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OUTLOOK	
  

	
  
-­‐	
  Light/ma+er	
  interacEon	
  in	
  purely	
  classical	
  terms:	
  

	
  the	
  Lorenz	
  oscillator	
  for	
  the	
  Thomson’s	
  atom	
  	
  
	
  absorpEon	
  and	
  dispersion	
  in	
  a	
  dielectrics	
  
	
  the	
  behavior	
  of	
  a	
  metal	
  (conductors)	
  

	
  
-­‐ 	
  Some anticipations of quantum mecahnics: 

	
  the	
  photons	
  and	
  their	
  properEes	
  
	
  
-­‐ 	
  “ConvenEonal”	
  (thermal)	
  soruces	
  of	
  light:	
  

the	
  black-­‐body	
  problem	
  
features	
  of	
  convenEonal	
  (non-­‐laser!)	
  light	
  
	
  

Main	
  objecEves:	
  	
  
to	
  show	
  that	
  classical	
  approaches	
  cannot	
  explain	
  the	
  AmplificaEon	
  of	
  light,	
  needed	
  for	
  

laser	
  operaEon	
  
To	
  show	
  that	
  convenEonal	
  light	
  sources	
  have	
  properEes	
  far	
  from	
  those	
  of	
  the	
  laser	
  (a	
  

laser	
  cannot	
  be	
  built	
  starEng	
  from	
  a	
  lamp!)	
  
	
  

	
  (Addi%onal	
  objec%ve:	
  to	
  spend	
  a	
  few	
  words	
  on	
  light/ma;er	
  interac%on)	
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LIGHT/MATTER	
  INTERACTION	
  

1.  Most	
  laser	
  applicaEons	
  exploit	
  laser/ma+er	
  interacEon	
  
2.  The	
  ability	
  to	
  amplify	
  the	
  radiaEon	
  inherent	
  to	
  laser	
  operaEon	
  requires	
  

interacEon	
  with	
  a	
  material	
  (acEve	
  medium)	
  

	
  
Light/ma+er	
  radiaEon	
  is	
  an	
  unavoidable	
  topic	
  wiEn	
  our	
  context	
  

In	
  the	
  opEcal	
  (visible	
  &	
  nearby)	
  range	
  the	
  interacEon	
  involves	
  only	
  electrons	
  

Roughly	
  speaking:	
  
Electrons	
  are	
  put	
  in	
  oscillaEons	
  by	
  the	
  (oscillaEng)	
  electric	
  field	
  brought	
  by	
  the	
  e.m.	
  wave	
  
Their	
  oscillaEon	
  is	
  the	
  source	
  for	
  secondary	
  radiaEon	
  (e.g.,	
  reflected	
  and	
  transmi+ed)	
  

	
  
The	
  behavior	
  depends	
  on	
  the	
  nature	
  of	
  the	
  material:	
  	
  
electrons	
  are	
  “free”	
  in	
  metals,	
  “bound”	
  in	
  dielectrics	
  

à different	
  macroscopic	
  response	
  to	
  radiaEon	
  for	
  metal	
  (conductors)	
  and	
  dielectrics	
  

In	
  case	
  of	
  metals	
  we	
  will	
  neglect	
  effects	
  due	
  to	
  penetra%on	
  (“skin	
  effects”)	
  and	
  the	
  related	
  Joule	
  
dissipa%on	
  of	
  energy	
  
We	
  will	
  neglect	
  effects	
  relevant	
  in	
  nanosized	
  (or	
  low-­‐dimensionality)	
  systems,	
  e.g.,	
  plasmons	
  in	
  noble	
  
metals	
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BACK	
  TO	
  WAVEFUNCTIONS	
  

How to conveniently include the effects of propagation into a material in the wavefunction? 

 

E(x,t) =E0e

i(kx−ωt+φ )ŷ
Example: a plane wave 
moving along x and 
polarized along y 

ω won’t change  
(no physical reason producing an inelastic 
interaction, so far) 

k will change  
(to account for propagation velocity and 
dispersion) 

vfase,vacuum = 1
ε0µ0

= c

kvacuum = ω
vfase,vacuum

= ω
c
= 2π

λ

vfase,mater =
1

εRε0µ0
= c

εR
= c
n

kmater =
ω

vfase,mater
= ω
c
n = kvacuumn =

2π
λ
n

Phase velocity in the vacuum 
(according to Maxwell and Einstein) 

Definition of wavevector k 

Accounting for the material 
(according to Maxwell) 

Wavevector in the material 
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COMPLEX	
  REFRACTIVE	
  INDEX	
  

It is convenient to introduce a complex refractive index:   n’ = n + iα 

 

kmater = kvacuumn '→
E(x,t) =E0e

i(kmaterx−ωt+φ )ŷ =E0e
i(nkvacuumx−ωt+φ )ŷ =

=E0e
i(nkvacuumx+iαx−ωt+φ )ŷ =E0e

−αxei(nkvacuumx−ωt+φ )ŷ

The imaginary part of n 
accounts for absorption 

The real part of n accounts for dispersion 

Accordingly, it is convenient to introduce a complex relative dielectric constant: 

ε r = n '2 = n2 −α 2 + 2inα
ε r = ε r1 + iε r2

ε r1 = n
2 −α 2;     ε r2 = 2inα
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DIELECTRICS	
  

When	
  bound	
  electrons	
  are	
  present	
  in	
  the	
  ma+er,	
  a	
  restoring	
  (i.e.,	
  elasHc)	
  force	
  is	
  felt	
  by	
  
the	
  electrons	
  in	
  the	
  interacEon	
  with	
  an	
  external	
  electric	
  field	
  

6	
  

The	
  simplest	
  dielectrics:	
  
“Thomson	
  model”	
  (for	
  a	
  hydrogen	
  atom):	
  	
  
-­‐ 	
  posiEve	
  charge	
  (proton)	
  homogeneously	
  distributed	
  in	
  a	
  sphere	
  
-­‐ 	
  pointlike	
  electron	
  can	
  move	
  in	
  such	
  a	
  posiEve	
  charge	
  distribuEon	
  

Assuming	
  a0	
  as	
  the	
  radius	
  of	
  the	
  sphere	
  (and	
  using	
  Gauss’	
  theorem):	
  
ρ =	
  3e/(4πa03)	
  à	
  Eint(r)	
  =	
  Qint/(4πr2)	
  =	
  er/(4πa03)	
  	



Displaced	
  from	
  the	
  equilibrium	
  posiEon	
  (r	
  =	
  0)	
  the	
  electron	
  feels	
  a	
  restoring	
  force	
  
F(r)	
  =	
  -­‐eEint(r)	
  =	
  -­‐	
  kr	
  
For	
  instance,	
  applying	
  an	
  external	
  steady	
  electric	
  field	
  	
  E0	
  	
  
the	
  new	
  equilibrium	
  posiEon	
  is	
  r0	
  =	
  eE0/k	
  

	
  à	
  an	
  electric	
  dipole	
  is	
  produced	
  with	
  p0	
  =	
  er0	
  
	
  à	
  a	
  polarizaEon	
  field	
  is	
  produced	
  P0	
  =	
  Np0	
  =	
  ce0E0	
  
	
   	
  à	
  (staEc	
  polarizability:	
  χ	
  =	
  Ne/(kε0)	
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“LORENZ”	
  MODEL	
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Due	
  to	
  the	
  elasEc	
  force,	
  bound	
  electrons	
  behave	
  like	
  harmonic	
  oscillators	
  with	
  proper	
  angular	
  
frequency	
  ω0=(k/m)1/2	
  
It	
  is	
  reasonable	
  to	
  include	
  a	
  fricEon	
  (viscous)	
  force	
  -­‐βv	
  playing	
  against	
  the	
  electron	
  moEon	
  
	
  
Assuming	
  a	
  driving	
  electric	
  force	
  at	
  frequency	
  ω, 	


the	
  equaEon	
  of	
  moEon	
  reads:	
  
	
  
	
  
Note:	
  since	
  the	
  atom	
  is	
  much	
  smaller	
  than	
  the	
  wavelength,	
  the	
  space-­‐dependence	
  of	
  the	
  driving	
  force	
  can	
  be	
  neglected,	
  that	
  is	
  
within	
  the	
  atom	
  the	
  driving	
  force	
  is	
  uniform	
  at	
  any	
  instant	
  (also	
  called	
  dipole	
  approximaHon)	
  	
  

Solution of the equation of motion 

m d 2x
dt 2

+ β dx
dt

+ kx = Feiωt
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LORENZ	
  II	
  

8	
  

(Complex)	
  amplitude	
  of	
  oscillaHon	
  
à	
  Induced	
  dipole	
  (complex)	
  ≈	
  ex0	
  

PolarizaHon	
  field	
  
(remember:	
  P	
  =	
  Np	
  	
  χE	
  =	
  (εr-­‐1)E)	
  

(Complex)	
  relaHve	
  dielectric	
  constant	
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DIELECTRIC	
  CONSTANT	
  IN	
  DIELECTRICS	
  

Costante	
  diele+rica	
  complessa:	
  

“Dispersive”	
  behavior	
  for	
  the	
  real	
  part	
  (εr1)	
  
Lorentzian	
  behavior	
  for	
  the	
  imaginary	
  part	
  (εr2)	
  

	
  
[Resonance	
  at	
  ω  =  ω0]	
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REFRACTIVE	
  INDEX	
  IN	
  DIELECTRICS	
  

It	
  is	
  convenient	
  to	
  introduce	
  a	
  complex	
  refracEve	
  index	
  n’	
  =	
  n	
  +	
  iα	
  
con:	
   	
  εr1=n2-­‐α2 	

 	

 εr2=2nα 	

 	

	
  	
  

10	
  

n	
  	
  is	
  responsible	
  for	
  “dephasing”	
  of	
  the	
  
wave	
  (so-­‐called	
  dispersion)	
  
	
  
α	
  is	
  responsible	
  for	
  absorpHon:	
  
E(x)	
  ~	
  E0e-­‐αx	



In	
  a	
  classical	
  picture,	
  a	
  dielectrics	
  can	
  only	
  absorb	
  radiaEon	
  (with	
  a	
  
resonance	
  at	
  the	
  proper	
  frequency	
  and	
  a	
  Lorentzian-­‐like	
  shape,	
  width	
  

depending	
  on	
  η,	
  i.e.,	
  on	
  the	
  viscous	
  fricEon	
  coefficient)	
  
	
  

No	
  amplificaHon	
  is	
  possible!!	
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METALS	
  (CONDUCTORS)	
  METALLI�I

I metalli hanno “elettroni liberi” che possono muoversi 
quasi-liberamente

Il “quasi” tiene conto (ad esempio) della resistivitàIl quasi  tiene conto (ad esempio) della resistività

La resistività implica dissipazione di energia in un 
processo che è simile a uno smorzamento viscosop

Avevamo trovato costante dielettrica complessa:

In un metallo:

Lo smorzamento è legato alla resistività � � � �KZZ
K

KZH
ZH i

m
ne

r  »
¼

º
«
¬

ª
�

�
�

� 2222

2 11

Frequenza di plasma

Non ci sono risonanze, cioè Z�=0

(Nota: non è affatto la situazione che si verifica in 
nanostrutture metalliche dove possono esistere

� �
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Z
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nanostrutture metalliche, dove possono esistere 
risonanze plasmoniche; magari le vedremo in 
seguito )

Metals own “free” electrons à not a bound system 
à  ω0 = 0 !! 
 
Note: actually electrons are not fully free because 
of resistivity 
à there is a friction force due to resistivity 

METALLI�I
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nanostrutture metalliche, dove possono esistere 
risonanze plasmoniche; magari le vedremo in 
seguito )

We found in dielectrics: 

We can put ω0 = 0 
 
 
We can define the plasma frequency ωP 

METALLI�I
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nanostrutture metalliche, dove possono esistere 
risonanze plasmoniche; magari le vedremo in 
seguito )

ω P =
ne2

ε0m

Note: we are not considering here “plasmon” effects occurring in noble metal nanostructures 

No resonance occurs in metals 
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Anche per i metalli si ha 2

METALLI�II
È negativo per Z�ZP

Anche�per�i�metalli�si�ha�
indice�indice�di�rifrazione�complesso��di�rifrazione�complesso��n’�=�n�+�iD

con:� Hr1=n2ͲD� Hr2=2nD� KZ
ZD

2

22

2
22 1

�
� � Pn

Z
K

KZ
ZD 22

2

2
�

 PnIn condizioni tipiche (metalli ordinari):
Ka��Wcoll(DRUDE) a 1013 – 1014 Hz

1015 1016 HZP a 1015 – 1016 Hz

I metalli ordinari (e.g., non nanostrutture) 
hanno in genere grossa riflettività nel

D
hanno in genere grossa riflettività nel 
visibile (e talvolta colore dovuto a 
interazione con elettroni di valenza)

Classicamente�anche�un�metallo�può�solo�
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riflettere�(riflettere�(e�assorbire�assorbire�,�cfr.�“effetto�pelle”)

DIELECTRIC	
  CONSTANT	
  FOR	
  A	
  METAL	
  

We can define a complex 
dielectric constant εr as we did 
in the dielectrics 

Real part: εr1 =  

Imag part: εr2 =  

This is negative 
for ω < ωP 

In typical metals  
ωP ≈ 1015-1016 rad/s 
η ≈ 1/τcoll (Drude) ≈ 1013-1014 Hz  

Anche per i metalli si ha 2

METALLI�II
È negativo per Z�ZP

Anche�per�i�metalli�si�ha�
indice�indice�di�rifrazione�complesso��di�rifrazione�complesso��n’�=�n�+�iD

con:� Hr1=n2ͲD� Hr2=2nD� KZ
ZD

2

22

2
22 1

�
� � Pn

Z
K

KZ
ZD 22

2

2
�

 PnIn condizioni tipiche (metalli ordinari):
Ka��Wcoll(DRUDE) a 1013 – 1014 Hz

1015 1016 HZP a 1015 – 1016 Hz

I metalli ordinari (e.g., non nanostrutture) 
hanno in genere grossa riflettività nel

D
hanno in genere grossa riflettività nel 
visibile (e talvolta colore dovuto a 
interazione con elettroni di valenza)

Classicamente�anche�un�metallo�può�solo�
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riflettere�(riflettere�(e�assorbire�assorbire�,�cfr.�“effetto�pelle”)

Anche per i metalli si ha 2

METALLI�II
È negativo per Z�ZP

Anche�per�i�metalli�si�ha�
indice�indice�di�rifrazione�complesso��di�rifrazione�complesso��n’�=�n�+�iD

con:� Hr1=n2ͲD� Hr2=2nD� KZ
ZD

2

22

2
22 1

�
� � Pn

Z
K

KZ
ZD 22

2

2
�

 PnIn condizioni tipiche (metalli ordinari):
Ka��Wcoll(DRUDE) a 1013 – 1014 Hz

1015 1016 HZP a 1015 – 1016 Hz

I metalli ordinari (e.g., non nanostrutture) 
hanno in genere grossa riflettività nel

D
hanno in genere grossa riflettività nel 
visibile (e talvolta colore dovuto a 
interazione con elettroni di valenza)

Classicamente�anche�un�metallo�può�solo�
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riflettere�(riflettere�(e�assorbire�assorbire�,�cfr.�“effetto�pelle”)

For ω > ωP  metals get transparent 
(this however occurs outside the visible range, e.g., in the x-ray frequency range) 

In the visible metals are excellent mirrors 

No	
  amplificaHon	
  is	
  possible	
  in	
  metals,	
  too!!	
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“CONVENTIONAL”	
  SOURCES	
  

We have seen that the classical approach does not lead to amplification in the light/
matter interaction 
 
We’ll see now the other side of the topic, that is why a “conventional” (non laser) 
source cannot produce laser-like light 
 
Unfortunately, this will require to introduce some quantum mechanics (strange, being 
conventional inherently classical), but this simplifies a lot the treatment) 

Our (simple) model for conventional sources: thermal sources of light 
 
Roughly speaking:  
temperature à thermal motion à oscillation of electrons à emission 

The model fits perfectly with bulb (filament) lamps as well as to heated material (e.g., the sun), but 
it can be shown that it applies also to other non-laser sources such as, discharge lamps, LEDs, … 

The black-body problem  
(very important in the passage from classical to quantum 

mechanics, across XIX and XX centuries) 
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THE	
  CONCEPT	
  OF	
  PHOTON	
  

FOTONI

Un�fascio�di�luce�può�anche�essere�visto�come�fascio�di�particelle�con�massa�nulla�(fotonifotoni)�

E [eV]= 1240/O [nm]
1 V 1 6 10 19 J

¾Energia:�hQ
¾Quantità�di�moto:�hQ/c
¾ l !

1 eV = 1.6x10-19 J
L’energia si misura convenientemente in  eV

¾Momento�angolare:�± !

Il�momento�angolare�intero�
(fotoni=bosonifotoni=bosoni)�nasce�da�stati�di�
polarizzazione�della�radiazione

I�fotoni�sorgono�come�soluzione�
della�quantizzazione�di�energia�
e.m. (quanti�di�oscillazione�

) l d

La�luce�di�una�sorgente�laser�“ideale”�può�essere�convenientemente�descritta�con�un�

armonica):�lo�vedremo�in�seguito

g p
flusso�di�fotoni�“tutti�identici”�(indistinguibili)�tra�loro

14Laser�a.a. 2010/11�– http://www.df.unipi.it/~fuso/dida Ͳ Parte�2�Ͳ Versione�3�

The photon (a purely QM concept 
inspired by Einstein) can be seen 
as a massless particle owning: 
 
Ø  energy E = hn	


Ø  impulse p = hn /c 
Ø  angular momentum L = ±  

FOTONI

Un�fascio�di�luce�può�anche�essere�visto�come�fascio�di�particelle�con�massa�nulla�(fotonifotoni)�

E [eV]= 1240/O [nm]
1 V 1 6 10 19 J

¾Energia:�hQ
¾Quantità�di�moto:�hQ/c
¾ l !

1 eV = 1.6x10-19 J
L’energia si misura convenientemente in  eV

¾Momento�angolare:�± !

Il�momento�angolare�intero�
(fotoni=bosonifotoni=bosoni)�nasce�da�stati�di�
polarizzazione�della�radiazione

I�fotoni�sorgono�come�soluzione�
della�quantizzazione�di�energia�
e.m. (quanti�di�oscillazione�

) l d

La�luce�di�una�sorgente�laser�“ideale”�può�essere�convenientemente�descritta�con�un�

armonica):�lo�vedremo�in�seguito

g p
flusso�di�fotoni�“tutti�identici”�(indistinguibili)�tra�loro
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Energy is conveniently measured in 
units of electronvolt 
1 eV = 1.6x10-19 J 
 
Energy [eV] = 1240/l [nm]	
  
à	
  In	
  the	
  visible	
  range	
  E	
  ~	
  1.5-­‐3	
  eV 

Laser light can be thought as a flux of photons having all similar properties each other 

(photons are the the eigenstates of harmonic 
oscillators, we’ll mention later on) 
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HYSTORICAL	
  REMARKS	
  ON	
  PHOTONS	
  I	
  

Photoelectric effect 
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HYSTORICAL	
  REMARKS	
  ON	
  PHOTONS	
  II	
  

Stopping potential independent of 
radiation intensity 

Stopping potential linearly dependent on 
radiation frequency 

The photon deliver energy proportional to the radiation frequency 
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HYSTORICAL	
  REMARKS	
  ON	
  PHOTONS	
  III	
  

The wave approach (alone) cannot explain the experimental findings 
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EINSTEIN’S	
  INTERPRETATION	
  (1905)	
  

The photoelectric effect was one of the most relevant experimental proof of the photon 
Also: Compton effect (x-rays) and creation/annihilation (gamma rays) 

INTERPRETAZIONE�DI�EINSTEIN�(1905)

Altri effetti “simili” (similmente spiegabili come “evidenza” fotoni):
- Effetto Compton (fotoni raggi-X)
- Creazione di coppie e annichilazione (fotoni raggi-gamma)

19

Creazione di coppie e annichilazione (fotoni raggi gamma)
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ALTRE�EVIDENZE�DUALISMO�ONDA/PARTICELLA

E i t d i f dit (Y )Esperimento doppia fenditura (Young)

Con luce (onde)
Con elettroni (particelle)

Anche: diffrazione Bragg da raggi-X e 
da elettroni (vedi TEM: serve per 

20

( p
creare immagini e usa particelle )
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EINSTEIN’S	
  INTERPRETATION	
  (1905)	
  

Double slit (Young) experiment 

Can be done with photons or 
particles (e.g. electrons) leading 
to similar results (characteristic 
interference fringes) 

With photons 

With electrons 

The dual properties of light 
(wave and particles) and 
matter (particle and waves) 
well confirmed by many 
experimental results 

Also: Bragg diffraction with x-ray 
and particles, electron 
microscopy, etc. 
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POSING	
  THE	
  BLACKBODY	
  PROBLEM	
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We	
  have	
  seen	
  that	
  materials	
  can	
  absorb	
  radiaEon	
  
The	
  absorbed	
  radiaEon	
  can	
  also	
  be	
  re-­‐emi+ed	
  (for	
  a	
  general	
  principle	
  of	
  energy	
  balance)	
  	
  

Black-­‐body:	
  a	
  material	
  system	
  able	
  to	
  perfectly	
  absorb	
  	
  and	
  re-­‐emit	
  all	
  the	
  radiaEon	
  
à	
  We	
  can	
  assume	
  equilibrium	
  between	
  ma+er	
  and	
  radiaEon	
  

The	
  model:	
  
A	
  box	
  with	
  perfectly	
  absorbing	
  walls:	
  

The	
  radiaHon	
  entering	
  the	
  box	
  cannot	
  come	
  back	
  out	
  
That	
  is	
  

RadiaHon	
  can	
  leave	
  the	
  box	
  from	
  a	
  hole	
  so	
  small	
  that	
  the	
  systme	
  is	
  not	
  perturbed	
  
	
  

The	
  absorbed	
  spectrum	
  is	
  equal	
  to	
  the	
  emiGed	
  spectrum	
  
(this	
  is	
  an	
  ideal	
  blac-­‐body,	
  otherwise	
  we	
  will	
  have	
  a	
  more	
  realisHc	
  grey-­‐body)	
  

QuesEon:	
  how	
  the	
  radiaEon/ma+er	
  equilibrium	
  can	
  be	
  	
  established?	
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The	
  black-­‐body	
  problem	
  is	
  one	
  of	
  the	
  major	
  conceptual	
  
steps	
  leading	
  from	
  classical	
  to	
  quntum	
  mechanics	
  à	
  
Kirchoff,	
  Planck,	
  Einstein	
  worked	
  on	
  that	
  
	
  
In	
  a	
  more	
  pracEcal	
  view,	
  a	
  bulb	
  (filament)	
  lamp	
  can	
  be	
  
rather	
  well	
  approximated	
  by	
  a	
  black-­‐body	
  
à	
  What	
  is	
  the	
  emission	
  spectrum	
  of	
  an	
  heated	
  material?	
  

Wavelength (µm) 

In
te

ns
ity

 

Emission spectrum 
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BASIS	
  OF	
  THE	
  SOLUTION	
  

The easiest way to solve the BB problem is to assume a gas of photons inside the box, in 
thermal equilibrium with the box walls (the matter) 
 
We want to know the energy corresponding to this configuration 
 
The problem is hence similar to that of massive particles (e.g., a gas) in thermal 
equilibrium with a heat source: in that case, Maxwell-Boltzmann statistics holds and the 
energy is obtained through the equipartition theorem: each gas particle contribute to an 
energy with a term ≈ KBT  
 
No equipartition holds in this case!! 

Many differences exist indeed with respect to massive gas (i.e., classical systems): 
1.  When put in a box, radiation must “fit” the box itself à quantized modes 
2.  The energy of a photon is not KBT since quantum statistics hold 
3.  When calculating the total energy inside the box, care must be put into 

considering the above points  
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RADIATION	
  (OR	
  PARTICLES)	
  IN	
  A	
  BOX	
  

This	
  is	
  a	
  problem	
  which	
  is	
  at	
  the	
  real	
  basis	
  of	
  many	
  quantum	
  
mechanical	
  treatments.	
  
	
  
We	
  will	
  see	
  it	
  again	
  many	
  other	
  %mes!	
  	
  
	
  
Problem:	
  
We	
  want	
  to	
  determine	
  the	
  “modes	
  of	
  radiaEon”	
  which	
  are	
  
allowed	
  in	
  a	
  box	
  having	
  perfectly	
  reflecEng	
  walls	
  (here,	
  it	
  is	
  
our	
  black-­‐body,	
  later	
  on	
  it	
  will	
  be	
  something	
  else)	
  

   

Eincid (x,t) = E0e

i(kx−ωt ) ŷ

   

Erifl (x,t) = −E0e

i(−kx−ωt ) ŷ

   


Etotale(x,t) =


Eincid (x,t)+


Erifl (x,t) =

= E0(ei(kx−ωt ) − ei(−kx−ωt ) ) ŷ =

= 2E0ie
− iωt sin(kx) ŷ

Standing	
  waves	
  

Note:	
  the	
  real	
  parts	
  are	
  physically	
  relevant…	
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QUANTIZATION	
  OF	
  MODES	
  

Boundary	
  condiEons	
  (E//	
  =	
  0	
  at	
  the	
  walls)	
  à	
  quanHzed	
  modes	
  
Allowed	
  wavevectors	
  are	
  integer	
  mulEples	
  of	
  π/L	



In	
  the	
  box,	
  only	
  wavelengths	
  integer	
  mulEple	
  of	
  L/2  can survive	
  

Allowed wavelength is an 
integer multiple of L/2 
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ENERGY	
  IN	
  THE	
  BOX	
  

e.m.	
  energy	
  density	
  u	
  (definiEon)	
   Assuming	
  (wrongly!!)	
  equiparEEon	
  

Assuming	
  equiparEEon	
  a	
  non	
  physical	
  (not	
  
acceptable)	
  result	
  is	
  obtained,	
  consisEng	
  
in	
  diverging	
  U	
  for	
  high	
  frequencies	
  (short	
  
wavelengths)	
  

Laser a.a. 2012/13 – http://www.df.unipi.it/~fuso/dida - Part 2 - Version 4  



NUMBER	
  OF	
  ALLOWED	
  MODES	
  (DENSITY	
  OF	
  STATES)	
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Again	
  assuming	
  equiparEEon	
  

Otherwise	
  wri+en,	
  the	
  number	
  of	
  allowed	
  modes	
  in	
  
the	
  frequency	
  interval	
  ν,	
  ν+dν	
  is:	
  
That	
  is,	
  being	
  p	
  =	
  k	
  =	
  h/λ	
  =	
  hν/c:	
  
That	
  is,	
  being	
  E	
  =	
  hν:	
  

  

g(ν )dν = 2 4π
c3 ν

2V

g( p)dp = 2 4π
h3 p2V

g(E)dE = 2 4π
c3h3 E2V
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1.  We	
  have	
  found	
  that	
  not	
  all	
  frequencies	
  (or	
  energies,	
  or	
  wavelengths)	
  can	
  stay	
  in	
  the	
  box	
  
2.  The	
  density	
  of	
  states	
  g(ν)dν	
  dictates	
  the	
  number	
  of	
  allowed	
  states	
  for	
  a	
  certain	
  frequency	
  	
  (a	
  

frequency	
  interval	
  ν,ν+dν)	
  
3.  Moreover,	
  we	
  know	
  that	
  each	
  photon	
  (at	
  frequency	
  ν)	
  will	
  bring	
  an	
  energy	
  hν	
  

  

nBE (E) = 1

e
E−µ0
KBT −1

We have gathered almost all the ingredients needed for the solution, but one: we must 
establish the link with the temperature, that is we have to found the statistics 

   n(E)  e
− E

KBT = e
− hν

KBT
Classically, i.e., for massive particles (e.g., gas 
atoms) in equilibrium at temperature T, we should 
use the Maxwell-Boltzmann statistics:  

STATISTICA�E�DISTRIBUZIONI

L’energia del sistema (gas di fotoni nella scatola ovvero modi di radiazione) è data da:

( ) ( )dhd

Lenergia�del�sistema�(gas�di�fotoni�nella�scatola,�ovvero�modi�di�radiazione)�è�data�da:
Energia�di�un�modo�hQ x�numero�stati�g(Q)dQ x��occupazione�media�stati��a�frequenza� Q

( ) ( )ng dhUd Q QQQ Q 

( )n Q rappresenta il numero di occupazione medio degli stati a frequenza Q( )n Q pp p g q

Occorre la statistica (termodinamica) per determinare il numero di occupazione medio, 
detto anche funzione di distribuzione, ad una data temperatura T 
Generalmente dipende da energia (frequenza del fotone è proporzionale a energia)Generalmente dipende da energia (frequenza del fotone è proporzionale a energia)

Classicamente in un sistema all’equilibrio termodinamico 
la funzione di distribuzione è Boltzmann

( ) e
E
kTn Q

�
 kT = 1/40 eV 

@ temp amb 
(T ~ 300 K)

1( )
e 1

FFD E E
kT

n E � 
�

Quantisticamente in un sistema all’equilibrio 
termodinamico la funzione di distribuzione è Fermi-

( “f ” )

( )

1( )
e 1
h
kT

n QQ  
�

Dirac (per “fermioni”, spin semi-intero) o Bose-Einstein
(per “bosoni”, spin intero)

Classico o quantistico dipende da vari parametri, tra cui la distanza media 

28

eq p p ,
tra i componenti; essa può essere praticamente zero per i fotoni (non c’è 
alcuna repulsione né alcun principio di Pauli!!)
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Average number, or density, of particles having 
energy E, E+dE (frequency ν,ν+dν in case of photons) 

For particles obeying quantum 
mechanics, it can be shown that two 
statistics hold, depending on the 
“spin” of the considered particle:   

nFD (E) = 1

e
E−EF
KBT +1

Fermi-Dirac statistics for half 
integer spin particles (notably, 
electrons) 

Bose-Einstein statistics for 
integer spin particles 
(“bosons”) 
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n(ν ) = 1

e
hν

KBT −1

  

U (ν )dν = hν 8πν 2

c3 V 1

e
hν

KBT −1
dν

Now,	
  the	
  total	
  e.m.	
  energy	
  within	
  the	
  box,	
  expressed	
  for	
  the	
  frequency	
  interval	
  ν,ν+dν,	
  will	
  be:	
  
	
  

energy	
  of	
  a	
  mode	
  (hν) 	
  x	
  number	
  of	
  modes	
  (g(ν)dν) 	
  x	
  	
  average	
  occupaEon	
  number	
  of	
  mode	
  	
  
 

  

uν =
8πhν 3

c3

1

e
hν

KBT −1

ENERGY	
  OF	
  THE	
  BLACK-­‐BODY	
  
o  The use of classical or quantum statistics depends on various parameters, the most important 

being the “density” (in the real space) of the particles 
o  Photons do not interact each other, hence their density can be huge à quantum statistics required 
o  Moreover, photons are “bosons” since their angular momentum can only get integer values L = ±  

(this is related to right and left-handed circular polarization states) 

U(ν )dν = hνg(ν )n(ν )dν or U(ν)dν=uνVdν , with: 

Black-body spectrum 
(after Planck, ~1900) 
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dν = d c
λ

= c
λ 2 dλ

uλdλ = 8πhc3

λ5

1

e
hc

λ ( KBT )−1
dλ

Interesting consequences: 
 
Wien’s law: the peak of the black-body spectrum is at wavelength λmax so that  

λmaxT = constant = 2898 µm K 
(we all emit at a wavelength peaked around 10 µm!) 

 
Stefan-Boltzmann law: integrating over all frequencies one gets that the emitted 
intensity I(T) is proportional to T4: 

I = σT4 , with σ = 5.7x10-8 W/(m2 K4) 
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BLACK-­‐BODY	
  vs	
  LASER	
  

Main	
  features	
  of	
  the	
  light	
  emi+ed	
  from	
  a	
  balck-­‐body:	
  
ü  Non	
  monochromaEc:	
  huge	
  spectrum	
  (over	
  all	
  the	
  visible	
  

range	
  and	
  more)	
  
ü  Non	
  direcEonal:	
  the	
  beam	
  of	
  photons	
  emerges	
  from	
  the	
  

box	
  much	
  like	
  a	
  gas	
  flux	
  from	
  a	
  Eny	
  hole	
  (almost	
  
isotropically	
  in	
  half	
  the	
  space)	
  

ü  Intensity:	
  this	
  depends	
  on	
  T	
  
ü  SpaEal	
  and	
  temporal	
  coherence	
  are	
  not	
  expected,	
  as	
  

they	
  are	
  absent	
  in	
  a	
  gas	
  	
  

The	
  light	
  stemming	
  from	
  a	
  convenEonal	
  (thermal)	
  source	
  has	
  rather	
  nothing	
  to	
  do	
  
with	
  that	
  produced	
  by	
  a	
  laser	
  …	
  

	
  
Note:	
  this	
  is	
  true	
  also	
  for	
  pracEcally	
  all	
  non-­‐laser	
  sources,	
  including	
  discharge	
  lampsm	
  LEDs,	
  

systems	
  where	
  spontaneous	
  emission	
  (we’ll	
  see	
  later)	
  is	
  used,	
  and,	
  obviously,	
  the	
  sun	
  

30	
  

T	
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IDEA�(NAÏF)!!

T

Potrei sempre pensare di mettere:
- Filtro spettrale per selezionare la lunghezza d’onda 
(colore)(colore)
- Filtri spaziali per selezionare direzione (vettore d’onda)

Stima grossolana: da 1 m3 di corpo nero a T = 4500 K, supponendo filtro colorato con 'Q = 1 
GHz (banda larga!!), avrei U  ~ 10-8 J; però, supponendo filtro spaziale che crea divergenza ~ 
1 mrad, avrei  I = P/A ~ uc':��S ~ 0.1 mW!!!

E  poi non è mica coerente!! (E poi dovrei scaldare a 4500 K!!!)

Troppo poco efficiente!Troppo poco efficiente! 
Occorre altra strategia, se non altro per amplificare la radiazioneamplificare la radiazione

A lifi i d ll di i è l t i l d l LASER (è l !)Amplificazione della radiazione è elemento essenziale del LASER (è nel nome!)
Come si fa ad amplificare la radiazione?

Occorre interazione con la materia (da trattare con MQ!!)
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BLACK-­‐BODY	
  vs	
  LASER	
  

Since it is possible to build spectral and spatial filters, 
one might attempt to emulate the laser emission by 
using filters: 
Ø  Select (restrict) the wavelength range à 

monochromaticity 
Ø  Select (restrict) the spread in wavevector directions 

à collimation 

Rough estimation of the result: 
Assuming 1 m3 of black-body at T = 4500 K, assuming a spectral filter with Δν = 1 
GHz (still huge, indeed), one would achieve U ≈ 10-8 J 
Assuming a spatial filter able to reduce the divergence down to 1 mrad (still 
huge, indeed), one would get I = P/A ≈ ucΔΩ/4π ≈ 0.1 mW 
 

… not that efficient (filters select, they do not amplify)!! 

There is no way to conceive a laser within the classical frame!! 
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HIGHLIGHTS	
  

ü  The	
  classical	
  approach	
  (Maxwell,	
  e.m.	
  waves,	
  classical	
  ma+er)	
  is	
  able	
  to	
  
interpret	
  many	
  experimental	
  findings,	
  but	
  there	
  is	
  no	
  way	
  to	
  retrieve	
  
amplificaEon	
  

ü  On	
  the	
  other	
  hand,	
  the	
  convenEonal	
  (non	
  laser)	
  sources,	
  like	
  the	
  prototypal	
  
black-­‐body,	
  emit	
  in	
  a	
  broad	
  spectrum	
  and	
  their	
  light	
  has	
  no	
  possibility	
  to	
  be	
  
coherent	
  

	
  
ü  Quantum	
  Mechanics	
  is	
  needed	
  in	
  order	
  to:	
  
o  Account	
  for	
  the	
  discreteness	
  of	
  energy	
  in	
  material	
  systems	
  
o  Account	
  for	
  the	
  diverse	
  light/ma+er	
  interacEon	
  paths	
  which	
  are	
  possible	
  
o  Finally	
  account	
  for	
  the	
  possibility	
  of	
  amplificaEon,	
  that	
  is	
  one	
  of	
  the	
  main	
  

ingredients	
  of	
  lasing	
  acEon	
  

ü  Before	
  proceeding,	
  we’ll	
  need	
  to	
  revise	
  a	
  few,	
  very	
  basic,	
  QM	
  mechanisms	
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