the eigenvalues are
complex. In this case, Eg. 8.66 can be rewritten

hph, = (TICI2) + j 1-(TrCI2)2. (8.68)

If we make the formal substitution
TrC/2 = cosy, (8.69)

then Eq. (8.68) becomes
Ak, = COSH £ sinu = exp(Hi).. (8.70)

Euler's formula was applied to derive the final form. The eigenvalues tottheower are

exp(#ju). This is a periodic trigonometric function. The magnitude of both eigenvalues is
bounded for all powers of. Thus, the orbit displacement remains finite forre and the orbits

are stable. To reiterate, if the action of a cell of a periodic focusing system is represented by a
transfer matrixC, then orbits are stable if

[TrC/2| < 1 (stability). (8.71)

This simple rule holds for any linear focusing cell.

We have concentrated mainly on mathematics in this section. We can now go back and consider
the implications of the results. The example of the drift space and thin lens will be used to
illustrate application of the results. The transfer matrix is

1 d
-1 1-d/if

: (8.72)
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The determinant is equal to unity. The trace of the matrikri€ = 2-d/f. Applying Eq. (8.71),
the condition for stable orbits is

|1-d/2f| < 1, (8.73)

as we found before. Similarhgosu = 1-d/2f . Thus, the parameter p has the same value as EqQ.
(8.49) and is associated with the phase advance per cell. This holds in general for linear systems.
When the orbits are stable and the eigenvalues are given by Eq. (8.70), the orbit vector at the cell
boundaries of any linear focusing cell is

u, = av, expnp) + ayv, exp(-jnp). (8.74)
The solution is periodic; orbits repeat after passing throNigh 2=/p cells.
The eigenvectors for the transfer matrix [Eq. (8.72)] can be found by substituting the
eigenvalues in Eq. (8.61). The choiceva$ arbitrary. This stands to reason since all orbits in a
linear focusing system are similar, independent of magnitude, and the eigenvectors can be

multiplied by a constant without changing the results. Given a choice of the displacement, the
angle is

vi= (A-cy) v/c, (8.75)

The eigenvectors for the thin-lens array are
v, = ( 1[expfu)-1d ), (8.76)

v, = ( 1,[exp(-ju)-1]/d), (8.77).
Suppose we wanted to treat the same orbit considered in Section 8.5 [EqQ. (8.45)]. The particle

enters the first cell parallel to the axis with a displacement equal tbhe following linear
combination of eigenvectors is used.

U, = X, Vg (8.78)

The displacement after passing through n cells is
X, = X, Rdexp(nu)] = x, cosfip). (8.79)

as we found from the finite difference solution. The angle atteells is

X, = %, expinp) [exp{p)-1]/d. (8.80)
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The expression is identical to Eg. (8.51). Both models lead to the same conclusion. We can now
proceed to consider the more complex but practical cas®ajuadrupole focusing cells.

8.7 QUADRUPOLE FOCUSING CHANNELS

Consider the focusing channel illustrated in Figure 8.12. It consists of a series of identical,
adjacent quadrupole lenses with an alternating 90' rotation. The cell boundary is chosen so that
the cell consists of a defocusing section followed by focusing sedb& for motion in thex
direction. The cell is therefore representedr8sin they direction. Note that individual lenses do
not comprise a focusing cell. The smallest element of periodicity contains both a focusing and a
defocusing lens. The choice of cell boundary is arbitrary. We could have equally well chosen the
boundary at the entrance to Briens so that the cell was &D combination in the direction.
Another valid choice is to locate the boundary in the middle ofRlens so that focusing cells are
guadrupole triplets-DF. Conclusions related to orbital stability do not depend on the choice of
cell boundary.

The transfer matrix for a cell is the product of matri€es A:A,. The individual matrices are
given by Egs. (8.4) and (8.6). Carrying out the multiplication,

cod cosi +sinCsin”  (cod sinHC+sinlCcos)/y/k

- : (8.81)
yx(codsini-sinCcosi’)  cod cosh -sin'sini”

wherel’ = /I . Taking[TrC/2| < 1 the condition for stable orbits is
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-1 < cod coshH™ < +1. (8.82)

Figure 8.13 shows a plot of(I') = cod” cosiH™ verslisOnly positive values of have
physical meaning. Orbits are stable fom the range

0<T < 1.86. (8.83)

A stable orbit (calculated by direct solution of the equation of motion in the lens fields) is plotted
in Figure 8.14a. The orbit hds= 1, so that p = 0.584 = 33°5Higher values of " correspond to
increased lens strength for the same cell length. Orbits are subject to the same type of overshoot
instability found for the thin-lens array [Eq. (8.53)]. An unstable orbit With 1.9 is plotted in

Figure 8.14b. At higher values df there are regions af in which stable propagation can occur.
Figure 8.14c illustrates a stable orbit with= 4.7 (u = 270). Orbits such as those of Figure

8.14c strike a fragile balance between focusing and defocusing in a narrow rahge of
Higher-order stability bands are never used in real transport systems. For practical purposes,

I' must be in the range indicated by Eq. (8.83). The same result applies to motioryin the
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Figure 8,13 Orbaial siahility in an FD guadropole sray, Plo of eosiy's Deoshiys 1) vemsus (e 0
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Figure 8.14 Numerical calculations of actual particle orbits in an FDr quadrupole array. (a)
Vi I = 1 (stable orbit, first passband). () vk / = 1.9 (unstable orbit). (¢) vk { = 4.7 (stable orbit,
second passband).
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direction. The matrix coefficients are different from those of Eq. (8.81), but the quamn@¥# is
the same.

Given a range ofl” for stable operation, it remains to determine an optimum value. Small phase
advance (1 « 1) has advantages. The effect of any one lens is small so that orbits approach the
continuous focusing limit (Section 7.1). Beam envelope oscillations in a cell are small, and particle
orbits are less affected by errors and misalignments of the lenses. Small i is an effective choice for
an array of lenses with positive focal length, such as the thin-lens array discussed in Section 8.5.
The thin-lens array is a good model for a series of solenoidal magnetic lenses or unipotential
electrostatic lenses. In such lens arrays, we can show that to first order the focusing strength is
independent of p for given applied fields. The focusing strength is proportional to the average
transverse force that the lenses exert on the particles [Eq. (7.6)]. Neglecting edge fields, the focal
length of a solenoidal lens is inversely proportional to the length of thedefidyus, the product
fdin Eq. (7.6) does not depend on the number of individual lenses per unit axial length. In other
words, given a series of solenoids with phase advance |, focal leragttl lens lengtkl, the
acceptance would be unchanged if the lens length and phase advance were halved and the focal
length were doubled. Thus, it is generally best to use small phase advance and a fine division of
cells in channels with only focusing lenses. The minimum practical cell length is determined by
ease of mechanical construction and the onset of nonlinearities associated with the edge fields
between lenses.

This conclusion does not apply ED-type focusing channels. In order to investigate scaling in

this case, consider the quadrupole doublet treated using the expansions fafidmall [Egs. (8.7),
(8.8), and (8.35)]. In this approximation, the doublet consists of two lenses with focal lengths
fo = +1kl, fy = -1k,

separated by a distanteAs with the solenoidal lens, the focal lengths of the individual lenses are
inversely proportional to the lengths of the lens. The net positive focal length of the combination
from Egs. (8.36) and (8.37) is

foo = 3223 = 3| f f, /2 ~ 1/d®. (8.84)

whered = 2| is the cell length.

If we divide the quadrupole doublet system into smaller units with the same applied field, the
scaling behavior is different from that of the solenoid channel. The average focusing force
decreases, because the produgl is proportional tad? . This scaling reflects the fact that the
action of anFD combination arises from the difference in average radius of the orbits i the
andD sections. Dividing the lenses into smaller units not only decreases the focusing strength of
theF andD sections but also reduces the relative difference in transverse displacement. The
conclusion is thaFD focusing channels should be designed for the highest acceptable value of
phase advance. The value used in practice is well below the stability limit. Orbits in channels
with high p are sensitive to misalignments and field errors. A phase advance of jis-&ually
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used.
In many strong focusing systems, alternate cells may not have the same length or focusing

strength. This is often true in circular accelerators. This case is not difficult to analyze. Defining

I, =« ljandT, = /x, |, , the transfer matrix for motion in tix direction is

cod’, sinl/ific; || cost,  sinf/ /i,

_ (8.85)
~figsinty  cod || \JiesiniT,  coshT

C

Performing the matrix multiplication and takifi@C/2 gives the following phase advance:

sinl’; sinf", rl, Il
cosy,. = cod’, cosi, +| ———= — - = . (8.86)
2 rl, T,
r;"
o 1 ) E| 4

|."_'.|2 2

L~ Ragsarn ol
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Cos upF = 17
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Figure B.15  Mecktic diagram, Orbital stability in an FD {D_F_“r guadrapole array; the two lenses of
& cell have unequal focusing strength. Ty = o, f,, T = e, 1, Region of parameter space with
orhbital stability in both x and ¢ directions shaded. FD {lens 1 focusing, bens 2 defocusing). DF
{bems | defocusing, lens 2 focusing),
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Because the two lenses of the cell have unequal effects, there is a different phase advance for the
FD direction, given by

siniC, sinl", Ll Iy

COSH, = cosl’; cod’, + 5 T TL
21 12

(8.87)

There is little difficulty deriving formulas such as Egs. (8.86) and (8.87). Most of the problem is
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Figure 8.16 Betatron wavelength in a quadrupole focusing channel normalized to the length of a
lens as a function of ‘/E I. FD channel with uniform lenses.
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centered on plotting and interpreting the results. There are conditions in two directions that must
be satisfied simultaneously for stable orbits:

-1 < cosy, < +1, (8.88)

A

A

-1 < cosy,. < +1. (8.89)

The stability results are usually plotted in termdgfandI,? in a diagram such as Figure 8.15.

This region of parameter space with stable orbits is shaded. Figure 8.15 is usually called a
"necktie” diagram because of the resemblance of the stable region to a necktie, circa 1952. The
shape of the region depends on the relative lengths of the focusing and defocusing lenses. The
special case we studied with equal lens properties is’did&on thel, = 1, diagram. The

maximum value ofl?is (1.86 . An accelerator designer must ensure that orbits remain well
within the stable region for all regimes of operation. This is a particular concern in a synchrotron
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where the energy of particles and strength of the focusing field varies during the acceleration
cycle.
The betatron wavelength for orbits in a quadrupole channel is

%, = (2ndip), (8.90)

whered is the cell length and = 21. WhenF andD cells have the same parameters, Eq. (8.90)
can be written

h, = 2 (8.91)
*  cos(codcosi) '

The quantityl/l is plotted in Figure 8.16 as a functiod ofThe betatron wavelength is

Important in circular machines. Particles may suffer resonance instabilities when the circumference
of the accelerator or storage ring is an integral multiple of the betatron wavelength (Section 7.3).
If we include the possibility of different focusing properties in the horizontal and verticle

directions, resonance instabilities can occur when

Uoe = 27N (d/C) (8.92)

or

U = 27N (d/C) (8.93)

withn=1,2,3,4,... . Equations (8.92) and (8.93) define lines of constant,c08|C0S}t,, SOMe

of which are inside the region of general orbital stability. These lines, are included in the necktie
diagram of Figure 8.17. They have the same general orientation as the lings sosjor

COSHp= +1. The main result is that particle orbits in a circular machine with likg€aforces must
remain within a quadrilateral region bf-I', space. If this is not true over the entire acceleration
cycle, orbital resonance instabilities may occur with large attendant particle losses.
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