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OUTLOOK	
  

We	
  haev	
  seen	
  that:	
  
	
  
-­‐ 	
  Purely	
  classical	
  approach	
  cannot	
  account	
  for	
  laser	
  operaGon:	
  

	
  only	
  absorpGon	
  can	
  be	
  envisioned	
  
	
  convenGonal	
  light	
  sources	
  (black-­‐body)	
  are	
  by	
  far	
  different	
  with	
  respect	
  to	
  lasers	
  

-­‐ 	
  Needed	
  to	
  move	
  to	
  a	
  semiclassical	
  approach	
  (classical	
  radiaGon	
  +	
  quantum	
  ma+er):	
   	
  	
  
	
  wavefuncGons,	
  Schroedinger,	
  quantum	
  confinement	
  
	
  discrete	
  energy	
  levels	
  

	
  

Final	
  objecGve:	
  
To	
  show	
  how	
  (properly	
  prepared)	
  quantum	
  ma+er	
  can	
  lead	
  to	
  light	
  amplificaGon	
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QUANTUM	
  MECHANICS	
  

Quantum	
  effects	
  are	
  dominant	
  in	
  many	
  systems	
  (typically,	
  involving	
  small,	
  fast	
  parGcles)	
  
They	
  are	
  essenGal	
  to	
  understand	
  the	
  light/ma+er	
  interacGon	
  

StarGng	
  points	
  of	
  QM:	
  
Wave-­‐ma+er	
  complementarity	
  (or	
  dualism),	
  that	
  means,	
  e.g.,	
  an	
  e.m.	
  wave	
  can	
  
be	
  represented	
  by	
  parGcles	
  (photons)	
  and	
  parGcles	
  can	
  be	
  represented	
  by	
  waves	
  

Basic	
  QM	
  tool	
  (consequence	
  of	
  the	
  dualism	
  above):	
  
WavefuncGon	
  Ψ(r,t)	
  to	
  describe	
  a	
  quantum	
  parGcle	
  
à	
  	
  probabilisGc	
  approach:	
  |Ψ(r,t)|2	
  represents	
  the	
  probability	
  to	
  find	
  the	
  parGcle	
  in	
  r,	
  r+dr	
  

	
   	
  	
  à	
  	
  the	
  concept	
  of	
  trajectory	
  does	
  not	
  apply	
  any	
  more!!	
  

Indeed	
  the	
  uncertainty	
  principle	
  (a	
  theorem,	
  truly)	
  states,	
  e.g.,	
  in	
  1D	
  case:	
  
	



ΔxΔp	
  ≥	
  /2	
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THE	
  WORKHORSE	
  OF	
  QM	
  

Main problem of the mechanics:  
- To predict r(t) e v(t) (trajectory) based on knowledge of forces F 
- Main tool: equation of motion (Newton) a = F/m 

   
− 

2

2m
∇2Ψ(r ,t)+V (r ,t) = i ∂Ψ(r ,t)

∂t

   
∇2Ψ(r ,t) = ( ∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2 )Ψ(r ,t)

Schroedinger equation in the 1D case: 
 
 
 

2 2

2

( , )( , ) ( , )
2

x tx t V x t i
m tx

∂ ∂Ψ− Ψ + =
∂∂

h h
(partial derivatives 
equation) 
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Main problem of QM: 
-  To determine Ψ(r,t) starting from the knowledge of local potentials 
-  Main tool: Schroedinger’s equation (non relativistic situations!):  

with                                                      (in cartesian coordinates) 
 
V(r,t) is the potential, typically depending on r,t , ruling the dynamics of the object 
Note: classically potential and force are related through F = - ∇U
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CONCEPTUAL	
  BASIS	
  OF	
  THE	
  SCHROEDINGER’S	
  EQ	
  

The equation “must be” as it is… 
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EIGENSTATES	
  AND	
  EIGENFUNCTIONS	
  

Many relevant physical situations offer for great simplifications of the mathematics 

2 2

2 ( ) ( ) ( )
2

d x V x E x
m dx

ψ ψ− + =h

If V does not depend on time, V(x) only, then: 

( , ) ( ) ( )x t x tψ ϕΨ = ( )
Ei t

t eϕ
−

= hwith 

and 

The wavefunction for steady state 
problems can factorized!! 

 
ψ(x) : eigenfunction (eigenstate) 

E : energy eigenvalue	
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Steady-state Schroedinger’e equation 
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MATHEMATICS	
  LEADING	
  TO	
  STEADY-­‐STATE	
  EQ	
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EXAMPLE	
  1	
  :	
  THE	
  FREE	
  PARTICLE	
  MOVING	
  

8	
  

A	
  free	
  parGcle	
  (e.g.,	
  a	
  photon!)	
  which	
  does	
  not	
  interact	
  at	
  all	
  
and	
  moves	
  along	
  the	
  X	
  axis	
  having	
  a	
  well	
  defined	
  impulse	
  p	
  

X	
  p	
  

A	
  good	
  soluGon	
  of	
  the	
  
Schroedinger	
  equaGon	
  is:	
  	
  

( , ) ( ) ( )
( )

ikx i t

ikx

x t e e x t
x e

ω ψ ϕ
ψ

−Ψ ∝ =
=

de	
  Broglie	
  wavelength:	
  λdB=2p/k = h/p	
  

with	
  p	
  =	
  k	
  
(de	
  Broglie	
  wave)	
  

A	
  “li+le”	
  problem:	
  it	
  is|Ψ|2	
  =	
  1	
  everywhere	
  
	
  à	
  	
  the	
  probability	
  of	
  finding	
  the	
  parGcle	
  is	
  always	
  1	
  

	
   	
  à	
  the	
  normalizaGon	
  factor	
  ∫	
  |ψ|2	
  dx	
  diverges!	
  
	
  

(in	
  agreement	
  with	
  uncertainty:	
  Δp	
  =	
  0	
  	
  à	
  	
  Δx	
  	
  →	
  ∞	
  	
  

(we have already seen how wave packets, i.e., Fourier series, 
have to be used to solve this issue) 

V = 0 
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EXAMPLE	
  2	
  :	
  STEP	
  POTENTIAL	
  I	
  

Classically: for  E<V0 there is only 
reflection (no possibility to overcome 
the potential barrier) 

In QM there reflection is accompanied 
by transmission (there is a non null 
probability for transmission to occur) 

If you bear in mind the relationship between 
potential and force, you can feel that this is 
very similar (classically) to a particle colliding 
with a rigid wall or, even better, to a particle 
climbing an inclined plane 

incident reflected 

transmitted 
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STEP	
  POTENTIAL	
  II	
  

The eigenfunction is completely determined by the 
potential value (but for a normalization coefficient) 
à Transmission coefficient can be derived 
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STEP	
  POTENTIAL	
  WITH	
  A	
  FINITE	
  LENGTH	
  

E 
V0 

d 

Tunneling occurs if  d < λdB  = 
k/2π = p/h = √(2mE)   

Note: in the less interesting situation where  E<V0 the solution can be found following the same procedure, but 
the exponential behavior is no longer recovered 

Laser a.a. 2012/13 – http://www.df.unipi.it/~fuso/dida - Part 3 - Version 4  



12	
  

EXAMPLE	
  3	
  :	
  POTENTIAL	
  WELL	
  (INFINITE)	
  I	
  

A	
  free	
  parGcle	
  moves	
  along	
  the	
  X	
  axis	
  and	
  feels	
  two	
  
(infinite)	
  potenGal	
  barriers	
  at	
  x	
  =	
  
–a/2	
  and	
  x	
  =	
  a/2	
  

X	
  p	
  

a	
  

One can easily assume that the particle is bound to move within the two potential barriers 
defining the well 

 
Ψ(x,t) is given by superposition of a particle moving to the left and one moving to the right	



( ) ( )( , ) i kx t i kx tx t Ae Beω ω− − −Ψ = + with  
Eω =
h

Boundary conditions: ψ = 0 at x = -a/2 and x = a/2 
 
 

A = B  or A = - B 

Note: the derivative of the wavefunction is here non continuous because V à ∞ 

The potential reads: 
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The	
  boundary	
  condiGons	
  (and	
  the	
  related	
  physics)	
  are	
  the	
  same	
  of	
  
the	
  radiGon	
  (photons)	
  in	
  the	
  box	
  we	
  have	
  already	
  seen!!	
  
	
  
We	
  got:	
  	
  	
  
	
  
Being	
  the	
  parGcle	
  free,	
  the	
  energy	
  is	
  only	
  kineGc:	
  
	
  

nk n
a
π=

2 2 2 2 2
2

22 2 2
n

n
p kE n
m m ma

π= = =h h

Confinement	
  à	
  energy	
  quanGzaGon	
  
(set	
  of	
  discrete	
  energies	
  is	
  allowed)	
  

POTENTIAL	
  WELL	
  (INFINITE)	
  II	
  

Example: a ball with m = 0.1 kg in a box with a = 10 cm à E1~10-64 J !! 
An electron with m ~ 10-30 kg in a box with a = 1 nm  à E1~5x10-20 J ~ 0.5 eV 

Note: n ≠ 0 
The energy of the ground state cannot be zero  
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Boundary conditions do not lead anymore to Ψ = 0 outside the well 
 
-  there is a finite probability for the particle to tunnel outside the well 
-  there is a “leakage” of the wavefunction outside the well 
-  (the number of allowed energy levels is limited) 

In any case: spatial confinement ßquantized energy levels 

POTENTIAL	
  WELL	
  (FINITE)	
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V(x)=(C/2)x2 

More complicated mathematics 
Interesting to note that also in this case one gets discrete 
energy levels 

Discrete energy levels (equispaced, here) 
Eigenvalues: En = (n+1/2)hn 	

	



(cfr. photon energy, the photon can be seen as a solution of an harmonic oscillator problem) 

HARMONIC	
  OSCILLATOR	
  (A	
  FEW	
  WORDS)	
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SUMMARY	
  OF	
  EIGENFUNCTIONS/EIGENVALUES	
  



17	
  

Let’s now go back to our initial problem: how to correctly describe the matter in 
quantum mechanical terms, in order to provide with a simple, yet effective, light/
matter interaction picture 

The simplest matter (paradigmatic): the hydrogen atom 

Very	
  classical	
  picture	
  of	
  the	
  atom:	
  the	
  planetary	
  
model	
  
-­‐ 	
  Coulomb	
  a+racGon	
  provides	
  with	
  centripetal	
  
acceleraGon	
  

-­‐ 	
  The	
  mechanical	
  energy	
  is	
  given	
  by	
  the	
  kineGc	
  
energy	
  plus	
  the	
  interacGon	
  (electrostaGc)	
  energy	
  

~1/r ~1/r 

V(r) 
r 

The potential is again 
able to produce spatial 

confinement  
à quantization of the 

energy levels 

QUANTUM	
  MATTER	
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Bohr’s	
  hypothesis	
  (quanGzed	
  angular	
  
momentum):	
  

QuanGzed	
  orbital	
  radius:	
  

QuanGzed	
  energy:	
  

The	
  simple	
  Bohr’s	
  model	
  accounts	
  for	
  
quanGzed	
  energy	
  levels	
  in	
  the	
  ma+er	
  

n=1	
  

n=2	
  

n=3	
  
n=4	
  

E	
  

Bohr’s statements: 
à  orbits are possible with certain values of the radius 
à  the energy is quantized 
à  the electron can jump from one orbit to another one (transitions) 

THE	
  BOHR’S	
  ATOM	
  (“OLD	
  QUANTUM	
  THEORY”)	
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Unfortunately, the mathematics is not 
trivial due to the need to express 
operators in spherical coordinates 

SCHROEDINGER’S	
  VIEW	
  OF	
  THE	
  ATOM	
  I	
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Practically the same eigenvalues than in the 
Bohr’s atom are found 
Eigenfunctions can be also obtained (cfr. 
“orbitals” in chemistry) 

SCHROEDINGER’S	
  VIEW	
  OF	
  THE	
  ATOM	
  II	
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Dependence of the eigenfunctions on r 
for different “quantum numbers” 

Basically, the simple Bohr’s model is 
confirmed 
 
Eigenfunctions (stationary states) and 
eigenvalues (energy levels) can be found 
analytically 
 
Level degeneracy and specific symmetrical 
properties are found (they depend on the 
specific atom considered) 
 
 
The approach holds for all atoms (and 
molecules, and, with suitable 
modifications/simplifications, solid and 
liquid matter), but the analytical solution is 
no longer possible 

SCHROEDINGER’S	
  VIEW	
  OF	
  THE	
  ATOM	
  III	
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QM	
  is	
  a	
  very	
  powerful	
  tool	
  to	
  explore	
  the	
  ma+er	
  
	
  
QM	
  shows,	
  among	
  others,	
  that	
  spaGal	
  confinement	
  implies	
  the	
  occurrence	
  of	
  
discrete	
  energy	
  levels	
  (and	
  states)	
  
	
  
Roughly	
  speaking,	
  all	
  the	
  main	
  aspects	
  highlighted	
  in	
  the	
  simple	
  problems	
  
(potenGal	
  well,	
  harmonic	
  oscillator,	
  hydrogen	
  atom)	
  can	
  be	
  at	
  some	
  extent	
  
transferred	
  to	
  the	
  ma+er	
  
	
  
We	
  have	
  now	
  all	
  the	
  ingredients	
  to	
  afford	
  a	
  descripGon	
  of	
  light/ma+er	
  
interacGon	
  which	
  will	
  eventually	
  lead	
  to	
  discover	
  amplificaGon	
  of	
  light!	
  

CONCLUSIONS	
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