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I.   Introduction 



We live in a world with nontrivial chiral structure: 

!

!

!

!

Macroscopic world:  e.g.,  biological bodies apprxly LR symmetric,
 often LR symmetry ÒspontaneouslyÓ broken

Molecular level                     :

1 Introduction

Our world has a chiral structure. Often the macroscopic structures such as biological bod-
ies have approximately left-right symmetric forms, but not quite exactly. At the molec-
ular level, O(10! 6cm), the structure of DNA, e.g., has a deÞnite chiral spiral form. At
the microscopic length scales of the fundamental interactions,O(10! 16cm), the left- and
right-handed quarks and leptons have di! erent couplings to theSU(3) ! SUL (2) ! UY (1)
gauge bosons. In spite of the bulk of knowledge accumulated after almost half-century
of studies of vectorlike gauge theories such asSU(3) quantum chromodynamics (QCD),
based on ever more sophisticated but basically straightforward approximate calculations
(lattice simulations), as well as beautiful theoretical developments in models withN = 2
supersymmetries, surprisingly little is known today about strongly-coupled chiral gauge
theories. Perhaps it is not senseless to do some more e! orts to understand this class of
gauge theories, which Nature might make use of, in an as yet unknown way.

To be concrete, we shall limit ourselves toSU(N ) gauge theories with a set of Weyl
fermions in a complex representation ofSU(N ). Also only asymptotically free type of
models will be considered, as weakly-coupled infrared-free theories can be reliably analyzed
in perturbation theory, as in the case of the standard electroweak model.

The gauge interactions in these models become strongly coupled in the infrared. There
are no gauge-invariant bifermion condensates, no mass terms or potential terms (of renor-
malizable type) can be added to deform the theories, no! parameter exists, and the vacuum
is unique.

The questions we would like to address ourselves to are:

(i) Do these systems conÞne?

(ii) Do these systems instead experience a dynamical Higgs phenomenon (dynamical gauge
symmetry breaking)?

(iii) Does some of the systems ßow into an IR Þxed-point CFT?

(iv) Does the chiral ßavor symmetry remain unbroken, or if spontaneously broken, in which
pattern?

(v) If there are more than one apparently possible dynamical scenarios, all consistent with
e.g., Õt Hooft anomaly matching conditions or thea "theorem", or other criteria such as
the ACS condition, which one is actually realized in the infrared?

(vi) How are these points (i)-(iv) related to each other? In particular, what role does the
color-ßavor locking play?

(vii) Does the system generate hierarchically disparate mass scales, such as the ones pro-
posed in the "tumbling" scenarios?

(viii) Is complementarity relevant?

(ix) Do the systems simplify in the largeN limit, or a planar equivalence to N = 1
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e.g.,    DNA

At                       LH and RH quarks and leptons
differently coupled to the W and Z bosons  

~ 40  years of lattice gauge theories (w/ advanced computers), 

~ 25  years of N=2 susy gauge theories (w/ advanced mathematics),  

In spite of impressive success of the standard                                
   theory, and in spite of 
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Parity violation 



Surprisingly little is known today about strongly-coupled  
chiral gauge theories

 SU(N) gauge theory with e.g.,  

! Confinement ?  / Dynamical Higgs ? 

! Flavor symmetry breaking ? 

(iii) The third line is the pure ßavorU! (1)3 and (U" (N + 4)) 3 anomalies. They are
there even if no 1-form gauging is done.

(iv) The fourth line, present also forB = 0, would show that, if the Þrst two
lines were absent,U!" (1), ! = N +2 , , " = N ! 2 would all be unbroken as

1
8#2

!
tr ÷F 2 ! .

(v) The second line also shows that in the presence of the externalA! and A" Þelds
(which are needed in order to have the color-ßavor locked center symmetry),
the 1-form gauge symmetry is broken. This is another manifestation of the
failure of the gauging of the 1-form center symmetry.

We conclude, in view of the new anomalies induced by gauging of the1-form
color-ßavor center symmetry, that the chirally symmetric conÞned phase of Sec.3.3
cannot be realized in the infrared, as neither breaking ofU!" (1) nor of Z! = ZN +2

can be appropriately described, without having vacuum degeneracies/NG bosons.
Thus the color-ßavor locked Higgs phase discussed in Sec.3.4 seems to be strongly
favored as a way of dynamically realizing the symmetries in the infrared.

4 (N! , N" ) = (0 , 1) model

This model was also studied by by Appelquist-Duan-Sannino, by Poppitz and by
ourselves. The matter fermions are

! [ij ] , ÷" B j , B = 1, 2, . . . , (N " 4) , (4.1)

or
ø

+ ( N " 4) . (4.2)

The symmetry is
SU(N )c # SU(N " 4)f # U(1) , (4.3)

where the anomaly freeU(1) charge is

! : N " 4 ; ÷" B j : " (N " 2) . (4.4)

b0 = 11N " (N " 2) " (N " 4) = 9N + 6 . (4.5)

There are also discrete symmetries

$ = N ! 2 $ U! (1) , " = N ! 4 $ U" (1) . (4.6)

The symmetries of the system is summarized in Table9.
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!

etc.  

!

Rearranging terms, we get

S(5D ) =
1

8! 2
N 2

!
B (2) ! B (2) ! A!

+
1

8! 2

!
{ NB (2) ! { " (N " 1)(dA! )2 + tr " (A" dA" +

2
3

A3
" )}

+
1

24! 2

!
{

N (N " 1)
2

A! (dA! )2 + N tr " [A" (dA" )2 +
3
5

A5
" +

3
2

A3
" dA" ]}

+
1

8! 2

!
tr ÷F 2 { (N " 2)A! + ( N " 4)A" } . (4.24)

We observe that

(i) U!" (1) and ! = N ! 2 are both broken.

(ii) " = N ! 4 and SU(N " 4) remain unbroken.

As in the case of the(1, 0) model, these observations lead us to strongly favor the
dynamical Higgs mechanism in Sec.4.2. A remarkable dynamical scenario, that
conÞnement with no chiral symmetry breaking (with baryons (4.7) saturating all
the 0-form anomalies) might be realized in the infrared, does not resist the further
examination of the system by the gauging of color-ßavor1-form center symmetry.

5 Note on the paper by Yamaguchi

SU(6) with

" = (5.1)

which is 20. The theory is anomaly free and Witten anomaly free. Asymptotically
free.

b= 11N "
(N " 2)(N " 3)

2
= 60 > 0 . (5.2)

Bifermion condensates are in

# = $ $ $ . (5.3)

Ð 30 Ð

in a self-conjugate representation,  

! Does Nature make use of one ? 

cfr. supersymmetric 

chiral theories; 

susy breaking



Earlier studies

! Tumbling (MAC)

! Complementarity

ConÞnement ~  Higgs 

! Õt Hooft anomaly matching 

! Appelquist-Cohen-Schmaltz  criterion  (free energy),   

! ÒaÓ  theorem   (RG ßow)

! Large N

! None of these has given a significant result so far !.



II.  A recent study of chiral ÒQCDÓ



!  

!

 Study phases and symmetries of 

Strongly-coupled gauge theories with
 Weyl fermions in complex representations

SU(Nc ) theory with Weyl fermions.  

models: 

(iv) ÷U(1): In the UV, ! , " , # give

2 á
N (N + 1)

2
! 2 á

N (N ! 1)
2

! 8N = ! 6N ; (3.33)

whereas in the IR,! ii and #a
i give

2 áN ! 8N = ! 6N . (3.34)

Þelds SU(8) ÷U(1)
! N (N +1)

2 á(á) N (N +1)
2 á(2)

" N (N ! 1)
2 á(á) N (N ! 1)

2 á(! 2)

#A N á 8N á(! 1)
(!"! )ii " ! ii N á(á) N á(2)

!"# A " #A N á 8N á(! 1)

Table 4: Full dynamical Abelianzation for the!"# model, in Subsection 3.4

4 (N! , N" ) = (1, 0) model: a review

Let us review the (N! , N" ) = (1 , 0) model. The matter fermions are in

! { ij } , #B
i , B = 1, 2, . . . , N + 4 , (4.1)

or
+ ( N + 4)

ø
. (4.2)

The (continuous) symmetry of this model is

SU(N )c # SU(N + 4) f # U(1) , (4.3)

whereU(1) is an anomaly-free combination ofU! (1) and U#(1), with

Q! : N + 4; , Q# : ! (N + 2) . (4.4)

The discrete group is 2 if N is even; none ifN is odd.
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Þelds SU(N )cf SU(4)f U!(1)

! N (N +1)
2 á(á) 1

" A 1
ø

!

ø

N 2 á(á) " 1

" A 2 4 á
ø

N á " 1
2

B [A 1B 1]

ø
N (N " 1)

2 á(á) " 1

B [A 1B 2] 4 á
ø

N á " 1
2

Table 6: Color-ßavor locked phase in the (1, 0) model, discussed in Subsection 4.2.A1 or
B1 stand for A, B = 1, 2, . . . , N . A2 or B2 the rest of the ßavor indices.

In the infrared, for the unbroken-symmetry Subsection 4.1 :

f IR =
7
4

(N + 4)( N + 3)
2

=
7
8

(N 2 + 7N + 12) (4.9)

So
f UV " f IR =

1
4

(15N 2 + 7N " 50) # 0 , N # 2 . (4.10)

For the color-ßavor locking scenario Subsection 4.2 with partially broken symmetries:

f IR =
7
4

!
N (N " 1)

2
+ 4N

"
+ 8N + 1 =

1
8

(7N 2 + 113N + 8) (4.11)

so that
f UV " f IR =

1
4

(15N 2 " 25N " 12) # 0 , N # 3 . (4.12)

These results are already discussed in the papers ACSS and ADS, where it was noted that
the symmetric phase 4.1 has a lowerf IR .

The a coe! cient in the UV is

aUV =
1
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11
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+ N (N + 4)

"$
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281N 2 + 99N " 248

1440
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or

A or B  Þxed by the gauge-anomaly free condition   (take A or B=0) 

Bolognesi, KK, Shifman Õ18

Bolognesi, KK  Õ19



!

!

!

They are (have)

 Strongly-coupled in IR  (AF)          

No mass or (renorm.) potentials:    Unique vacuum

No     parameter

For simplicity we shall restrict ourselves to various irreducible1 SU(N ) chiral theories,
with N! fermions! { ij } in the symmetric representation,N" fermions" [ij ] in the anti anti-
symmetric representation, and a number of antifundamental (or fundamental) multiplets,
#a

i (or ÷#a i ). The number of the latter is Þxed by the condition that the gauge group be
anomaly free.

Figure 1 gives a schematic representation of the various irreduciblySU(N ) chiral the-
orieswe shall be interested in. BothN! and N" can go up to 5 without loss of asymptotic
freedom.

N!

N"

!"#

! ÷"#

!" ÷#

!#

" ÷#

Figure 1: A class of chiral QCD theories at largeN in the plane (N! , N" ).

2 General theory

Let us concentrate onGc gauge theories with Weyl fermions! i in a complex (in general,
reducible) representation (R, r ) with generatorsTA , ta, wherei labels both color and ßavor
indices collectively. The theory is assumed to be asymptotically free, gauge-anomaly-free,

1Namely we do not consider addition of fundamental-antifundamental pairs of fermions. The models
of this type, in the simplest cases (N! , N" ) = (1 , 0), (0, 1), have been studied in [].

5

! No gauge-invariant bifermion 
condensates ~    

!  No   P,  CP 

But Nontrivial ßavor symmetries  !

!  No center symmetries

!  Õt Hooft anomaly matching conditions

! Hope: understand the systematics

!



matching condition.

(ii) SU(8) ÷U(1)2: again only ! a
i contribute both in the UV and in the IR. The matching is

trivial.

(iii) ÷U(1)3: In the UV, all of " , #, ! give contributions,

8 á
N (N + 1)

2
! 8 á

N (N ! 1)
2

! 8N = 0 ; (3.44)

in the IR, " ii and ! a
i contribute:

8 áN ! 8 áN = 0 . (3.45)

(iv) ÷U(1): In the UV, " , #, ! give

2 á
N (N + 1)

2
! 2 á

N (N ! 1)
2

! 8 áN = ! 6N ; (3.46)

whereas in the IR," ii and ! a
i give

2 áN ! 8N = ! 6N . (3.47)

Þelds SU(8) ÷U(1)
" N (N +1)

2 á(á) N (N +1)
2 á(2)

# N (N ! 1)
2 á(á) N (N ! 1)

2 á(! 2)

! A N á 8N á(! 1)
("#" )ii " " ii N á(á) N á(2)

"#! A " ! A N á 8N á(! 1)

Table 3: Full dynamical Abelianization in the"#! model, in Subsection 3.5

4 (N" , N#) = (1, 0) model: a review

Let us review the (N! , N" ) = (1 , 0) model. The matter fermions are in

" { ij } , ! B
i , B = 1, 2, . . . , N + 4 , (4.1)

or
+ ( N + 4)

ø
. (4.2)
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The (continuous) symmetry of this model is

SU(N )c ! SU(N + 4) f ! U(1) , (4.3)

whereU(1) is an anomaly-free combination ofU! (1) and U" (1), with

Q! : N + 4; , Q" : " (N + 2) . (4.4)

The discrete group is 2 if N is even; none ifN is odd.

4.1 Chirally symmetric phase of (N! , N" ) = (1 , 0) model

Let us Þrst examine the possibility that no condensates form, the system conÞnes and the
ßavor symmetry is unbroken. The candidate massless baryons are:

B [AB ] = ! ij " A
i " B

j , A, B = 1, 2, . . . , N + 4 , (4.5)

antisymmetric in AB . All the SU(N + 4) f ! U(1) anomalies are saturated by those by
B [AB ], as shown by Appelquist-Duan-Sannino, and as can be seen by inspection of the
Table 4.

Þelds SU(N )c SU(N + 4) ÷U(1)

! N (N +1)
2 á(á) N + 4

" A (N + 4) á
ø

N á " (N + 2)

B [AB ] (N +4)( N +3)
2 á(á) " N

Table 4: Chirally symmetric phase of the (1, 0) model

4.2 Color-ßavor locked Higgs phase

It is also possible that a color-ßavor locked phase appears, with

#! { ij " B
i $= C #jB , j, B = 1, 2, . . . N , (4.6)

in which the symmetry is reduced to

SU(N )cf ! SU(4)f ! U!(1) . (4.7)

As this forms a subgroup of the full symmetry group, (4.3), it is quite easily seen, by
making the decomposition of the Þelds in the subgroup, that a subset of the same baryons
saturate all of the triangles associated with the reduced symmetry group. See Table 5.
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A a theorem; ACS criterion

For free theory of bosons and fermions, thea and c coe" cients are given by

a =
1

360
(N

S

+ 11N
F

+ 62N
V

) , c =
1

120
(N

S

+ 6N
F

+ 12N
V

) , (A.1)

where N
S

is the number of scalar particles,N
F

is the number of Dirac fermions (N
F

"
N

F

/ 2 for Weyl), and N
V

is the number of vector bosons. In terms of the number of degrees
of freedom,N

F

= 4N
f

, N
V

= 2N
v

.

On the other hand, the ACS criterion is that

f
IR

# f
UV

, (A.2)

where
f = N

B

+
7
8

N
f

. (A.3)

and N
f

is the number of fermionic degrees of freedom (N
f

= 2 for a single Weyl fermion,
N

f

= 4 for a single Dirac fermion).
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! N (N +1)
2 á(á) N (N +1)

2 á(1)

" A 1
ø

!

ø

N 2 á(á) N 2 á(" 1)

" A 2 4 á
ø

N á 4N á(" 1
2)

B [A 1B 1]

ø
N (N " 1)

2 á(á) N (N " 1)
2 á(" 1)

B [A 1B 2] 4 á
ø

N á 4N á(" 1
2)

Table 5: Color-ßavor locked phase in the (1, 0) model, discussed in Subsection 4.2.A1 or
B1 stand for A, B = 1, 2, . . . , N . A2 or B2 the rest of the ßavor indices.

It is not known which of the possibilities, 4.1 or 4.2, is realized in the (1, 0) model.
The low-energy degrees of freedom are(N +4)( N +3)

2 massless baryons in the former case, and
N 2+7 N

2 massless baryons together with 8N + 1 Nambu-Goldstone bosons, in the latter.

Let us check thea theorem and the ACS criterion for both.

f UV = 2( N 2 " 1) +
7
4

!
N (N + 1)

2
+ ( N + 4) N

"
=

1
8

(37N 2 + 63N " 16) . (4.8)

In the infrared, for the unbroken-symmetry Subsection 4.1 :

f IR =
7
4

(N + 4)( N + 3)
2

=
7
8

(N 2 + 7N + 12) (4.9)

So
f UV " f IR =

1
4

(15N 2 + 7N " 50) # 0 , N # 2 . (4.10)

For the color-ßavor locking scenario Subsection 4.2 with partially broken symmetries:

f IR =
7
4

!
N (N " 1)

2
+ 4N

"
+ 8N + 1 =

1
8

(7N 2 + 113N + 8) (4.11)

so that
f UV " f IR =

1
4

(15N 2 " 25N " 12) # 0 , N # 3 . (4.12)

These results are already discussed in the papers ACSS and ADS, where it was noted that
the symmetric phase 4.1 has a lowerf IR .
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The (continuous) symmetry of this model is

SU(N )c ! SU(N + 4) f ! U(1) , (4.3)

whereU(1) is an anomaly-free combination ofU! (1) and U" (1), with

Q! : N + 4; , Q" : " (N + 2) . (4.4)

The discrete group is 2 if N is even; none ifN is odd.

4.1 Chirally symmetric phase of (N! , N" ) = (1 , 0) model

Let us Þrst examine the possibility that no condensates form, the system conÞnes and the
ßavor symmetry is unbroken. The candidate massless baryons are:

B [AB ] = ! ij " A
i " B

j , A, B = 1, 2, . . . , N + 4 , (4.5)

antisymmetric in AB . All the SU(N + 4) f ! U(1) anomalies are saturated by those by
B [AB ], as shown by Appelquist-Duan-Sannino, and as can be seen by inspection of the
Table 4.
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4.2 Color-ßavor locked Higgs phase

It is also possible that a color-ßavor locked phase appears, with
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i $= C #jB , j, B = 1, 2, . . . N , (4.6)

in which the symmetry is reduced to
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As this forms a subgroup of the full symmetry group, (4.3), it is quite easily seen, by
making the decomposition of the Þelds in the subgroup, that a subset of the same baryons
saturate all of the triangles associated with the reduced symmetry group. See Table 5.
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Standard Õt Hooft anomaly matching in the (1,0) model

Þelds SU(N )c SU(N + 4) U(1)

! N (N +1)
2 á(á) N + 4

" A (N + 4) á
ø

N á ! (N + 2)

B [AB ] (N +4)( N +3)
2 á(á) ! N

Table 6: Chirally symmetric phase of the(1, 0) model

Anomaly AUV (! , " ) AIR (B)
SU(N + 4) 3 N N + 4 ! 4

U(1)SU(N + 4) 2 ! (N + 2) áN ! N á(N + 4 ! 2)
U(1)3 (N + 4) 3 N (N +1)

2 ! (N + 2) 3N (N + 4) ! N 3 (N +4)( N +3)
2

U(1) (N + 4) N (N +1)
2 ! (N + 2) N (N + 4) ! N (N +4)( N +3)

2

N +2 SU(N + 4) 2 0 N + 2
N +4 SU(N + 4) 2 N 2 á(N + 4 ! 2)

Table 7: UV-IR Anomaly matching in Chirally symmetric phase

3.4 Color-ßavor locked Higgs phase

It is also possible that a color-ßavor locked phase appears, with

"! ij " B
i #= C #jB , j, B = 1, 2, . . . N , (3.32)

in which the symmetry is reduced to

SU(N )cf $ SU(4)f $ U!(1) . (3.33)

As this forms a subgroup of the full symmetry group, (3.4), it is quite easily seen, by
making the decomposition of the Þelds in the subgroup, that a subset of the same baryons
saturate all of the triangles associated with the reduced symmetry group. See Table 8.

Þelds SU(N )cf SU(4)f U!(1)

! N (N +1)
2 á(á) 1

" A 1
ø

%

ø

N 2 á(á) ! 1

" A 2 4 á
ø

N á ! 1
2

B [A 1B 1]

ø
N (N " 1)

2 á(á) ! 1

B [A 1B 2] 4 á
ø

N á ! 1
2

Table 8: Color-ßavor locked phase in the(1, 0) model, discussed in Subsection 3.4.A1 or
B1 stand for A, B = 1, 2, . . . , N . A2 or B2 the rest of the ßavor indices.
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2
! 2 á
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so that
f UV " f IR =

1
4

(15N 2 " 25N " 12) # 0 , N # 3 . (4.12)

These results are already discussed in the papers ACSS and ADS, where it was noted that
the symmetric phase 4.1 has a lowerf IR .

The a coe! cient in the UV is

aUV =
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360

#
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11
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!
N (N + 1)

2
+ N (N + 4)

"$

=
281N 2 + 99N " 248
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#
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$
=
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N 2 á(á) " 1

" A 2 4 á
ø

N á " 1
2

B [A 1B 1]

ø
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Table 6: Color-ßavor locked phase in the (1, 0) model, discussed in Subsection 4.2.A1 or
B1 stand for A, B = 1, 2, . . . , N . A2 or B2 the rest of the ßavor indices.
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The global symmetry of the! ! " ! # model is

GF = SU(8) " U1(1) " U2(1) " N ! . (3.6)

The possible dynamical scenarios have been analyzed and discussed in [1].

3.1 Partial Color-Flavor locking

For largeN , it was proposed [1] that a possible phase can be described by the nonvanishing
bi-fermion condensates

#$iA $= #! ij #A
j $ ; #÷$i

j $ % #! ik " kj $ . (3.7)

More concretely, the proper realization of the globalSU(8) symmetry has led us [1] to
assume the following form for these condensates:

#$iA $= ! 3

!

"
"
"
#

c18

0N ! 8,8

$

%
%
%
&

, #÷$i
j $= ! 3

!

"
"
"
"
"
"
#

a18

d1
. . .

dN ! 12

b14

$

%
%
%
%
%
%
&

, (3.8)

where

8a +
N ! 12'

i =1

di + 4b= 0 , a, di , b& O(1) . (3.9)

The symmetry breaking pattern is, therefore,

SU(N )c " SU(8)f " U(1)2 ' SU(8)cf " U(1)N ! 11 " SU(4)c . (3.10)

The theory dynamically Abelianizes (in part). SU(8) ( SU(N ) is completely Higgsed but
due to color-ßavor (partial) locking no NG bosons appear in this sector (the would-be NG
bosons make theSU(8) ( SU(N ) gauge bosons massive.) OnlySU(4) ( SU(N ) remains
unbroken and conÞning. The remainder of the gauge group Abelianizes. The baryons

÷B A
j = ! ik " [kj ]#A

i & #A
j , (9 ) j ) N ! 4) (3.11)

and
B { AB } = ! ij #A

i #B
j , (3.12)
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3.3 Color-ßavor locking and dynamical Abelianization: an alter-
native scenario

Another possible phase, forN ! 8, is described by the condensates,

"! iA #= "" ij #A
j # ; " ÷! i

j # $ "" ik $kj # . (3.30)

where

"" ij #A
j #= ! 3

!

"
"
"
#

c18

0N ! 8,8

$

%
%
%
&

i A

, "" ik $kj #= ! 3

!

"
"
"
#

08

d1
. . .

dN ! 8

$

%
%
%
&

i

j

. (3.31)

The symmetry breaking pattern is:

SU(N ) %SU(8) %U(1)2 & SU(8)cf %U(1)N ! 8 . (3.32)

As U(1)N ! 8 is an Abelian subgroup of the colorSU(N ), whereas both nonanomalous
ßavor U(1) are broken by the condensates, we shall consider only theSU(8)3

cf anomalies.
Indicating the color indices up to 8 byi 1 or j 1 while those larger than 8 byi 2 or j 2, one has
the decomposition of the Þelds inSU(8)cf multiplets, see Table 1. The massless baryons
are shown in the lower part of the Table 1. TheSU(8)3 matching works, as in the infrared,

(N ' 8) + (8 ' 4) + (8 ' 4) = N . (3.33)

As for the discrete symmetry, the surviving symmetry is either 2, for N = 4n, n ( ,
or 4 symmetry, for N = 4n + 2, n ( , under which the Þelds" , $, # are charged with
(1, ' 1, ' 1). An inspection of Table 1 shows that all discrete anomaly matching is also
satisÞed in this case, in contrast to the previous case.

3.4 Partial color-ßavor locking for N ) 8

For N < 8 the scenario above is not possible. It is possible however that the color-ßavor
locking still takes place in a di" erent way. Let us assume that

"" ij #A
j #= const. %iA , i, A = 1, 2, . . . , N , (3.34)

and
""$ #= 0 . (3.35)
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Þelds SU(8)cf

! i 1 j 1
ø

! i 1 j 2 (N ! 8) á
ø

! i 2 j 2 (N ! 8)(N ! 7)
2 á(á)

" i 1 ,j 1

" i 1 ,j 2 (N ! 8) á
" i 2,j 2

(N ! 8)(N ! 9)
2 á(á)

#A
j 1

" = #

#A
j 2

(N ! 8) á
÷B A

j 2
$ #A

j 2
(N ! 8) á

B [Aj 1] $ A (#A
j 1

)

öB [i 1 j 1 ] $ " i 1 ,j 1

Table 1: B [AB ] $ ! ij #[A
i #B ]

j and öB [AB ] $ (!# )A,i " ij (!# )B,j . #A
j 2

are weakly coupled due
to the Abelianization of the SU(N ! 8) % U(1) & SU(N ). They can be interpreted as
÷B A

j $ (!"# )A
j . The color indices up to 8 are indicated byi 1 or j 1 while those larger than

8 by i 2 or j 2.

The symmetry breaking pattern is now

SU(N ) %SU(8) %U(1)2 ' SU(N )cf %SU(8 ! N ) % ÷U(1) . (3.36)

The fermions decompose as in Table 2.

The baryons are made of

B [A 1B 1] = ! ij #A 1
i #B 1

j $ , (3.37)

B [A 1B 2] = ! ij #A 1
i #B 2

j $ #B 2 , (3.38)

öB [AB ] $ ! ik #A
k " ij ! j ! #B

! $ " AB . (3.39)

3.5 General N and full Abelianization

The dynamical scenarios (3.10) assumes thatN ( 12, whereas the one in (3.32) requires
N ( 8 and the phase (3.36)N ) 8.

Still another option, consistent for any value ofN , considered in [1], is that the gauge
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massless 
baryons

Complete Abelianization

ConÞnement and unbroken SU(8) ?     No baryons which give  Tr (SU(8)^3  =N

4+4+ (N-8) =N

Þelds SU(N )c SU(8 ! N ) ÷U(1)

!
ø N (N +1)

2 á(á) N + 2

" N (N ! 1)
2 á(á) ! (N ! 6)(N +2)

N ! 2

#A 1 + N 2 á(á) ! (N + 2)

#A 2 (8 ! N ) á N á ! (N + 2)

B [A 1B 1] N (N ! 1)
2 á(á) ! (N + 2)

B [A 1B 2] (8 ! N ) á N á ! (N + 2)

öB [A 1B 1] N (N ! 1)
2 á(á) ! (N ! 6)(N +2)

N ! 2

Table 2: Partial color-ßavor locking forN " 8 and the SU(8) anomaly matching of Sub-
section 3.4.A1, B1 stand for the ßavor indices up toN (< 8); A2, B2 for the rest.

group dynamically Abelianizes completely, by the adjoint condensates

#÷$i
j $ % #! ik " kj $= dj %i

j ,
!

j

dj = 0 ; i, j = 1, 2, . . . , N , (3.40)

with no particular relations amongdj Õs. We also assume that no color-ßavor locking takes
place, i.e.,

#$iA $= #! ij #A
j $= 0 . (3.41)

The symmetry breaking occurs as:

SU(N )c & SU(8)f & U(1)2 '
N ! 1"

! =1

U! (1) & SU(8)f & ÷U(1) , (3.42)

where ÷U(1) is an unbroken combination of the two nonanomalousU(1)Õs, (3.4), with
charges:

! : 2 , " : ! 2 , # : ! 1 . (3.43)

The Þelds#A
i are all massless and weakly coupled (only to the gauge bosons from the

Cartan subalgebra which we will refer to as the photons; they are infrared free) in the
infrared. Also, some of the fermions! ij do not participate in the condensates. Due to the
fact that ! { ij } are symmetric whereas" [ij ] are antisymmetric, actually only nondiagonal
elements of! { ij } condense and get mass. The diagonal Þelds! { ii } , i = 1, 2, . . . , N remain
massless and weakly coupled. Also there is one NG boson.

The anomaly matching works as follows (see Table 3):

(i) SU(8)3: only #a
i contribute both in the UV and in the IR: they trivially satisfy the
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matching condition.

(ii) SU(8) ÷U(1)2: again only ! a
i contribute both in the UV and in the IR. The matching is

trivial.

(iii) ÷U(1)3: In the UV, all of " , #, ! give contributions,

8 á
N (N + 1)

2
! 8 á

N (N ! 1)
2

! 8N = 0 ; (3.44)

in the IR, " ii and ! a
i contribute:

8 áN ! 8 áN = 0 . (3.45)

(iv) ÷U(1): In the UV, " , #, ! give

2 á
N (N + 1)

2
! 2 á

N (N ! 1)
2

! 8 áN = ! 6N ; (3.46)

whereas in the IR," ii and ! a
i give

2 áN ! 8N = ! 6N . (3.47)

Þelds SU(8) ÷U(1)
" N (N +1)

2 á(á) N (N +1)
2 á(2)

# N (N ! 1)
2 á(á) N (N ! 1)

2 á(! 2)

! A N á 8N á(! 1)
("#" )ii " " ii N á(á) N á(2)

"#! A " ! A N á 8N á(! 1)

Table 3: Full dynamical Abelianization in the"#! model, in Subsection 3.5

4 (N" , N#) = (1, 0) model: a review

Let us review the (N! , N" ) = (1 , 0) model. The matter fermions are in

" { ij } , ! B
i , B = 1, 2, . . . , N + 4 , (4.1)

or
+ ( N + 4)

ø
. (4.2)
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Note

(ii)
Eichten, Peccei, Preskill Zeppenfeld, Ô86

Goity, Peccei, Zeppenfeld, Ô85

!

!

!



(iii)

The a coe! cient in the UV is

aUV =
1

360

!
62á(N 2 ! 1) +

11
2

"
N (N + 1)

2
+ N (N + 4)

#$

=
281N 2 + 99N ! 248

1440
(4.13)

In the symmetric phase 4.1

aIR =
1

360

!
11
2

(N + 4)( N + 3)
2

$
=

11N 2 + 77N + 132
1440

(4.14)

so
aUV ! aIR > 0 , N " 2 . (4.15)

In the less symmetric phase 4.2

aIR =
1

360

!
11
2

"
N (N ! 1)

2
+ 4N

#
+ 8N + 1

$
=

11N 2 + 109N + 4
1440

(4.16)

and
aUV ! aIR > 0 , N " 2 . (4.17)

5 (N! , N" ) = (2, 0)

This is a straightforward generalization of the!# model above [1] but physics is very
di" erent. The matter fermions are in

! { ij, m } , #B
i , m = 1, 2 , B = 1, 2, . . . , 2(N + 4) , (5.1)

or
2 + 2( N + 4)

ø
. (5.2)

The (continuous) symmetry of this model is

SU(N )c # SU(2)f # SU(2N + 8) f # U(1) , (5.3)

whereU(1) is an anomaly-free combination ofU! (1) and U" (1),

U(1) : ! $ ei # / 2(N +2) ! , # $ e! i # / 2(N +4) # . (5.4)

The Þrst coe! cient of the beta function is

b=
1
3

[11N ! 2(N + 2) ! 2(N + 4)] =
7N ! 12

3
, (5.5)
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3
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! Natural generalization of (1,0) model, but no  SU(2N+8) symmetric conÞning vacuum

! ÒColor-Flavor-FlavorÓ  locked phase

5.6 Phase with unbroken SU(2)

A still another, more symmetric phase is the one with an unbrokenSU(2) symmetry.
Assume

! ! { ij , 1} " B
j " = C #i, B , j, B = 1, 2, . . . N , (5.67)

! ! { ij , 2} " B
j " = C #i, B ! N , j = 1, 2, . . . N , B = N + 1, . . . , 2N (5.68)

The symmetry is

SU(N )c # SU(2)f # SU(2N +8) f # U(1)f $ SU(N )cf # ÷U(1) # SU(2)ff # SU(8) , (5.69)

whereSU(2)ff is a linear combination ofSU(2)f and

SU(2) % SU(2N ) % SU(2N + 8) (5.70)

which exhange the Þrst and secondN ßavors. The charges of the unbrokenSU(2) are:

!
! ij, 1

! ij, 2

"
& 2 ;

!
" A" N

i

" N " A" 2N
i

"
& 2# (5.71)

the ÷U(1) charges are as before,

! : 1 ; " B " 2N : ' 1 ; " B> 2N : '
1
2

. (5.72)

The baryons are

B A,C =
#

i,j

(! ij, 1" A" N
i " C

j + ! ij, 2" N<A " 2N
i " C

j ) ; C > 2N ; (5.73)

which is aSU(2) singlet; the others are

B [AB ], 1 = ! ij , 1" A
i " B

j , A, B = 1, 2, . . . , N (5.74)

and
B [AB ], 2 = ! ij , 2" A

i " B
j , A, B = N + 1, N + 2, . . . , 2N (5.75)

which form a doublet. Their ÷U(1) charges are:

B A,C : '
1
2

; B [AB ], m : ' 1 . (5.76)

The SU(2)2 ÷U(1) anomalies are: in the UV

N (N + 1)
2

' N 2 = '
N (N ' 1)

2
. (5.77)

25

5.6 Phase with unbroken SU(2)

A still another, more symmetric phase is the one with an unbrokenSU(2) symmetry.
Assume

! ! { ij , 1} " B
j " = C #i, B , j, B = 1, 2, . . . N , (5.67)

! ! { ij , 2} " B
j " = C #i, B ! N , j = 1, 2, . . . N , B = N + 1, . . . , 2N (5.68)

The symmetry is

SU(N )c # SU(2)f # SU(2N +8) f # U(1)f $ SU(N )cf # ÷U(1) # SU(2)ff # SU(8) , (5.69)

whereSU(2)ff is a linear combination ofSU(2)f and

SU(2) % SU(2N ) % SU(2N + 8) (5.70)

which exhange the Þrst and secondN ßavors. The charges of the unbrokenSU(2) are:

!
! ij, 1

! ij, 2

"
& 2 ;

!
" A" N

i

" N " A" 2N
i

"
& 2# (5.71)

the ÷U(1) charges are as before,

! : 1 ; " B " 2N : ' 1 ; " B> 2N : '
1
2

. (5.72)

The baryons are

B A,C =
#

i,j

(! ij, 1" A" N
i " C

j + ! ij, 2" N<A " 2N
i " C

j ) ; C > 2N ; (5.73)

which is aSU(2) singlet; the others are

B [AB ], 1 = ! ij , 1" A
i " B

j , A, B = 1, 2, . . . , N (5.74)

and
B [AB ], 2 = ! ij , 2" A

i " B
j , A, B = N + 1, N + 2, . . . , 2N (5.75)

which form a doublet. Their ÷U(1) charges are:

B A,C : '
1
2

; B [AB ], m : ' 1 . (5.76)

The SU(2)2 ÷U(1) anomalies are: in the UV

N (N + 1)
2

' N 2 = '
N (N ' 1)

2
. (5.77)

25

5.6 Phase with unbroken SU(2)

A still another, more symmetric phase is the one with an unbrokenSU(2) symmetry.

Assume
! !

{ ij , 1} "B
j
" = C #i, B ,

j, B = 1, 2, . . . N ,

(5.67)

! !
{ ij , 2} "B

j
" = C #i, B ! N ,

j = 1, 2, . . . N , B = N + 1, . . . , 2N
(5.68)

The symmetry is

SU(N )c# SU(2)f # SU(2N +8) f # U(1)f $ SU(N )cf # ÷U(1) # SU(2)ff
# SU(8) , (5.69)

whereSU(2)ff
is a linear combination ofSU(2)f and

SU(2) % SU(2N ) % SU(2N + 8)

(5.70)

which exhange the Þrst and secondN ßavors. The charges of the unbrokenSU(2) are:

! ! ij, 1

! ij, 2

"
& 2 ;

! "
A" N

i

"
N " A" 2N

i

"
& 2#

(5.71)

the ÷U(1) charges are as before,

! : 1 ;
"B " 2N : ' 1 ;

"B> 2N : '
1
2

.

(5.72)

The baryons are

B
A,C =

#

i,j

(!
ij, 1 "

A" N

i
"C

j
+ !

ij, 2 "
N<A " 2N

i

"C
j
) ;

C > 2N ;
(5.73)

which is aSU(2) singlet; the others are

B
[AB ], 1 = !

ij , 1 "A
i
"B

j
,

A, B = 1, 2, . . . , N

(5.74)

and B
[AB ], 2 = !

ij , 2 "A
i
"B

j
,

A, B = N + 1, N + 2, . . . , 2N

(5.75)

which form a doublet. Their ÷U(1) charges are:

B
A,C : '

1
2

;
B

[AB ], m : ' 1 .

(5.76)

The SU(2)2 ÷U(1) anomalies are: in the UV

N (N + 1)

2
' N

2 = '
N (N ' 1)

2
.

(5.77)

25

5.6 Phase with unbroken SU(2)

A still another, more symmetric phase is the one with an unbrokenSU(2) symmetry.
Assume

! ! { ij , 1} " B
j " = C #i, B , j, B = 1, 2, . . . N , (5.67)

! ! { ij , 2} " B
j " = C #i, B ! N , j = 1, 2, . . . N , B = N + 1, . . . , 2N (5.68)

The symmetry is

SU(N )c # SU(2)f # SU(2N +8) f # U(1)f $ SU(N )cf # ÷U(1) # SU(2)ff # SU(8) , (5.69)

whereSU(2)ff is a linear combination ofSU(2)f and

SU(2) % SU(2N ) % SU(2N + 8) (5.70)

which exhange the Þrst and secondN ßavors. The charges of the unbrokenSU(2) are:

!
! ij, 1

! ij, 2

"
& 2 ;

!
" A" N

i

" N " A" 2N
i

"
& 2# (5.71)

the ÷U(1) charges are as before,

! : 1 ; " B " 2N : ' 1 ; " B> 2N : '
1
2

. (5.72)

The baryons are

B A,C =
#

i,j

(! ij, 1" A" N
i " C

j + ! ij, 2" N<A " 2N
i " C

j ) ; C > 2N ; (5.73)

which is aSU(2) singlet; the others are

B [AB ], 1 = ! ij , 1" A
i " B

j , A, B = 1, 2, . . . , N (5.74)

and
B [AB ], 2 = ! ij , 2" A

i " B
j , A, B = N + 1, N + 2, . . . , 2N (5.75)

which form a doublet. Their ÷U(1) charges are:

B A,C : '
1
2

; B [AB ], m : ' 1 . (5.76)

The SU(2)2 ÷U(1) anomalies are: in the UV

N (N + 1)
2

' N 2 = '
N (N ' 1)

2
. (5.77)

25

5.6 Phase with unbroken SU (2)

A still another, more symmetric phase is the one with an unbrokenSU (2) symmetry.
Assume

! ! { ij , 1} " B
j " = C #i, B , j, B = 1 , 2, . . . N , (5.67)

! ! { ij , 2} " B
j " = C #i, B ! N , j = 1 , 2, . . . N , B = N + 1 , . . . , 2N (5.68)

The symmetry is

SU (N )c # SU (2)f # SU (2N +8) f # U (1)f $ SU (N )cf # ÷U (1) # SU (2)f f # SU (8) , (5.69)

whereSU (2)f f is a linear combination ofSU (2)f and

SU (2) %SU (2N ) %SU (2N + 8) (5.70)

which exhange the Þrst and secondN ßavors. The charges of the unbrokenSU (2) are:

!
! ij, 1

! ij, 2

"
& 2 ;

!
" A" N

i

" N " A" 2N
i

"
& 2# (5.71)

the ÷U (1) charges are as before,

! : 1 ; " B " 2N : ' 1 ; " B> 2N : '
1
2
. (5.72)

The baryons are

BA,C =
#

i,j

(! ij, 1" A" N
i " C

j + ! ij, 2" N<A " 2N
i " C

j ) ; C > 2N ; (5.73)

which is aSU (2) singlet; the others are

B[A 1B 1], 1 = ! ij , 1" A 1
i " B 1

j , A1, 1 = 1, 2, . . . , N (5.74)

and
B[A 2B 2], 2 = ! ij , 2" A 2

i " B 2
j , A2, B2 = N + 1 , N + 2 , . . . , 2N (5.75)

which form a doublet. Their ÷U (1) charges are:

BA,C : '
1
2

; B[AB ], m : ' 1 . (5.76)

The SU (2)2 ÷U (1) anomalies are: in the UV

N (N + 1)
2

' N2 = '
N (N ' 1)

2
. (5.77)

25

5.6 Phase with unbroken SU(2)

A still another, more symmetric phase is the one with an unbrokenSU(2) symmetry.
Assume

! ! { ij , 1} " B
j " = C #i, B , j, B = 1, 2, . . . N , (5.67)

! ! { ij , 2} " B
j " = C #i, B ! N , j = 1, 2, . . . N , B = N + 1, . . . , 2N (5.68)

The symmetry is

SU(N )c # SU(2)f # SU(2N +8) f # U(1)f $ SU(N )cf # ÷U(1) # SU(2)ff # SU(8) , (5.69)

whereSU(2)ff is a linear combination ofSU(2)f and

SU(2) % SU(2N ) % SU(2N + 8) (5.70)

which exhange the Þrst and secondN ßavors. The charges of the unbrokenSU(2) are:

!
! ij, 1

! ij, 2

"
& 2 ;

!
" A" N

i

" N " A" 2N
i

"
& 2# (5.71)

the ÷U(1) charges are as before,

! : 1 ; " B " 2N : ' 1 ; " B> 2N : '
1
2

. (5.72)

The baryons are

B A,C =
#

i,j

(! ij, 1" A" N
i " C

j + ! ij, 2" N<A " 2N
i " C

j ) ; C > 2N ; (5.73)

which is aSU(2) singlet; the others are

B [A 1B 1], 1 = ! ij , 1" A 1
i " B 1

j , A1, B1 = 1, 2, . . . , N (5.74)

and
B [A 2B 2], 2 = ! ij , 2" A 2

i " B 2
j , A2, B2 = N + 1, N + 2, . . . , 2N (5.75)

which form a doublet. Their ÷U(1) charges are:

B A,C : '
1
2

; B [AB ], m : ' 1 . (5.76)

The SU(2)2 ÷U(1) anomalies are: in the UV

N (N + 1)
2

' N 2 = '
N (N ' 1)

2
. (5.77)

25

5.6 Phase with unbroken SU(2)

A still another, more symmetric phase is the one with an unbrokenSU(2) symmetry.
Assume

! ! { ij , 1} " B
j " = C #i, B , j, B = 1, 2, . . . N , (5.67)

! ! { ij , 2} " B
j " = C #i, B ! N , j = 1, 2, . . . N , B = N + 1, . . . , 2N (5.68)

The symmetry is

SU(N )c # SU(2)f # SU(2N +8) f # U(1)f $ SU(N )cf # ÷U(1) # SU(2)ff # SU(8) , (5.69)

whereSU(2)ff is a linear combination ofSU(2)f and

SU(2) % SU(2N ) % SU(2N + 8) (5.70)

which exhange the Þrst and secondN ßavors. The charges of the unbrokenSU(2) are:

!
! ij, 1

! ij, 2

"
& 2 ;

!
" A" N

i

" N " A" 2N
i

"
& 2# (5.71)

the ÷U(1) charges are as before,

! : 1 ; " B " 2N : ' 1 ; " B> 2N : '
1
2

. (5.72)

The baryons are

B A,C =
#

i,j

(! ij, 1" A" N
i " C

j + ! ij, 2" N<A " 2N
i " C

j ) ; C > 2N ; (5.73)

which is aSU(2) singlet; the others are

B [A 1B 1], 1 = ! ij , 1" A 1
i " B 1

j , A1, B1 = 1, 2, . . . , N (5.74)

and
B [A 2B 2], 2 = ! ij , 2" A 2

i " B 2
j , A2, B2 = N + 1, N + 2, . . . , 2N (5.75)

which form a doublet. Their ÷U(1) charges are:

B A,C : '
1
2

; B [AB ], m : ' 1 . (5.76)

The SU(2)2 ÷U(1) anomalies are: in the UV

N (N + 1)
2

' N 2 = '
N (N ' 1)

2
. (5.77)

25

5.6 Phase with unbroken SU(2)

A still another, more symmetric phase is the one with an unbrokenSU(2) symmetry.
Assume

! ! { ij , 1} " B
j " = C #i, B , j, B = 1, 2, . . . N , (5.67)

! ! { ij , 2} " B
j " = C #i, B ! N , j = 1, 2, . . . N , B = N + 1, . . . , 2N (5.68)

The symmetry is

SU(N )c # SU(2)f # SU(2N +8) f # U(1)f $ SU(N )cf # ÷U(1) # SU(2)ff # SU(8) , (5.69)

whereSU(2)ff is a linear combination ofSU(2)f and

SU(2) % SU(2N ) % SU(2N + 8) (5.70)

which exhange the Þrst and secondN ßavors. The charges of the unbrokenSU(2) are:

!
! ij, 1

! ij, 2

"
& 2 ;

!
" A" N

i

" N " A" 2N
i

"
& 2# (5.71)

the ÷U(1) charges are as before,

! : 1 ; " B " 2N : ' 1 ; " B> 2N : '
1
2

. (5.72)

The baryons are

B A,C =
#

i,j

(! ij, 1" A" N
i " C

j + ! ij, 2" N<A " 2N
i " C

j ) ; C > 2N ; (5.73)

which is aSU(2) singlet; the others are

B [A 1B 1], 1 = ! ij , 1" A 1
i " B 1

j , A1, B1 = 1, 2, . . . , N (5.74)

and
B [A 2B 2], 2 = ! ij , 2" A 2

i " B 2
j , A2, B2 = N + 1, N + 2, . . . , 2N (5.75)

which form a doublet. Their ÷U(1) charges are:

B A,C : '
1
2

; B [AB ], m : ' 1 . (5.76)

The SU(2)2 ÷U(1) anomalies are: in the UV

N (N + 1)
2

' N 2 = '
N (N ' 1)

2
. (5.77)

25

massless baryons

massless NGÕs (later!)

! Simple color-ßavor locking:  No

In the IR, B [AB ], m give SU(2)2 ÷U(1):

!
N (N ! 1)

2
. (5.78)

In order to understand the saturation of anomaly triangles, consider the decomposition of
each Þeld as a direct sum of the representations of the unbroken group,SU(N )cf " ÷U(1) "
SU(2) " SU(8). See Table 6. The anomaly saturation is now quite obvious.

Þelds SU(N )cf SU(8) SU(2) ÷U(1)

! 2 á N (N + 1) á(á) N (N +1)
2 á 1

" A i 2 á(
ø

#

ø

) 2N 2 á(á) N 2 á ! 1

" C 8 á
ø

N á 8N á(á) ! 1
2

B A,C 8 á
ø

N á 8N á(á) ! 1
2

B [A i B i ],m 2 á

ø

N (N ! 1) á(á) N (N ! 1)
2 ! 1

Table 6: An SU(2) ßavor-ßavor locked symmetric phase in the (2, 0) model, discussed
in Subsection 5.6. Ai or Bi (i = 1, 2) indicate the ßavor indices up to 2N ; C the rest,
2N + 1, . . . , 2N + 8.

5.6.1 Remarks on less symmetric phases

The less symmetric phases discussed in Subsection 5.4 and in Subsection 5.5 can be un-
derstood from the most symmetric phase discussed here. Namely, when the bi-fermion
condensates have less special relations, some of the global symmetries are broken, and a
multiplet (irrep) with respect to such a subgroup (e.g.,SU(N )cf or SU(2)) is replaced
by a simple multiplicity of states of similar types, both for elementary fermions and for
composite ones. Clearly the anomaly saturations valid in the most symmetric case imply
similar results by subset of fermions / subgroups in the less symmetric phases.

5.7 Remarks: a theorem

For free theory of bosons and fermions, thea and c coe! cients are given by

a =
1

360
(NS + 11NF + 62NV ) , c =

1
120

(NS + 6NF + 12NV ) , (5.79)

where NS is the number of scalar particles,NF is the number of Dirac fermions (NF $
NF / 2 for Weyl), and NV is the number of vectors.
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Þelds SU(N )cf SU(12) SU(3) ÷U(1)

! 3 á 3N (N +1)
2 á(á) N (N +1)

2 á3 1

" A! 3N 3 á(
ø

!

ø

) 3N 2 á(á) N 2 á3" " 1

" A> 3N 12á
ø

N á 12N á(á) " 1
2

B A < ,C> 12á
ø

N á 12N á(á) " 1
2

B [AB ],m 3 á

ø
3N (N # 1)

2 á(á) N (N # 1)
2 3" " 1

Table 7: Flavor-ßavor lockedSU(3) symmetric phase in the (3, 0) model, discussed in
Subsection 6.3

7 ConÞnement and unbroken symmetry in (N! , N#) =
(0, 1) model: a review

Let us Þrst review the (N! , N" ) = (0 , 1) model. This model was also studied by by
Appelquist-Duan-Sannino, by Poppitz and by ourselves. The matter fermions are

#[ij ] , ÷" B j , B = 1, 2, . . . , (N " 4) . (7.1)

The symmetry is
SU(N )c # SU(N " 4)f # U(1) , (7.2)

where the anomaly freeU(1) charge is

# : N " 4 ; ÷" B j : " (N " 2) . (7.3)

Let us assume that the massless baryons are

B { CD } = #[ij ] ÷" i C ÷" j D , C, D = 1, 2, . . . (N " 4) , (7.4)

symmetric in CD. They have theU(1) charge:

" N . (7.5)

(i) U(1) In UV,
N (" N + 3)( N " 4)

2
(7.6)

In the IR,

" N á(N " 4)(N " 3)/ 2 = "
N (N " 3)(N " 4)

2
. (7.7)
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Georgi Glashow SU(5) GUT

Appelquist, Duan, Sannino, Ô00  

Poppitz  
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Subsection 6.3
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7.0.1 Remarks
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The massless baryons (7.4) saturate all the anomalies associated withSU(N ! 4)cf $ U(1)".
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The same massless baryons          do the job  

But             still around and strongly coupled

Tumbling (?):  SU(4) conÞned

No NG bosons;  complementarity (???) 

looks consistent

(ii) U(1)3: In the UV,

(N ! 4)3 N (N ! 1)
2

! (N ! 2)3 N á(N ! 4) = !
N 3(N 2 ! 7N + 12)

2
. (7.8)

In IR,

(! N )3 (N ! 4)(N ! 3)
2

. (7.9)

OK.

(iii) SU(N ! 4)3

N = N ! 4 + 4 . (7.10)

(iv) U(1)SU(N ! 4)2: In the UV t is

! (N ! 2) áN . (7.11)

In the IR, it is
! N á(N ! 4 + 2) = ! N (N ! 2) . (7.12)

OK.

Þelds SU(N )c SU(N ! 4) U(1)

!

ø
N (N ! 1)

2 á(á) N ! 4

÷" A (N ! 4) á N á ! (N ! 2)

B { AB } (N ! 4)(N ! 3)
2 á(á) ! N

Table 8: ConÞnement and unbroken symmetry in the (0, 1) model

7.2 Colo-ßavor-locked vacuum

It was pointed out that this system may develop a condensate of the form

"! [ij ] ÷" B j #= const. ! 3#B
i ; i, B = 1, 2, . . . , N ! 4 , (7.13)

namely,
ø

$ %
ø

& . . . . (7.14)

The symmetry is broken as

SU(N )c ' SU(N ! 4)f ' U(1) % SU(N ! 4)cf ' U(1)" ' SU(4)c . (7.15)
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The massless baryons (7.4) saturate all the anomalies associated withSU(N ! 4)cf " U(1)!.
As noted by Appelquist, Duan, Sannino [4], there remains the! i 2 j 2 fermions which remain
massless and strongly coupled to theSU(4)c. We may assume thatSU(4)c conÞnes, and
the condensate

#!! $ %= 0 , (7.16)

in

ø

&

ø

'

ø

( . . . , (7.17)

forms and! i 2 j 2 acquire dynamically mass.

Þelds SU(4)c SU(N ! 4)cf U!(1)

! i 1 j 1
(N " 4)(N " 5)

2 á(á)

ø

N

! i 1 j 2 (N ! 4) á
ø

4 á
ø N

2

! i 2 j 2

ø
4á3
2 á(á) 0

÷" A, i 1 (N ! 4)2 á(á) ( ! N

÷" A, i 2 (N ! 4) á 4 á ! N
2

B { AB } (N " 4)(N " 3)
2 á(á) ! N

! i 2 j 2

ø
4á3
2 á(á) 0

Table 9: Color-ßavor locking in the (0, 1) model. The color indexi 1 or j 1 runs up to N ! 4.
The rest is indicated byi 2 or j 2.

8 (N#, N! ) = (0, 2)

Let us now consider a generalization of the! ÷" model: with

! m
[ij ] , ÷" B j , m = 1, 2, B = 1, 2, . . . , 2(N ! 4) . (8.1)

or

2

ø

+ 2( N ! 4) . (8.2)

b=
1
3

[11N ! 2(N ! 2) ! 2(N ! 4)] =
1
3

(7N + 12) . (8.3)
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(v)10 (N! , N" ) = (2, 1)

Next consider theSU(N ) gauge model with the chiral fermion sector

! { ij } , A , " [ij ] , #B
j , A = 1, 2, B = 1, 2, . . . , N + 12 . (10.1)

or

2 +

ø

+ ( N + 12)
ø

. (10.2)

The symmetries of the theory are

SU(N )c ! SU(2)f ! SU(12 + N )f ! U(1)2 . (10.3)

The two U(1)Õs are anomaly-free combinations ofU! (1), U" (1), U#(1), which can be taken
as

U1(1) : ! " ei !
2( N +2) ! ; # " e! i !

N +12 # ;

U2(1) : ! " ei "
2( N +2) ! ; " " e! i "

N ! 2 " ; (10.4)

The Þrst coe! cient of the $ function is

b=
1
3

[11N # 2(N + 2) # (N # 2) # (12 + N )] =
1
3

(7N # 14) . (10.5)

The triangle anomalies to be matched areSU(12 + N )3
f . Note that SU(2) has no triangle

anomalies.

10.1 Dynamical Abelianization

Assuming that
$! { ij } , 1" [ik ]%= Cj " 3 %j

k &= 0 , j, k = 1, 2, . . . , N (10.6)

we breakSU(N )c down to the Cartan subgroup. The Cartan subgroup ofSU(N )c survives
in the infrared. SU(2)f is broken. There is aU(1) symmetry which remains unbroken,
÷U(1), under which

! : N + 12 ; " : # (N + 12) ; # : # (N + 6) . (10.7)

The unbroken symmetry group is

SUf (N + 12) ! ÷U(1) . (10.8)

The low energy degrees of freedom are the fermion Þelds#B
j which are unconÞned and
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coupled in the infrared, and it is possible that the condensates

! ! ijk ! " m
ij " n

k! " #= 0 , m, n = 1, 2, 3. (9.15)

form. As they are symmetric inm, n, the symmetry is broken as

SU(3) $ SO(3) (9.16)

which is free of anomalies. This is a kind of tumbling scenario.
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we breakSU(N )c down to the Cartan subgroup. The Cartan subgroup ofSU(N )c survives
in the infrared. SU(2)f is broken. There is aU(1) symmetry which remains unbroken,
÷U(1), under which

! : N + 12 ; " : ! (N + 12) ; # : ! (N + 6) . (10.7)

The unbroken symmetry group is

SUf (N + 12) " ÷U(1) . (10.8)

The low energy degrees of freedom are the fermion Þelds#B
j which are unconÞned and

are weakly coupled to theU(1)N ! 1 photons, the diagonal! { ii } , 1 and all of ! { ij } , 2.

1. The matching of theSU(12 + N )3
f is trivially achieved by #Õs.

2. ÷U(1)SU(12 + N )2
f is again saturated by#Õs.

3. ÷U(1)3: In the UV,

(N + 12)3 N (N + 1) ! (N + 12)3 N (N ! 1)
2

! (N + 6) 3 (N + 12)N

= !
N 3(N + 9)( N + 12)

2
. (10.9)

In the IR,

(N + 12)3
!

N +
N (N + 1)

2

"
! (N + 6) 3 (N + 12)N

= !
N 3(N + 9)( N + 12)

2
. (10.10)

4. ÷U(1): In the UV,

(N + 12) N (N + 1) ! (N + 12)
N (N ! 1)

2
! (N + 6) ( N + 12)N

= !
N (N + 9)( N + 12)

2
. (10.11)

in the IR, it is

(N + 12)
!

N +
N (N + 1)

2

"
! (N + 6) ( N + 12)N

= !
N (N + 9)( N + 12)

2
. (10.12)
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Þelds SU(N + 12) ÷U(1)
! 2 áN (N +1)

2 á(á) N + 12
" N (N ! 1)

2 á(á) ! (N + 12)

#A N á ! (N + 6)
! ii , 1 N á(á) N + 12
! ij , 2 N (N +1)

2 á(á) N + 12

!"# A " #A N á ! (N + 6)

Table 12: The decomposition of the Þelds in the (2, 1) model, assuming the complete
dynamical Abelianization.

10.2 Color-ßavor locking?

Another possibility is that a (partial) color-ßavor locking condensate

#! { ij } , 1#B
j $= const. $iB , i, B = 1, 2, . . . , N (10.13)

develops, where the direction of theSU! (2) breaking is Þxed arbitrarily. Let us assume
that there is no adjoint condensate, (10.6). The unbroken symmetry is

Gf = SU(N )cf %SU(12)f % ÷U(1), . (10.14)

where ÷U(1) charges are

Q! = 1 ; Q" = !
N ! 8
N ! 2

; Q# = ! 1 (10.15)

The candidate baryons are:
B CD,m = ! { ij } ,m #C

i #D
j (10.16)

An inspection shows that these baryons do not saturate theGf anomalies, and one con-
cludes that the phase (10.13), (10.14), is not possible.

10.3 Color-ßavor-ßavor locking

11 (N! , N" ) = (1, ! 1)

Consider now a model with

! { ij } , ÷" [ij ] , #A
i , A = 1, 2, . . . 2N , (11.1)
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Table 12: The decomposition of the Þelds in the (2, 1) model, assuming the complete
dynamical Abelianization.

10.2 Color-ßavor locking?

Another possibility is that a (partial) color-ßavor locking condensate

#! { ij } , 1#B
j $= const. $iB , i, B = 1, 2, . . . , N (10.13)

develops, where the direction of theSU! (2) breaking is Þxed arbitrarily. Let us assume
that there is no adjoint condensate, (10.6). The unbroken symmetry is

Gf = SU(N )cf %SU(12)f % ÷U(1), . (10.14)

where ÷U(1) charges are

Q! = 1 ; Q" = !
N ! 8
N ! 2

; Q# = ! 1 (10.15)

The candidate baryons are:
B CD,m = ! { ij } ,m #C

i #D
j (10.16)

An inspection shows that these baryons do not saturate theGf anomalies, and one con-
cludes that the phase (10.13), (10.14), is not possible.

10.3 Color-ßavor-ßavor locking

11 (N! , N" ) = (1, ! 1)

Consider now a model with

! { ij } , ÷" [ij ] , #A
i , A = 1, 2, . . . 2N , (11.1)
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coupled in the infrared, and it is possible that the condensates

! ! ijk ! " m
ij " n

k! " #= 0 , m, n = 1, 2, 3. (9.15)

form. As they are symmetric inm, n, the symmetry is broken as

SU(3) $ SO(3) (9.16)

which is free of anomalies. This is a kind of tumbling scenario.

10 (N#, N" ) = (2, 1)

Next consider theSU(N ) gauge model with the chiral fermion sector

# { ij } , m , " [ij ] , $B
j , m = 1, 2, B = 1, 2, . . . , N + 12 . (10.1)
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2 +

ø

+ ( N + 12)
ø

. (10.2)

The symmetries of the theory are
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The two U(1)Õs are anomaly-free combinations ofU" (1), U#(1), U$(1), which can be taken
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U1(1) : # $ ei !
2( N +2) # ; $ $ e! i !

N +12 $ ;

U2(1) : # $ ei "
2( N +2) # ; " $ e! i "

N ! 2 " ; (10.4)

The Þrst coe! cient of the %function is

b=
1
3

[11N & 2(N + 2) & (N & 2) & (12 + N )] =
1
3

(7N & 14) . (10.5)

The triangle anomalies to be matched areSU(12 + N )3
f . Note that SU(2) has no triangle

anomalies.

10.1 Dynamical Abelianization

Assuming that
!# { ij } , 1" [ik ]" = Cj " 3 &j

k #= 0 , j, k = 1, 2, . . . , N (10.6)
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10.2 Color-flavor locking?

Another possibility is that a (partial) color-ßavor locking condensate

#! { ij } , 1#B
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where ÷U(1) charges are

Q! = 1 ; Q" = !
N ! 8
N ! 2

; Q# = ! 1 (10.15)

The candidate baryons are:
B CD,m = ! { ij } ,m #C

i #D
j (10.16)

An inspection shows that these baryons do not saturate theGf anomalies, and one con-
cludes that the phase (10.13), (10.14), is not possible.

10.3 Color-flavor-flavor locking

Let us assume, forN & 12, the condensates of the form,

#! { ij } , 1#B 1
j $= const. $i,B 1 , (10.17)

#! { ij } , 2#B 2
j $= const. $i,B 2! N , (10.18)

where the ßavor indicesB1 runs up to N , B2 from N + 1 to 2N . The symmetry is broken
to

SU(N )cf %SU(2)
↵

%SU(12 ! N )f %U"(1) . (10.19)
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An inspection shows that these baryons do not saturate theG
f

anomalies, and one con-
cludes that the phase (10.13), (10.14), is not possible.
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10.2 Color-ßavor locking?

Another possibility is that a (partial) color-ßavor locking condensate

#! { ij } , 1#B
j $= const. $iB , i, B = 1, 2, . . . , N (10.13)

develops, where the direction of theSU! (2) breaking is Þxed arbitrarily. Let us assume
that there is no adjoint condensate, (10.6). The unbroken symmetry is

Gf = SU(N )cf %SU(12)f % ÷U(1), . (10.14)

where ÷U(1) charges are

Q! = 1 ; Q" = !
N ! 8
N ! 2

; Q# = ! 1 (10.15)

The candidate baryons are:
B CD,m = ! { ij } ,m #C

i #D
j (10.16)

An inspection shows that these baryons do not saturate theGf anomalies, and one con-
cludes that the phase (10.13), (10.14), is not possible.

10.3 Color-ßavor-ßavor locking

Let us assume, forN & 12, the condensates of the form,

#! { ij } , 1#B 1
j $= const. $i,B 1 , (10.17)

#! { ij } , 2#B 2
j $= const. $i,B 2! N , (10.18)
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10.2 Color-ßavor locking?

Another possibility is that a (partial) color-ßavor locking condensate

h! { ij } , 1#B
j i = const. $iB , i, B = 1, 2, . . . , N (10.13)

develops, where the direction of theSU
 

(2) breaking is Þxed arbitrarily. Let us assume
that there is no adjoint condensate, (10.6). The unbroken symmetry is

Gf = SU(N )cf ⇥ SU(12)f ⇥ ÷U(1), . (10.14)

where ÷U(1) charges are

Q
 

= 1 ; Q
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= �N � 8
N � 2

; Q
⌘

= �1 (10.15)

The candidate baryons are:
B CD,m = ! { ij } ,m #C

i #D
j (10.16)

An inspection shows that these baryons do not saturate theGf anomalies, and one con-
cludes that the phase (10.13), (10.14), is not possible.

10.3 Color-ßavor-ßavor locking

Let us assume, forN  12, the condensates of the form,

h! { ij } , 1#B 1
j i = const. $i,B 1 , (10.17)

h! { ij } , 2#B 2
j i = const. $i,B 2! N , (10.18)

where the ßavor indicesB1 runs up to N , B2 from N + 1 to 2N . The symmetry is broken
to

SU(N )cf ⇥ SU(2)! ⇥ SU(12� N )f ⇥ U"(1) . (10.19)
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Lessons and an observation

SU(Nc ) gauge theory with

models: 

(iv) ÷U(1): In the UV, ! , " , # give

2 á
N (N + 1)

2
! 2 á

N (N ! 1)
2

! 8N = ! 6N ; (3.33)

whereas in the IR,! ii and #a
i give

2 áN ! 8N = ! 6N . (3.34)

Þelds SU(8) ÷U(1)
! N (N +1)

2 á(á) N (N +1)
2 á(2)

" N (N ! 1)
2 á(á) N (N ! 1)

2 á(! 2)

#A N á 8N á(! 1)
(!"! )ii " ! ii N á(á) N á(2)

!"# A " #A N á 8N á(! 1)

Table 4: Full dynamical Abelianzation for the!"# model, in Subsection 3.4

4 (N! , N" ) = (1, 0) model: a review

Let us review the (N! , N" ) = (1 , 0) model. The matter fermions are in

! { ij } , #B
i , B = 1, 2, . . . , N + 4 , (4.1)

or
+ ( N + 4)

ø
. (4.2)

The (continuous) symmetry of this model is

SU(N )c # SU(N + 4) f # U(1) , (4.3)

whereU(1) is an anomaly-free combination ofU! (1) and U#(1), with

Q! : N + 4; , Q# : ! (N + 2) . (4.4)

The discrete group is 2 if N is even; none ifN is odd.
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2

Table 6: Color-ßavor locked phase in the (1, 0) model, discussed in Subsection 4.2.A1 or
B1 stand for A, B = 1, 2, . . . , N . A2 or B2 the rest of the ßavor indices.

In the infrared, for the unbroken-symmetry Subsection 4.1 :

f IR =
7
4

(N + 4)( N + 3)
2

=
7
8

(N 2 + 7N + 12) (4.9)

So
f UV " f IR =

1
4

(15N 2 + 7N " 50) # 0 , N # 2 . (4.10)

For the color-ßavor locking scenario Subsection 4.2 with partially broken symmetries:

f IR =
7
4

!
N (N " 1)

2
+ 4N

"
+ 8N + 1 =

1
8

(7N 2 + 113N + 8) (4.11)

so that
f UV " f IR =

1
4

(15N 2 " 25N " 12) # 0 , N # 3 . (4.12)

These results are already discussed in the papers ACSS and ADS, where it was noted that
the symmetric phase 4.1 has a lowerf IR .

The a coe! cient in the UV is

aUV =
1

360

#
62á(N 2 " 1) +

11
2

!
N (N + 1)

2
+ N (N + 4)

"$

=
281N 2 + 99N " 248

1440
(4.13)

In the symmetric phase 4.1
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2
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$
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(4.14)

so
aUV " aIR > 0 , N # 2 . (4.15)
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(1)

ConÞning vacuum without XSB exceptional (e.g.,  (1,0) or (0,1) models)!

Lessons

Gauge-non-invariant bi-fermion composites
~  dynamical scalar ÒHiggsÓ Þelds  

!

! CF (or CFF) locking          
   color (Higgs) and ßavor symmetry breaking 

! Dynamical Abelianization  

Coulomb phase;  fermions weakly coupled

! Complementarity (            ) ?   Not always, cfr (1,0) model;
  In (0,1) model, the system is strongly-coupled   

Cfr.  Seiberg-Witten dualities in N=2 models  (elementary adj scalar, CMS)

! No large N planar equivalence to N=1 susy YM in (1,1) model

CFF  for (0,n) or (n,0)

 models systematically

ÒaÓ theorem and  ACS criterion!



(2) Possible hierarchy of dynamical mass scales

Chiral QCD  vs  Vectorlike (ordinary) QCD

12 Pion decay constant in chiral theories

After these exercises with various (N! , N" ) models, it would be useful to try to extract
some lessons. One concerns the nature of the Nambu-Goldstone bosons (called ÓpionsÓ
below symbolically) and the quantity analogous to the pion-decay constant in the chiral
SU(2) ! SU(2) QCD. We shall see that there is some qualitative di! erence between the
wisdom about the chiral dynamics with light quarks in QCD which is a vectorlike theory,
and what is to be expected in general chiral theories.

Let us consider any global continuous symmetryGF and the associated currentJµ, the
Þeld! (elementary or composite) which condenses and breakGF , and the Þeld÷! which is
transformed into ! by the GF charge

Q "
!

d3xJ0 , [Q, ÷! ] = ! , #! $ %= 0 . (12.1)

Thus

lim
qµ ! 0

iqµ
!

d4x e" iqáx#0|T{ Jµ(x) ÷! (0)}| 0$=

= lim
qµ ! 0

!
d4x e" iqáx " µ#0|T{ Jµ(x) ÷! (0)}| 0$=

=
!

d3x#0|[J0(x), ÷! (0)]|0$= #0|[Q, ÷! (0)]|0$= #0|! (0)|0$ %= 0 . (12.2)

This Ward-Takahashi like identity implies that the two-point function
!

d4x e" iqáx#0|T{ Jµ(x) ÷! (0)}| 0$ (12.3)

is singular atq & 0. If the GF symmetry is broken spontaneously such a singularity is due
to the massless NG boson,#, such that

#0|Jµ(q)|#$= iqµF# , ##| ÷! |0$ %= 0 , (12.4)

such that the two point function behaves as

qµ áqµ
F###| ÷! |0$

q2
' const. (12.5)

at q & 0.

In the standard SU(2) ! SU(2) & SU(2)V chiral symmetry breaking in QCD, the
quarks are

$L =
"

uL

dL

#
, $R =

"
uR

dR

#
, (12.6)
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12 Pion decay constant in chiral theories

After these exercises with various (N! , N" ) models, it would be useful to try to extract
some lessons. One concerns the nature of the Nambu-Goldstone bosons (called ÓpionsÓ
below symbolically) and the quantity analogous to the pion-decay constant in the chiral
SU(2) ⇥ SU(2) QCD. We shall see that there is some qualitative di↵erence between the
wisdom about the chiral dynamics with light quarks in QCD which is a vectorlike theory,
and what is to be expected in general chiral theories.

Let us consider any global continuous symmetryG
F

and the associated currentJ
µ

, the
Þeld! (elementary or composite) which condenses and breakG

F

, and the Þeld÷! which is
transformed into ! by the G

F

charge

Q ⌘
!

d3xJ0 , [Q, ÷! ] = ! , h! i 6= 0 . (12.1)

Thus

lim
qµ!0

iqµ

!
d4x e�iqáxh0|T{ J

µ

(x) ÷! (0)}| 0i =

= lim
qµ!0

!
d4x e�iqáx"

µ

h0|T{ J
µ

(x) ÷! (0)}| 0i =

=
!

d3xh0|[J0(x), ÷! (0)]|0i = h0|[Q, ÷! (0)]|0i = h0|! (0)|0i 6= 0 . (12.2)

This Ward-Takahashi like identity implies that the two-point function
!

d4x e�iqáxh0|T{ J
µ

(x) ÷! (0)}| 0i (12.3)

is singular atq! 0. If the G
F

symmetry is broken spontaneously such a singularity is due
to the massless NG boson,#, such that

h0|J
µ

(q)|#i = iq
µ

F# , h#| ÷! |0i 6= 0 , (12.4)

such that the two point function behaves as

qµ áq
µ

F#h#| ÷! |0i
q2

⇠ const. (12.5)

at q! 0.

In the standard SU(2) ⇥ SU(2) ! SU(2)
V

chiral symmetry breaking in QCD, the
quarks are

$
L

=
"

u
L

d
L

#
, $

R

=
"

u
R

d
R

#
, (12.6)
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12 Pion decay constant in chiral theories

After these exercises with various (N
 

, N
�

) models, it would be useful to try to extract

some lessons. One concerns the nature of the Nambu-Goldstone bosons (called ”pions”

below symbolically) and the quantity analogous to the pion-decay constant in the chiral

SU(2) ! SU(2) QCD. We shall see that there is some qualitative di! erence between the

wisdom about the chiral dynamics with light quarks in QCD which is a vectorlike theory,

and what is to be expected in general chiral theories.

Let us consider any global continuous symmetry GF and the associated current Jµ , the

field ! (elementary or composite) which condenses and break GF , and the field !̃ which is

transformed into ! by the GF charge

Q "
!

d3xJ0 , [Q, !̃ ] = ! , #! $ %= 0 . (12.1)

Thus

lim
qµ ! 0

iqµ
!

d4x e" iqáx#0|T{ Jµ(x) !̃ (0)}| 0$=

= lim
qµ ! 0

!
d4x e" iqáx " µ#0|T{ Jµ(x) !̃ (0)}| 0$=

=

!
d3x#0|[J0(x), !̃ (0)]|0$= #0|[Q, !̃ (0)]|0$= #0|! (0)|0$ %= 0 . (12.2)

This Ward-Takahashi like identity implies that the two-point function

!
d4x e" iqáx#0|T{ Jµ(x) !̃ (0)}| 0$ (12.3)

is singular at q & 0. If the GF symmetry is broken spontaneously such a singularity is due

to the massless NG boson, #, such that

#0|Jµ(q)|#$= iqµF
⇡

, ##|!̃ |0$ %= 0 , (12.4)

such that the two point function behaves as

qµ áqµ
F
⇡

##|!̃ |0$
q2

' const. (12.5)

at q & 0.

In the standard SU(2) ! SU(2) & SU(2)V chiral symmetry breaking in QCD, the

quarks are

$L =

"
uL

dL

#
, $R =

"
uR

dR

#
, (12.6)
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12 Pion decay constant in chiral theories

After these exercises with various (N! , N" ) models, it would be useful to try to extract
some lessons. One concerns the nature of the Nambu-Goldstone bosons (called ÓpionsÓ
below symbolically) and the quantity analogous to the pion-decay constant in the chiral
SU(2) ! SU(2) QCD. We shall see that there is some qualitative di! erence between the
wisdom about the chiral dynamics with light quarks in QCD which is a vectorlike theory,
and what is to be expected in general chiral theories.

Let us consider any global continuous symmetryGF and the associated currentJµ, the
Þeld! (elementary or composite) which condenses and breakGF , and the Þeld÷! which is
transformed into ! by the GF charge

Q "
!

d3xJ
0

, [Q, ÷! ] = ! , #! $ %= 0 . (12.1)

Thus

lim
qµ ! 0

iqµ
!

d4x e" iqáx#0|T{ Jµ(x) ÷! (0)}| 0$=

= lim
qµ ! 0

!
d4x e" iqáx " µ#0|T{ Jµ(x) ÷! (0)}| 0$=

=
!

d3x#0|[J
0

(x), ÷! (0)]|0$= #0|[Q, ÷! (0)]|0$= #0|! (0)|0$ %= 0 . (12.2)

This Ward-Takahashi like identity implies that the two-point function
!

d4x e" iqáx#0|T{ Jµ(x) ÷! (0)}| 0$ (12.3)

is singular atq & 0. If the GF symmetry is broken spontaneously such a singularity is due
to the massless NG boson,#, such that

#0|Jµ(q)|#$= iqµF# , ##| ÷! |0$ %= 0 , (12.4)

such that the two point function behaves as

qµ áqµ
F###| ÷! |0$

q2
' const. (12.5)

at q & 0.

In the standard SU(2) ! SU(2) & SU(2)V chiral symmetry breaking in QCD, the
quarks are

$L =
"

uL

dL

#
, $R =

"
uR

dR

#
, (12.6)
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QCD:

Chiral QCD:  e.g.  (2,0) model:  SU(2) breaking

Technicolor

disaster !

!

 Englert-Brout-Higgs



QCD

Chiral QCD



Lessons and an observation

SU(Nc ) gauge theory with

models: 

(iv) ÷U(1): In the UV, ! , " , # give

2 á
N (N + 1)

2
! 2 á

N (N ! 1)
2

! 8N = ! 6N ; (3.33)

whereas in the IR,! ii and #a
i give

2 áN ! 8N = ! 6N . (3.34)

Þelds SU(8) ÷U(1)
! N (N +1)

2 á(á) N (N +1)
2 á(2)

" N (N ! 1)
2 á(á) N (N ! 1)

2 á(! 2)

#A N á 8N á(! 1)
(!"! )ii " ! ii N á(á) N á(2)

!"# A " #A N á 8N á(! 1)

Table 4: Full dynamical Abelianzation for the!"# model, in Subsection 3.4

4 (N! , N" ) = (1, 0) model: a review

Let us review the (N! , N" ) = (1 , 0) model. The matter fermions are in

! { ij } , #B
i , B = 1, 2, . . . , N + 4 , (4.1)

or
+ ( N + 4)

ø
. (4.2)

The (continuous) symmetry of this model is

SU(N )c # SU(N + 4) f # U(1) , (4.3)

whereU(1) is an anomaly-free combination ofU! (1) and U#(1), with

Q! : N + 4; , Q# : ! (N + 2) . (4.4)

The discrete group is 2 if N is even; none ifN is odd.

14

Þelds SU(N )cf SU(4)f U!(1)

! N (N +1)
2 á(á) 1

" A 1
ø

!

ø

N 2 á(á) " 1

" A 2 4 á
ø

N á " 1
2

B [A 1B 1]

ø
N (N " 1)

2 á(á) " 1

B [A 1B 2] 4 á
ø

N á " 1
2

Table 6: Color-ßavor locked phase in the (1, 0) model, discussed in Subsection 4.2.A1 or
B1 stand for A, B = 1, 2, . . . , N . A2 or B2 the rest of the ßavor indices.

In the infrared, for the unbroken-symmetry Subsection 4.1 :

f IR =
7
4

(N + 4)( N + 3)
2

=
7
8

(N 2 + 7N + 12) (4.9)

So
f UV " f IR =

1
4

(15N 2 + 7N " 50) # 0 , N # 2 . (4.10)

For the color-ßavor locking scenario Subsection 4.2 with partially broken symmetries:

f IR =
7
4

!
N (N " 1)

2
+ 4N

"
+ 8N + 1 =

1
8

(7N 2 + 113N + 8) (4.11)

so that
f UV " f IR =

1
4

(15N 2 " 25N " 12) # 0 , N # 3 . (4.12)

These results are already discussed in the papers ACSS and ADS, where it was noted that
the symmetric phase 4.1 has a lowerf IR .

The a coe! cient in the UV is

aUV =
1

360

#
62á(N 2 " 1) +

11
2

!
N (N + 1)

2
+ N (N + 4)

"$

=
281N 2 + 99N " 248

1440
(4.13)

In the symmetric phase 4.1

aIR =
1

360

#
11
2

(N + 4)( N + 3)
2

$
=

11N 2 + 77N + 132
1440

(4.14)

so
aUV " aIR > 0 , N # 2 . (4.15)
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or

More powerful ideas wanted É. 

Summary of:



III. Generalized symmetries;  
     Mixed anomalies



!
From 0-form symmetries (acting on local operators)
to k-form symmetries (acting on line, surface, etc operators)

e.g.  the center symmetry in SU(N) YM (k=1)

Seiberg, Kapustin, Aharony, Gaiotto, 

Tachikawa, Willet, Komargodski, ..

Poppitz,  Kikuchi, Tanizaki, Sakai, 

Shimizu, Yonekura, 

Õ05-Ô18

ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

2

Wilson loop

Polyakov loop

Criteria for different phases

Phases / symmetry realization of the system 
not described by the vacuum expectation values
of a local operator   

ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

1
8!

!
F # F =

1
8!

!
d4x Fµ"

÷F µ"

$" (x)%, $ø#(x)#(x)%

2

Nambu-Jona Lasinio

Landau-Ginzburg

   : germ for a change of PARADIGM   Haldane Õ83

Wen, Ô89

!

#SPT Symmetry-protected

-topological order

Generalized symmetries



! net effect: 

! ÒGaugingÓ the k-form symmetries    

      Gauging the (k=1) discrete ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

2

 center symmetry    

! identify conÞgurations related by  ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

2

! must eliminate the redundancies    

! done by coupling the ordinary YM gauge theory to a
BF theory  (     

! modify the sum over gauge Þeld conÞgurations (path integral)

gets modiÞed to

1.3 Slide 7

2 Section formulae

! ± ! , K !

L QCD = !
1
4

F 2
µ! + i

!

quarks

" ø" L
øD" L + " RD ø" R

#
(mq = 0)

SUA (Nf )

#2(SU(3)) = " , #2(SU(3)/U (1)2) = #1(U(1)2) = #

$M % &= 0

q øq

ei
!

! A ' ! N ei
!

! A , ! N = e2" i/N ( N

1
8#2

$
F ) F =

1
8#2

$
d4x Fµ!

÷F µ! (

$$(x)%, $ø" (x)" (x)%

1
8#2

$
( ÷F ! B (2) ) ) ( ÷F ! B (2) ) (

N
, NB (2) = dB(1)

%* %+ 2# !' %* %+ 2N #

" SY M =
%

8#2

$
F ) F

%= #

2NF Nc ; & ' e2" i/ 2NF Nc &

2

1.3 Slide 7

2 Section formulae

! ± ! , K !

L QCD = !
1
4

F 2
µ! + i

!

quarks

" ø" L
øD" L + " RD ø" R

#
(mq = 0)

SUA (Nf )

#2(SU(3)) = " , #2(SU(3)/U (1)2) = #1(U(1)2) = #

$M % &= 0

q øq

ei
!

! A ' ! N ei
!

! A , ! N = e2" i/N ( N

1
8#2

$
F ) F =

1
8#2

$
d4x Fµ!

÷F µ! (

$$(x)%, $ø" (x)" (x)%

1
8#2

$
( ÷F ! B (2) ) ) ( ÷F ! B (2) ) (

N
, NB (2) = dB(1)

%* %+ 2# !' %* %+ 2N #

" SY M =
%

8#2

$
F ) F

%= #

2NF Nc ; & ' e2" i/ 2NF Nc &

2

ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

2

gauge theory)



! Consequences 

! CP (T)  inv of  SU(N) YM  (sp.ly) broken at    

! Periodicity in  

ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

1
8!

!
F # F =

1
8!

!
d4x Fµ"

÷F µ" "

$" (x)%, $ø#(x)#(x)%

1
8!

!
(F & B (2) ) # (F & B (2) ) "

N
, NB (2) = dB(1)

$

" L Y M =
$

8!

!
F # F

2

! Can be understood as a mixed discrete CP -  

ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

1
8!

!
F # F =

1
8!

!
d4x Fµ"

÷F µ" "

$" (x)%, $ø#(x)#(x)%

1
8!

!
(F & B (2) ) # (F & B (2) ) "

N
, NB (2) = dB(1)

$ ' $ + 2! &! $ ' $ + 2N !

" L Y M =
$

8!

!
F # F

2

ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

1
8!

!
F # F =

1
8!

!
d4x Fµ"

÷F µ" "

$" (x)%, $ø#(x)#(x)%

1
8!

!
(F & B (2) ) # (F & B (2) ) "

N
, NB (2) = dB(1)

$ ' $ + 2! &! $ ' $ + 2N !

" L Y M =
$

8!

!
F # F

$ = !

2

! In the infrared, if the system is conÞned, with mass gap   

ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

2

Õt Hooft anomaly  cfr.   a standard discrete 

Õt Hooft anomaly !

Õt Hooft anomaly matching requires a double vacuum degeneracy !!

! In IR  no gauge degrees of freedom:  the above result must hold
whether or not  the ÒgaugingÓ of  ei

!
! A ! ! N ei

!
! A , ! N = e2! i/N " N

2

Obstruction to gauging a symmetry 

! A powerful theoretical reasoning!! 

  is actually done

Seiberg, Kapustin, Gaiotto, 

Willet, Komargodski, ..  Ô
17

1.3 Slide 7

2 Section formulae
!± ! , K

!

L QCD
= !

1
4
F

2
µ!

+ i
!

quarks

" ø" L
øD" L + " RD ø" R

# (mq = 0)

SUA(Nf )

#2(SU(3)) = " ,
#2(SU(3)/U (1)2 ) = #1(U(1)2 ) = #

$M % &= 0

q
øq

ei
!

!
A ' ! N ei

!
!

A ,
! N

= e2" i/N ( N

1
8#2

$
F ) F =

1
8#2

$
d4 x Fµ!

÷F
µ! (

$$(x)%,
$ø" (x)" (x)%

1
8#2

$
( ÷F ! B

(2) ) ) ( ÷F ! B
(2) ) ( N

,
NB

(2) = dB
(1)

%* %+ 2# !' %* %+ 2N #

" SY M
=

%
8#2

$
F ) F

%= #

2N F N c
;

& ' e2" i/ 2N F N c &

2

Di Vecchia, Veneziano,  Ô80

Konishi Õ96

Evans, Hsu, Schwetz Õ96



(Galileo)

They must fall at the same velocity



! Generalizations

! Adjoint QCD:    SU(N) with NF   Weyl fermions      

Nonanomalous discrete chiral symmetry

becomes anomalous after 1-form gauging

! QCD:  SU(N) with NF  quarks,  NF  =N,   or   gcd(NF  , N)= k    

⭐  standard center symmetry is absent

ei
!

! A ! ! N ei
!

! A , ! N = e2! i/N " N

1
8!

!
F # F =

1
8!

!
d4x Fµ"

÷F µ" "

$" (x)%, $ø#(x)#(x)%

1
8!

!
(F & B (2) ) # (F & B (2) ) "

N
, NB (2) = dB(1)

$ ' $ + 2! &! $ ' $ + 2N !

" L Y M =
$

8!

!
F # F

$ = !

Z2NF Nc ; %! e2! i/ 2NF Nc %

i" S =
2! i
Nc

2

ei
!

! A ! ! N ei
!

! A , ! N = e2⇡i/N " N

1
8⇡

!
F # F =

1
8⇡

!
d4x Fµ⌫

÷F µ⌫ "

$�(x)%, $ø
 (x) (x)%

1
8⇡

!
(F & B (2)) # (F & B (2)) "

N
, NB (2) = dB(1)

✓ ' ✓ + 2⇡ &! ✓ ' ✓ + 2N⇡

" LY M =
✓

8⇡

!
F # F

✓ = ⇡

Z2NF Nc ; � ! e2⇡i/ 2NF Nc
�

i " S =
2⇡i
Nc

2

⭐  color-ßavor locked 1-form symmetry is present

N.B.  k-form symmetries 

Abelian except k=0 

⭐   ÒgaugingÓ   

QCD:  SU(N) with NF  quarks,  arbitrary  NF  !

ei
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! A ! ! N ei
!

! A , ! N = e2! i/N " N
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F # F =
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F # F
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2NF Nc ; %! e2! i/ 2NF Nc %

i" S =
2! i
Nc

N ( C
N ) F

N , F
N ( UV (NF )

2

Anber, Poppits       Ô
18

Kikuchi, Tanizaki, Misui, Sakai, 

Shimizu, Yonekura,

Kitano,Suyama, Yamada,      Õ
18

Tanizaki  Õ18

Shimizu, Yonekura  Ô18
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broken by mixed anomaly
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mixed anomaly
Skyrmion needed !

Stern phase No

Hirono, Tanizaki, nov.   Õ18

Cordoba, Dumitrescu,Ô18

Seiberg, Kapustin, Gaiotto, 

Willet, Komargodski, ..  Ô
17



EntrÕacte:  

Line/surface operators  vs  topological solitons

! Genuine line operators Wilson loop

W,  W2 ,!,  WN-1

in  SU(N)  theory TN 

T,  T2 ,!,  TN-1
in  SU(N)/ZN   theory WN 

!

Õt Hooft loop

 IR limit of soliton vortices and monopoles  in Higgs phase:  
topologically quantized magnetic (electric) fluxes  

Non genuine line operators need to be accompanied by a surface operator

(&)

(&&)

(&) (&&)

Seiberg, Kapustin, Aharony, Gaiotto, 

Tachikawa, Willet, Komargodski, ..

A unified approach ?     
Bolognesi,Gudnason, KK, Ohashi 

Spanu, KK  Ô03 

Monopole-vortex complex: 
Origin of nonAbelian monopoles



IV.  Chiral gauge theories



   The (1,0) model:  SU(N) theory with Weyl fermions 

The standard Õt Hooft anomaly matching constraints for

(iv) ! = 8 and SU(8) itself, are neither broken by the standard instantons nor in the
presence of the 1-form gauge Þelds(B (2) , B (1) ).

(v) The third and the fourth lines represent the standard anomalies which remain in the
absence of the 1-form gauging(B (2) = B (1) = 0) .

The symmetries and their possible fate are summarized in Table 5. The comparison
indicates that the full dynamical Abelianization discussed in Sec. 2.5 reproduces nicely the
pattern of symmetry realization predicted by the gauging of the1-form color-ßavor locked
center symmetry in the infrared.

Dynamical scenarios / Symmetries ÷U(1) öU(1) " # ! SU! (8)
CF locking/Dyn.Abel. Sec. 2.3 (N ! 8) X X X X X X

CF locking. Sec. 2.4 (N " 8) X X X X
Full Abelianization. Sec. 2.5 (#N ) X X X
Mixed 0-form 1-form Anomalies X X X

Table 5: for a conserved symmetry, X for a broken symmetry. The standard0-form
anomaly matching is satisÞed in all cases, except for the partial color-ßavor locking /
dynamical Abelianization of Sec. 2.2 (excluded from the Table) which fails in the matching
involving ZN ! SU(8)2 triangles, for someN .

3 (N! , N" ) = (1, 0) model

Consider now the(N" , N#) = (1 , 0) model. The matter fermions are in

! { ij } , #B
i , B = 1, 2, . . . , N + 4 , (3.1)

or
+ ( N + 4)

ø
. (3.2)

The beta function is

b0 = 11N $ (N + 2) $ (N + 4) = 9 N $ 6 . (3.3)

The (continuous) symmetry of this model is

SU(N )c %
SU! (N + 4) %U(1)

N +4
, (3.4)

whereU(1) is an anomaly-free combination ofU" (1) and U! (1), with charges

Q" : N + 4; , Q! : $ (N + 2) . (3.5)
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(i)

⭐

do not tell between 

A.   conÞning vac. with unbroken symm. ,  w/ massless baryons 

Indeed, if one takes

� = 0 ! 2⇡
2

N + 2
, (3.25)

then
⌘ "! ⌘, (3.26)

but
 "! e

4! i
N +2  , (3.27)

which is a k = 2 element of " = N +2 . This means that the remaining (independent)
symmetry can be written as

2 # " $ U(1)(N +4) / 2,! (N +2) / 2 % ( 2)! 1,1 , (3.28)

as in Table 3.11.

In conclusion, the symmetry of the(1, 0) model is

G =
U(1)N +4 ,! (N +2) $ SU(N + 4)

(ZN )2,! 1 $ ZN +4
. (3.29)

for odd N whereas

G =
U(1)(N +4) / 2,! (N +2) / 2 $ Z2 $ SU(N + 4)

(ZN )2,! 1 $ ZN +4
. (3.30)

for N even, whereZ2 # " $ U(1)(N +4) / 2,! (N +2) / 2 % ( )! 1,1, as Yuya says. This is precisely
what we had assumed in the earlier notes.

Is this what you conclude?

We do not understand TanizakisanÕs Appendix. Could you explain it in an elementary
fashion?

3.3 Chirally symmetric phase of (N! , N" ) = (1 , 0) model

Let us Þrst examine the possibility that no condensates form, the system conÞnes and the
ßavor symmetry is unbroken. The candidate massless baryons are:

B [AB ] =  ij ⌘A
i ⌘

B
j , A, B = 1, 2, . . . , N + 4 , (3.31)

antisymmetric in AB . All the SU(N + 4) f $ U(1) anomalies are saturated in the IR by
those by B [AB ], as shown by Appelquist-Duan-Sannino, and as can be easily veriÞed by
inspection of the Table 6.

The discrete anomalies " SU(N )2, " SU(N + 4) 2, # SU(N )2, # SU(N + 4) 2 can
be seen also to match in the UV and IR, as can be readily veriÞed.
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⭐ B.   dynamical Higgs  

Þelds SU(N )c SU(N + 4) U(1)

! N (N +1)
2 á(á) N + 4

" A (N + 4) á
ø

N á ! (N + 2)

B [AB ] (N +4)( N +3)
2 á(á) ! N

Table 6: Chirally symmetric phase of the(1, 0) model

3.4 Color-ßavor locked Higgs phase

It is also possible that a color-ßavor locked phase appears, with

"! ij " B
i #= C #jB , j, B = 1, 2, . . . N , (3.32)

in which the symmetry is reduced to

SU(N )cf $ SU(4)f $ U!(1) . (3.33)

As this forms a subgroup of the full symmetry group, (3.4), it is quite easily seen, by
making the decomposition of the Þelds in the subgroup, that a subset of the same baryons
saturate all of the triangles associated with the reduced symmetry group. See Table 7.

Þelds SU(N )cf SU(4)f U!(1)

! N (N +1)
2 á(á) 1

" A 1
ø

%

ø

N 2 á(á) ! 1

" A 2 4 á
ø

N á ! 1
2

B [A 1B 1]

ø
N (N " 1)

2 á(á) ! 1

B [A 1B 2] 4 á
ø

N á ! 1
2

Table 7: Color-ßavor locked phase in the(1, 0) model, discussed in Subsection 3.4.A1 or
B1 stand for A, B = 1, 2, . . . , N . A2 or B2 the rest of the ßavor indices.

The discrete symmetry ! is broken by the condensate!" . There is (for genericN ) no
combination between ! and " which survives, therefore there are no discrete anomaly
matching condition.

It is not known which of the possibilities, 3.3 or 3.4, is realized in the(1, 0) model.
The low-energy degrees of freedom are(N +4)( N +3)

2 massless baryons in the former case, and
N 2+7 N

2 massless baryons together with8N + 1 Nambu-Goldstone bosons, in the latter. See
however below.
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with some massless baryons and 8 N + 1 Nambu-Goldstone bosons 

U! (1), U" (1), SU(N + 4) , ! , " ,

U!" (1), SU(N + 4) , ! , " ,

3

!

Appelquist, Duan,Sannino Ô00 

Bolognesi, KK, Shifman  Ô18

U! (1), U" (1), SU(N + 4) , ! , " ,

U!" (1), SU(N + 4) , ! , " ,

SU(N + 4) ! U!" (1) " SU(N )cf ! U(1)!

3

  Gauge the color-ßavor locked 1-form symmetry
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Bolognesi, KK, Tanizaki  Ô19

Bars, Yankielovicz Ô81

Appelquist, Cohen, Schmaltz, Shrock Ô99 

Have seen already:

Simplest models



Symmetry of the model:  classically

ABJ anomaly

contains 1,! 1:
! ! ! " ! " " (4.24)

as can be seen by taking# = $. It can be easily checked thatU(1)(N +4) / 2,! (N +2) / 2 does
not produce ! 1,1 for any #. So in this case ! 1,1 is the discrete symmetry independent of
U(1)(N +4) / 2,! (N +2) / 2.

(ii) 2 for N = 4k + 2
In this case,U(1)(N +4) / 2,! (N +2) / 2

! ! ei N +4
2 ! ! = ei (2k+3) ! ! , " ! e! i (2k+2) ! " , (4.25)

contains ! 1,1:
! ! " ! , " ! " (4.26)

as can be seen by taking# = $. It can be easily checked thatU(1)(N +4) / 2,! (N +2) / 2 does
not produce 1,! 1 for any #. Thus in this case the independent discrete symmetry is 1,! 1.

The classical symmetry of this model is

GF =
U(1)" # U(N + 4) #

(ZN )2,! 1
=

U(1)" # U(1)# # SU(N + 4)
(ZN )2,! 1 # ZN +4

. (4.27)

Because of the ABJ anomaly,(ei$ ! , ei$ " ) $ U(1)" # U(1)# generates symmetry of the
quantum theory only when

(N + 2) %" + ( N + 4) %# = 0 mod 2$. (4.28)

Using the result of Appendix A, we Þnd that the anomaly-free subgroup ofU(1)" # U(1)#

is !
U(1)N +4 ,! (N +2) , N $ 2Z + 1 ,
U(1)(N +4) / 2,! (N +2) / 2 # (Z2)! 1,1, N $ 2Z,

(4.29)

We then Þnd the result (2.2) and (4.1).

GF =
U(1)" # U(N + 4) #

(ZN )2,! 1
=

U(1)" # U(1)# # SU(N + 4)
(ZN )2,! 1 # ZN +4

. (4.30)

GF =

"
#

$

U(1) N +4 ,! ( N +2) " SU(N +4) "

(ZN )2,! 1
# ZN +4 N $ 2Z + 1 ,

U(1) ( N +4) / 2, ! ( N +2) / 2" SU(N +4) " (Z2)! 1,1

(ZN )2,! 1" ZN +4 , N $ 2Z,
(4.31)

The anomaly-free subgroup ofU(1)" # U(1)# is actually
"
%#

%$

U(1)N +4 ,! (N +2) , N $ 2Z + 1 ,
U(1)(N +4) / 2,! (N +2) / 2 # (Z2)! 1,1, N $ 4Z,
U(1)(N +4) / 2,! (N +2) / 2 # (Z2)1,! 1, N $ 4Z + 2 ,

(4.32)
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1-form gauging of 

4.1 Discrete symmetry for even N

There is a subtle difference in the discrete 2 symmetry in N = 4k and N = 4k+2, k ! .
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U(1) N +4 ,! ( N +2) " SU(N +4) "
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3 Õt Hooft anomaly for odd N

In order to detect the Õt Hooft anomaly, we introduce the background gauge Þeld for the
symmetry G, and check the violation of gauge invariance. The contents of the background
gauge Þeld are

¥ A: U(1) one-form gauge Þeld,

¥ Af : SU(N + 4) one-form gauge Þeld,

¥ B (2)
c : ZN two-form gauge Þeld,

¥ B (2)
f : Z(N +4) two-form gauge Þeld.

For Zn two-form gauge ÞeldB (2) , we realize it as a pair ofU(1) two-form and one-form
gauge Þelds(B (2) , B (1) ) satisfying the constraint

nB (2) = d B (1) . (3.1)

This constraint satisÞes the invariance under theU(1) one-form gauge transformation,

B (2) !" B (2) + d ! , B (1) !" B (1) + n! . (3.2)

When introducing the background gauge Þeld, we postulate the invariance under the one-
form gauge transformation.

The SU(N ) dynamical gauge Þelda is embedded intoU(N ) gauge Þeld,

!a = a +
1
N

B (1)
c , (3.3)

and require the invariance underU(N ) gauge transformation. Similarly, we introduce
U(N + 4) gauge connection by

!Af = Af +
1

N + 4
B (1)

f , (3.4)

and require theU(N +4) gauge invariance instead of theSU(N +4) gauge invariance. The
one-form gauge transformations are

B (2)
c !" B (2)

c + d ! c, B (1)
c !" B (1)

c + N ! c,

B (2)
f !" B (2)

f + d ! f , B (1)
f !" B (1)

f + ( N + 4) ! f . (3.5)

NB (2)
c = dB(1)

c ; (N + 4) B (2)
f = dB(1)

f . (3.6)

Under the ZN and ZN +4 one-form transformations, the one-form gauge Þelds transform
as

!a !" !a + ! c, !Af !" !Af + ! f ,

A !" A +
N # 1

2
! c +

(N + 4) # 1
2

! f . (3.7)

3

1 Introduction

2 Symmetry of the !" model for N odd, the overlap of U!" with N

In this section, we discuss the chiral gauge theoryS1 ! F!
N +4 . The fermion kinetic term is

given by

!" µ (#µ + R S(aµ)) PL ! +
N +4!

f =1

$f " µ (#µ + RF! (aµ)) PL $f . (2.1)

Let us discuss the global symmetry of this model. For oddN , the global symmetry is

G =
U(1)N +4 ," (N +2) " SU(N + 4)

(ZN )2," 1 " ZN +4
. (2.2)

The table of charges are the following:

Þelds SU(N )gauge SU(N + 4) U(1)N +4 ," (N +2)

! 1 N + 4
$ ! # (N + 2)

(2.3)

The symmetry group G is divided by ZN because it overlaps with the center of the gauge
group ZN $ SU(N ). To see this, let us take

(e2#i/N )(N " 1)/ 2 %ZN $ U(1), (2.4)

then this transformation acts on Þelds as

! &' e" 4#i/N ! , $ &' e2#i/N $. (2.5)

This is nothing but the ZN transformation generated by the center ofSU(N ) gauge group.
We ask aU!" (1) transformation

! ' ei (N +4) $ ! ; $ ' e" i (N +2) $ $ ; (2.6)

to act as a N . If one takes the latter as

! ' e" 4#i/N ! , $ ' e2#i/N $ (2.7)

then
(N + 4) %= #

4&
N

+ 2&m ; (N + 2) %= #
2&
N

+ 2&n m, n % . (2.8)

The solution is
%= 2&

N # 1
2N

, (2.9)

as
(N + 4)( N # 1)

2N
=

N 2 + 3N # 4
2N

=
N (N + 3)

2N
#

2
N

= #
2
N

(2.10)

and at the same time

(N + 2)( N # 1)
2N

=
N 2 + N # 2

2N
=

N (N + 1)
2N

#
1
N

= #
1
N

. (2.11)
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¥ B (2)
c : ZN two-form gauge Þeld,

¥ B (2)
f : Z(N +4) two-form gauge Þeld.

For Zn two-form gauge ÞeldB (2) , we realize it as a pair ofU(1) two-form and one-form
gauge Þelds(B (2) , B (1)

) satisfying the constraint

nB (2)
= dB (1) . (3.1)

This constraint satisÞes the invariance under theU(1) one-form gauge transformation,

B (2) !" B (2)
+ d! , B (1) !" B (1)

+ n! . (3.2)

When introducing the background gauge Þeld, we postulate the invariance under the one-
form gauge transformation.

The SU(N ) dynamical gauge Þelda is embedded intoU(N ) gauge Þeld,

!a = a +

1

N
B (1)

c , (3.3)

and require the invariance underU(N ) gauge transformation. Similarly, we introduce
U(N + 4) gauge connection by

!Af = Af +
1

N + 4

B (1)
f , (3.4)

and require theU(N +4) gauge invariance instead of theSU(N +4) gauge invariance. The
one-form gauge transformations are

B (2)
c !" B (2)

c + d! c, B (1)
c !" B (1)

c + N ! c,

B (2)
f !" B (2)

f + d! f , B (1)
f !" B (1)

f + (N + 4)! f . (3.5)

NB (2)
c = dB(1)

c ; (N + 4)B (2)
f = dB(1)

f . (3.6)

Under the ZN andZN +4 one-form transformations, the one-form gauge Þelds transform
as

!a !" !a + ! c, !Af !" !Af + ! f ,

A !" A +

N # 1

2

! c +
(N + 4) # 1

2

! f . (3.7)
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1-form gauge invariance

3 Õt Hooft anomaly for odd N

In order to detect the ’t Hooft anomaly, we introduce the background gauge field for the
symmetry G, and check the violation of gauge invariance. The contents of the background
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¥ A : U(1) one-form gauge field,
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Final result:    (by using the Zumino-Stora 6D-5D-4D reduction) 

Similarly, the contribution from ! to the 6-dimensional Abelian anomaly is

1
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!
! [F ("a) ! B (2)

c ] + [ F ( "Af ) ! B (2)
f ] ! (N + 2)
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dA !
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N + 3
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B (2)
f

$%3
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(F (÷a) ! B (2)

c )3
'
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(N + 2)( N + 4)
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B (2)
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%3

. (3.15)

By summing up these contributions, the dependence on the color gauge Þeld"a completely
disappears, and we obtain
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. (3.16)

Without the gauging of the ßavor symmetries, one is left with

!
N 3(N + 3)( N + 4)

2
1

24" 2
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N ! 1
2

B (2)
c

%3

. (3.17)

The continuous U!" (1) symmetry becomes anomalous under the center 1-form gauging,
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N 3(N + 3)( N + 4)

2
1

8" 2
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N ! 1

2

%2

dA " (B (2)
c )2 . (3.18)

********** **********

4 Symmetry of the !" system for N even, the overlap of U!" with N

For even N , the result is slightly different:

G =
U(1)(N +4) / 2,! (N +2) / 2 # (Z2)! 1,1 # SU(N + 4)

(ZN )2,! 1 # ZN +4
. (4.1)

The list of charge is given as

Þelds SU(N )gauge SU(N + 4) U(1)(N +4) / 2,! (N +2) / 2 Z2

# 1 (N + 4) / 2 -1
! " ! (N + 2) / 2 1

(4.2)
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This means theU(1) transformation

# # ei (N +4) # # ; ! # e! i (N +2) # ! ; (3.19)

which is nonanomalous in the standard instanton background, became anomalous under
the 1-form gauging:

! S = exp

(

2" i$
N (N + 3)( N + 4)

2

!
N ! 1

2

%2
)

. (3.20)

********** **********
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ÒNonAnomalousÓ  U(1)!

acquires a mixed anomaly   (without ßavor gauging): 

In the IR, however,  exactly the same anomaly (*) is produced by the (presumed)
massless baryons

!

The (continuous) symmetry of this model is

SU(N )c ! SU(N + 4) f ! U(1) , (4.3)

whereU(1) is an anomaly-free combination ofU! (1) and U" (1), with

Q! : N + 4; , Q" : " (N + 2) . (4.4)

The discrete group is 2 if N is even; none ifN is odd.

4.1 Chirally symmetric phase of (N! , N" ) = (1 , 0) model

Let us Þrst examine the possibility that no condensates form, the system conÞnes and the
ßavor symmetry is unbroken. The candidate massless baryons are:

B [AB ] = ! ij " A
i " B

j , A, B = 1, 2, . . . , N + 4 , (4.5)

antisymmetric in AB . All the SU(N + 4) f ! U(1) anomalies are saturated by those by
B [AB ], as shown by Appelquist-Duan-Sannino, and as can be seen by inspection of the
Table 4.

Þelds SU(N )c SU(N + 4) ÷U(1)

! N (N +1)
2 á(á) N + 4

" A (N + 4) á
ø

N á " (N + 2)

B [AB ] (N +4)( N +3)
2 á(á) " N

Table 4: Chirally symmetric phase of the (1, 0) model

4.2 Color-ßavor locked Higgs phase

It is also possible that a color-ßavor locked phase appears, with

#! { ij " B
i $= C #jB , j, B = 1, 2, . . . N , (4.6)

in which the symmetry is reduced to

SU(N )cf ! SU(4)f ! U!(1) . (4.7)

As this forms a subgroup of the full symmetry group, (4.3), it is quite easily seen, by
making the decomposition of the Þelds in the subgroup, that a subset of the same baryons
saturate all of the triangles associated with the reduced symmetry group. See Table 5.
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!

(**)

Implication of the mixed anomaly (**) is to be investigated

The mixed anomaly itself does not seem to exclude the x-rally symmetric 
conÞnement vacuum

A continuous non anomalous symmetry gets a mixed Õt Hooft anomalycfr.  v
ectorlike 

theories
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By summing up these contributions, the dependence on the color gauge Þeld"a completely
disappears, and we obtain

S(6D ) =
N

24" 2 tr f
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(F ( ÷Af ) ! B (2)

f )3
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N (N + 2)

8" 2 tr f
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dA !
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B (2)

f

%

!
N 3(N + 3)( N + 4)

2
1

24" 2

!
dA !

N ! 1
2

B (2)
c !

N + 3
2

B (2)
f

%3

. (3.16)

Without the gauging of the ßavor symmetries, one is left with

!
N 3(N + 3)( N + 4)

2
1

24" 2

!
dA !

N ! 1
2

B (2)
c

%3

. (3.17)

The continuousU!" (1) symmetry becomes anomalous under the center 1-form gauging,

!
N 3(N + 3)( N + 4)

2
1

8" 2

!
N ! 1

2

%2

dA " (B (2)
c )2 . (3.18)

This means theU(1) transformation

# # ei (N +4) # # ; ! # e! i (N +2) # ! ; (3.19)

which is nonanomalous in the standard instanton background, became anomalous under
the 1-form gauging:

! W = exp

(

2" i$
N (N + 3)( N + 4)

2

!
N ! 1

2

%2
)

. (3.20)

********** **********
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  (ii)   SU(N) theory with a single Weyl fermion in the self-adjoint rep.  

Yamaguchi, nov Ô18 

Bolognesi, KK, Tanizaki Õ19

Color-ßavor Center                               does not act on     : !

can be 1-form gauged

! Chiral, discrete symmetry unbroken by instantons

= Dynkin index

SU(6) :  

6.0.1 Odd N

The 6-dimensional Abelian anomaly of the chiral baryon B is given as

(N + 4� 4)

24⇡2 trf

!
(F (

˜Af )�B(2)
f )

3
"

�N((N + 4)� 2)

8⇡2 trf

!
(F (

˜Af )�B(2)
f )

2
"
^

#
dA� N � 1

2

B(2)
c � N + 3

2

B(2)
f

$

�(N + 3)(N + 4)

2

N3

24⇡2

#
dA� N � 1

2

B(2)
c � N + 3

2

B(2)
f

$ 3

, (6.4)

(6.4) gives exactly the same ’t Hooft anomaly of the UV theory, (3.16), even after the
1-form gauging B(2)

f is introduced. This is a simple consequence of the fact that without
the 1-form gauging, the anomalies matched in the UV and IR (the old observation) and
that the SU(N + 4) gauge field as well as the U!" (1) gauge field A are replaced by the
center-1-form gauge invariant combinations, both in the UV and IR. There is thus no new
information.

7 Color-flavor locked Higgs phase

8 AS!
1 � FN " 4 model (“�⌘̃ model”)

9 Yamaguchi’s model

Consider SU(6) with a single lefthanded fermion  in

. (9.1)

There are no continuous nonanomalous U(1) symmetries. There is one nonanomalous chiral
6 symmetry

 ! e·2#i/ 6 . (9.2)

The color-flavor diagonal SU(N) center includes

 ! e3·2#i/ 6 , (9.3)

so the nonanomalous part of the center is

3 ⇢ 6 ⇢ SU(6) . (9.4)

( 3 does not act on  .) We gauge this 1-form 3 symmetry by introducing (B(2)
c , B(1)

c )

such that
N

2

B(2)
c = 3B(2)

c = dB(1)
c . (9.5)

12

6.0.1 Odd N

The 6-dimensional Abelian anomaly of the chiral baryonB is given as

(N + 4 ! 4)
24! 2 tr f

h
(F ( ÷Af ) ! B (2)

f )3
i

!
N ((N + 4) ! 2)

8! 2 tr f
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f )2
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2
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2
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f
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!
(N + 3)( N + 4)

2
N 3

24! 2

✓
dA !

N ! 1
2

B (2)
c !

N + 3
2

B (2)
f

◆3

, (6.4)

(6.4) gives exactly the same Õt Hooft anomaly of the UV theory, (3.16), even after the
1-form gauging B (2)

f is introduced. This is a simple consequence of the fact that without
the 1-form gauging, the anomalies matched in the UV and IR (the old observation) and
that the SU(N + 4) gauge Þeld as well as theU!" (1) gauge ÞeldA are replaced by the
center-1-form gauge invariant combinations, both in the UV and IR. There is thus no new
information.

7 Color-ßavor locked Higgs phase

8 AS!
1 # FN " 4 model (Ò! ÷" modelÓ)

9 YamaguchiÕs model

Consider SU(6) with a single lefthanded fermion" in

. (9.1)

There are no continuous nonanomalousU(1) symmetries. There is one nonanomalous chiral

6 symmetry
" $ eá2#i/ 6" . (9.2)

The color-ßavor diagonalSU(N ) center includes

" $ e3á2#i/ 6" , (9.3)

so the nonanomalous part of the center is

3 % 6 % SU(6) . (9.4)

( 3 does not act on" .) We gauge this 1-form 3 symmetry by introducing (B (2)
c , B (1)

c )
such that

N
2

B (2)
c = 3B (2)

c = dB(1)
c . (9.5)

12

6.0.1 Odd N

The 6-dimensional Abelian anomaly of the chiral baryonB is given as

(N + 4 ! 4)
24! 2 tr f

!
(F ( ÷Af ) ! B (2)

f )3
"

!
N ((N + 4) ! 2)

8! 2 tr f

!
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N 3

24! 2

#
dA !

N ! 1
2

B (2)
c !

N + 3
2

B (2)
f

$ 3

, (6.4)

(6.4) gives exactly the same Õt Hooft anomaly of the UV theory, (3.16), even after the
1-form gauging B (2)

f is introduced. This is a simple consequence of the fact that without
the 1-form gauging, the anomalies matched in the UV and IR (the old observation) and
that the SU(N + 4) gauge Þeld as well as theU!" (1) gauge ÞeldA are replaced by the
center-1-form gauge invariant combinations, both in the UV and IR. There is thus no new
information.

7 Color-ßavor locked Higgs phase

8 AS!
1 # FN " 4 model (Ò! ÷" modelÓ)

9 YamaguchiÕs model

Consider SU(6) with a single lefthanded fermion" in

. (9.1)

There are no continuous nonanomalousU(1) symmetries. There is one nonanomalous chiral

6 symmetry
" $ e2#i/ 6" . (9.2)

The color-ßavor diagonalSU(N ) center includes

" $ e3á2#i/ 6" , (9.3)

so the nonanomalous part of the center is

3 % 6 % SU(6) . (9.4)

( 3 does not act on" .) We gauge this 1-form 3 symmetry by introducing (B (2)
c , B (1)

c )
such that

N
2

B (2)
c = 3B (2)

c = dB(1)
c . (9.5)

12

Color-ßavor                      Center:   1-form gauging by  

Chiral, discrete symmetry

6.0.1 Odd N

The 6-dimensional Abelian anomaly of the chiral baryonB is given as

(N + 4 ! 4)
24! 2 tr f

!
(F ( ÷Af ) ! B (2)

f )3
"

!
N ((N + 4) ! 2)

8! 2 tr f

!
(F ( ÷Af ) ! B (2)
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(N + 3)( N + 4)
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N 3

24! 2
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dA !

N ! 1
2

B (2)
c !

N + 3
2

B (2)
f

$ 3

, (6.4)

(6.4) gives exactly the same Õt Hooft anomaly of the UV theory, (3.16), even after the
1-form gauging B (2)

f is introduced. This is a simple consequence of the fact that without
the 1-form gauging, the anomalies matched in the UV and IR (the old observation) and
that the SU(N + 4) gauge Þeld as well as theU!" (1) gauge ÞeldA are replaced by the
center-1-form gauge invariant combinations, both in the UV and IR. There is thus no new
information.

7 Color-ßavor locked Higgs phase

8 AS!
1 # FN " 4 model (Ò! ÷" modelÓ)

9 YamaguchiÕs model

Consider SU(6) with a single lefthanded fermion" in

. (9.1)

There are no continuous nonanomalousU(1) symmetries. There is one nonanomalous chiral

6 symmetry
" $ e2#i/ 6" . (9.2)

The color-ßavor diagonalSU(N ) center includes

" $ eká2#i/ 6" , k = 2 , 4, 6 (9.3)

so the nonanomalous part of the center is

3 % 6 % SU(6) . (9.4)

( 3 does not act on" .) We gauge this 1-form 3 symmetry by introducing (B (2)
c , B (1)

c )
such that

N
2

B (2)
c = 3B (2)

c = dB(1)
c . (9.5)

12

6.0.1 Odd N

The 6-dimensional Abelian anomaly of the chiral baryonB is given as

(N + 4 ! 4)
24! 2 tr f

!
(F ( ÷Af ) ! B (2)

f )3
"

!
N ((N + 4) ! 2)

8! 2 tr f

!
(F ( ÷Af ) ! B (2)

f )2
"

"
#

dA !
N ! 1

2
B (2)

c !
N + 3

2
B (2)

f

$

!
(N + 3)( N + 4)

2
N 3

24! 2

#
dA !

N ! 1
2

B (2)
c !

N + 3
2

B (2)
f

$ 3

, (6.4)

(6.4) gives exactly the same Õt Hooft anomaly of the UV theory, (3.16), even after the
1-form gauging B (2)

f is introduced. This is a simple consequence of the fact that without
the 1-form gauging, the anomalies matched in the UV and IR (the old observation) and
that the SU(N + 4) gauge Þeld as well as theU!" (1) gauge ÞeldA are replaced by the
center-1-form gauge invariant combinations, both in the UV and IR. There is thus no new
information.

7 Color-ßavor locked Higgs phase

8 AS!
1 # FN " 4 model (Ò! ÷" modelÓ)

9 YamaguchiÕs model

Consider SU(6) with a single lefthanded fermion" in

. (9.1)

There are no continuous nonanomalousU(1) symmetries. There is one nonanomalous chiral

6 symmetry
" $ e2#i/ 6" . (9.2)

The color-ßavor diagonalSU(N ) center includes

" $ eká2#i/ 6" , k = 2 , 4, 6 (9.3)

so the nonanomalous part of the center is

3 % 6 % SU(6) . (9.4)

( 3 does not act on" .) We gauge this 1-form 3 symmetry by introducing (B (2)
c , B (1)

c )
such that

N
2

B (2)
c = 3B (2)

c = dB(1)
c . (9.5)

12

!



The anomaly can be evaluated by modifying appropriately (3.14),

1
24! 2 tr R 3!

!
(F (÷a) �B(2)

c ) � dA6

"3
=

6
8! 2 tr( F (÷a) �B(2)

c )2dA6 + . . .

=
6

8! 2{tr( F (÷a)) 2 �N (B(2)
c )2} ^ dA6 (9.6)

where the factor 6 is twice the Dynkin index of , (N � 2)(N � 3)/2 = 6. The Þrst term
is clearly trivial, as

1
8! 2

#
tr( F (÷a)) 2 = ,

#
dA6 = 2 ! /6 . (9.7)

The second term is
� 6N

8! 2

#
(B(2)

c )2 = �6N (
2
N

)2 = �6 · 2
3
. (9.8)

The global chiral 6 symmetry
#

dA6 = 2 ! ik/6 , k = 1 , 2, . . . , 6 (9.9)

is then broken to 2, as k = 3 , k = 6 transformations are nonanomalous. OK with Yam-
aguchi.

The breaking 6 ! 2 implies the threefold vacuum degeneracy, if in IR there are no
massless degrees of freedom on which6/ 2 = 3 can act. Note that the condensate

h"" i (9.10)

breaks exactly 6 ! 2, whether or not it is gauge invariant. (In fact the color singlet
combination does not exist.) No continuous chiral symmetry and the breaking of a discrete
symmetry does not give NG bosons.

Four-fermion (gauge-invariant) condensates also break 6 in the same way, but may be
more di! cult to form.

Could this be the Þrst "proof" of dynamical symmetry breaking?

10 Yamaguchi Bis

ConsiderSU (N ) with a single lefthanded fermion" in the self adjoint, totally antisymmetric
representation.

For more generalSU (N ) with " in N/2 antisymmetric representation, 6 is replaced by
the Dynkin index C = 2TR.

1
24! 2 tr R 3!

!
(F (÷a) �B(2)

c ) � dAC

" 3
=

C

8! 2 tr( F (÷a) �B(2)
c )2dAT + . . .

=
C

8! 2{tr( F (÷a)) 2 �N (B(2)
c )2} ^ dAC , C = 2TR , (10.1)

N

2
B(2)

c = dB(1)
c . (10.2)

13

Anomaly 

The Þrst term is trivial!

!

The anomaly can be evaluated by modifying appropriately (3.14),

1

24! 2 trR3⇤

!
(F (ã)� B (2)

c )� dA6

"3
=

6

8! 2 tr(F (ã)� B (2)
c )

2dA6 + . . .

=

6

8! 2{tr(F (ã))2 � N (B (2)
c )

2} ^ dA6 (9.6)

where the factor 6 is twice the Dynkin index of , (N � 2)(N � 3)/ 2 = 6. The first term
is clearly trivial, as

1

8! 2

#
tr(F (ã))2

= ,
#

dA6 = 2! / 6 . (9.7)

The second term is
� 6N

8! 2

#
(B (2)

c )

2
= �6N (

2

N
)

2
= �6 · 2

3

. (9.8)

The global chiral 6 symmetry
#

dA6 = 2! ik/ 6 , k = 1, 2, . . . , 6 (9.9)

is then broken to 2, as k = 3, k = 6 transformations are nonanomalous. OK with Yam-
aguchi.

The breaking 6 ! 2 implies the threefold vacuum degeneracy, if in IR there are no
massless degrees of freedom on which 6/ 2 = 3 can act. Note that the condensate

h"" i (9.10)

breaks exactly 6 ! 2, whether or not it is gauge invariant. (In fact the color singlet
combination does not exist.) No continuous chiral symmetry and the breaking of a discrete
symmetry does not give NG bosons.

Four-fermion (gauge-invariant) condensates also break 6 in the same way, but may be
more difficult to form.

Could this be the first "proof" of dynamical symmetry breaking?

10 Yamaguchi Bis

Consider SU(N ) with a single lefthanded fermion " in the self adjoint, totally antisymmetric
representation.

For more general SU(N ) with " in N/ 2 antisymmetric representation, 6 is replaced by
the Dynkin index C = 2TR.

1

24! 2 trR3⇤

!
(F (ã)� B (2)

c )� dAC

" 3
=

C
8! 2 tr(F (ã)� B (2)

c )

2dAT + . . .

=

C
8! 2{tr(F (ã))2 � N (B (2)

c )

2} ^ dAC , C = 2TR , (10.1)

N
2

B (2)
c = dB(1)

c . (10.2)
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The second term

 The chiral discrete symmetry broken by          

6 = twice the Dynkin index of   

 Implies fermion condensates:    but

? Yamaguchi 

 Presumably

(%)

OK  with (%), leaving 3 degen. vacua KK

The anomaly can be evaluated by modifying appropriately (3.14),

1
24! 2 tr R 3!

!
(F (÷a) ! B (2)

c ) ! dA6

"3
=

6
8! 2 tr( F (÷a) ! B (2)

c )2dA6 + . . .

=
6

8! 2 { tr( F (÷a))2 ! N (B (2)
c )2} " dA6 (9.6)

where the factor 6 is twice the Dynkin index of , (N ! 2)(N ! 3)/ 2 = 6. The Þrst term
is clearly trivial, as

1
8! 2

#
tr( F (÷a))2 = ,

#
dA6 = 2 ! 6/ 6 . (9.7)

The second term is
!

6N
8! 2

#
(B (2)

c )2 = ! 6N (
2
N

)2 = ! 6 á
2
3

. (9.8)

The global chiral 6 symmetry
#

dA6 = 2 ! ik/ 6 , k = 1 , 2, . . . , 6 (9.9)

is then broken to 2, as k = 3 , k = 6 transformations are nonanomalous. OK with Yam-
aguchi.

The breaking 6 # 2 implies the threefold vacuum degeneracy, if in IR there are no
massless degrees of freedom on which6/ 2 = 3 can act. Note that the condensate

$"" % (9.10)

breaks exactly 6 # 2, whether or not it is gauge invariant. (In fact the color singlet
combination does not exist.) No continuous chiral symmetry and the breaking of a discrete
symmetry does not give NG bosons.

Four-fermion (gauge-invariant) condensates also break 6 in the same way, but may be
more di! cult to form.

Could this be the Þrst "proof" of dynamical symmetry breaking?

10 Yamaguchi Bis

ConsiderSU(N ) with a single lefthanded fermion" in the self adjoint, totally antisymmetric
representation.

For more generalSU(N ) with " in N/ 2 antisymmetric representation, 6 is replaced by
the Dynkin index C = 2TR.

1
24! 2 tr R 3!

!
(F (÷a) ! B (2)

c ) ! dAC

"3
=

C
8! 2 tr( F (÷a) ! B (2)

c )2dAT + . . .

=
C

8! 2 { tr( F (÷a))2 ! N (B (2)
c )2} " dAC , C = 2TR , (10.1)

N
2

B (2)
c = dB(1)

c . (10.2)
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The anomaly can be evaluated by modifying appropriately (3.14),

1
24⇡2

tr R 3!

!
(F (÷a) ! B (2)

c ) ! dA6

" 3
=

6
8⇡2

tr( F (÷a) ! B (2)
c )2dA6 + . . .

=
6

8⇡2
{ tr( F (÷a))2 ! N (B (2)

c )2} " dA6 (9.6)

where the factor 6 is twice the Dynkin index of , (N ! 2)(N ! 3)/ 2 = 6. The first term
is clearly trivial, as

1
8⇡2

#
tr( F (÷a))2 = ,

#
dA6 = 2⇡ 6/ 6 . (9.7)

The second term is
!

6N
8⇡2

#
(B (2)

c )2 = ! 6N (
2
N

)2 = ! 6 á
2
3

. (9.8)

The global chiral 6 symmetry
#

dA6 = 2⇡k/ 6 , k = 1 , 2, . . . , 6 (9.9)

is then broken to 2, #
dA6 = 2⇡k/ 6 , k = 3 , 6 (9.10)

as k = 3 , k = 6 transformations are nonanomalous. OK with Yamaguchi.
The breaking 6 # 2 implies the threefold vacuum degeneracy, if in IR there are no

massless degrees of freedom on which 6/ 2 = 3 can act. Note that the condensate

$  % (9.11)

breaks exactly 6 # 2, whether or not it is gauge invariant. (In fact the color singlet
combination does not exist.) No continuous chiral symmetry and the breaking of a discrete
symmetry does not give NG bosons.

Four-fermion (gauge-invariant) condensates also break 6 in the same way, but may be
more di! cult to form.

Could this be the first "proof" of dynamical symmetry breaking?

10 Yamaguchi Bis

Consider SU(N ) with a single lefthanded fermion  in the self adjoint, totally antisymmetric
representation.

For more general SU(N ) with  in N/ 2 antisymmetric representation, 6 is replaced by
the Dynkin index C = 2TR .

1
24⇡2

tr R 3!

!
(F (÷a) ! B (2)

c ) ! dAC

" 3
=

C
8⇡2

tr( F (÷a) ! B (2)
c )2dAT + . . .

=
C

8⇡2
{ tr( F (÷a))2 ! N (B (2)

c )2} " dAC , C = 2TR , (10.1)

13

mixed anomaly



  !     General  SU(N)  with a single Weyl fermion in the self-adjoint rep.  

Anomaly calculation:

The anomaly can be evaluated by modifying appropriately (3.14),

1
24! 2 tr R 3!

!
(F (÷a) ! B (2)

c ) ! dA6

"3
=

6
8! 2 tr( F (÷a) ! B (2)

c )2dA6 + . . .

=
6

8! 2 { tr( F (÷a))2 ! N (B (2)
c )2} " dA6 (9.6)

where the factor 6 is twice the Dynkin index of , (N ! 2)(N ! 3)/ 2 = 6. The Þrst term
is clearly trivial, as

1
8! 2

#
tr( F (÷a))2 = ,

#
dA6 = 2 ! 6/ 6 . (9.7)

The second term is
!

6N
8! 2

#
(B (2)

c )2 = ! 6N (
2
N

)2 = ! 6 á
2
3

. (9.8)

The global chiral 6 symmetry
#

dA6 = 2 ! k/ 6 , k = 1 , 2, . . . , 6 (9.9)

is then broken to 2, #
dA6 = 2 ! k/ 6 , k = 3 , 6 (9.10)

as k = 3 , k = 6 transformations are nonanomalous. OK with Yamaguchi.
The breaking 6 # 2 implies the threefold vacuum degeneracy, if in IR there are no

massless degrees of freedom on which6/ 2 = 3 can act. Note that the condensate

$"" % (9.11)

breaks exactly 6 # 2, whether or not it is gauge invariant. (In fact the color singlet
combination does not exist.) No continuous chiral symmetry and the breaking of a discrete
symmetry does not give NG bosons.

Four-fermion (gauge-invariant) condensates also break 6 in the same way, but may be
more di! cult to form.

Could this be the Þrst "proof" of dynamical symmetry breaking?

10 Yamaguchi Bis

ConsiderSU(N ) with a single lefthanded fermion" in the self adjoint, totally antisymmetric
representation.

For more generalSU(N ) with " in N/ 2 antisymmetric representation, 6 is replaced by
the Dynkin index C = 2TR.

1
24! 2 tr R 3!

!
(F (÷a) ! B (2)

c ) ! dAC

"3
=

C
8! 2 tr( F (÷a) ! B (2)

c )2dAT + . . .

=
C

8! 2 { tr( F (÷a))2 ! N (B (2)
c )2} " dAC , C = 2TR , (10.1)
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N
2

B (2)
c = dB(1)

c . (10.2)

The Þrst term is clearly trivial, as

1
8! 2

!
tr( F (÷a))2 = ,

!
dAC = 2 ! /C . (10.3)

The second term is

!
C N
8! 2

!
(B (2)

c )2 = ! CN (
2
N

)2 = ! C á
4
N

. (10.4)

Clearly, for N = 4k there is no mixed anomaly. ForN = 4" + 2 ,

C á
4
N

= C á
2

2" + 1
, (10.5)

therefore the breaking of the discrete symmetry is

C " 2C/N (10.6)

as the 2C/N transformation
!

dAC = 2 ! (2" + 1) /C = 2 ! (N/ 2)/C , (10.7)

is non anomalous.
Almost everything go through as inN = 6 case,6 replaced by (twice) the Dynkin index

2TR. Set
Tr ta

Rtb
R = TR #ab . (10.8)

Summing overa = b, one gets

d(R)C2(R) = TR (N 2 ! 1) ,
"

a

ta
Rta

R = C2(R) d(R) , (10.9)

whered(R) is the dimension of the representation,C2(R) is the quadratic Casimir. For the
fundamental,

C2(R) =
N 2 ! 1

2N
, d(R) = N , ... TR =

1
2

. (10.10)

For the adjoint,

C2(R) = N , d(R) = N 2 ! 1 , ... TR = N . (10.11)

For the order n-antisymmetric (see Dietrich-Sannino, "Walking in SU(N )"))

C2(R) =
n(N ! n)(N + 1)

2N
, d(R) =

N (N ! 1) á á á(N ! n + 1)
n!

,
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The second term !

For SU(10)

For the adjoint,

C2(R) = N , d(R) = N 2 ! 1 , ... TR = N . (10.15)

For the order n-antisymmetric (see Dietrich-Sannino, "Walking in SU(N )"))

C2(R) =
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2N
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,

... TR =
(N ! 2)(N ! 3) á á á(N ! n)

2(n ! 1)!
. (10.16)

The beta function is

b0 = 11N ! 2Nf (R)TR , Nf (R) = # W eyl (10.17)

etc., so forSU(N ), N = 6 , 8, 10, 12, 14, Nf (R) = 1 , n = N/ 2, one has
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5!
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12á11á á á7
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= 924 , (10.18)

so SU(6), SU(8), SU(10), SU(12), are asymptotically free,SU(14) is not.
For SU(10) the 1-form gauging breaks

70 " 2 , (10.19)

leaving 35 degenerate vacua.
For SU(8)

20 " 4 , (10.20)

leaving 5 degenerate vacua.

11 Anber-Poppitz

In SU(N ) theory with Nf Weyl fermions in the adjoint representation, the Abelian 6D
anomaly is

1
24! 2
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# (11.2)

the Þrst term is trivial (conserves ! = 2NN f ); the second term gives

! S =
2! i
N

# . (11.3)
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OK with

É  É



! Many exciting applications of these ideas 
being explored

!

ConÞnement /chiral symmetry breaking in the real-world QCD,    or
Dynamical Electroweak Symmetry Breaking
still remain a holy grail 

! Should we perhaps despair ?

! Several new anomalies are proposed

Well É

but



ÒA truly beautiful idea never really diesÓ

(Y. Nambu)



THE END

Thank you for your attention !



Axial / chiral anomalies

¥ No conservation in all channels

¥ Observable (calculable) effects

¥ Gauge vertices: 

Gauge symmetry destroyed  (inconsistency)

¥ External ÒgaugeÓ Þelds: 

Abelian / nonAbelian anomalies 

!

! Anomaly cancellation needed
OK in

 (NOT an inconsistency)
! observable effects 

¥ Õt Hooft anomaly matching conditions

etc.   Wess-Zumino-Witten (5D) action

Fukuda-Miyamoto Ô49  Steinberger Ô49,   Schwinger Ô51, 

Adler Ô69,  Bell, Jackiw Ô69, Bardeen Õ69, Wess-Zumino, Õ71 É

! Mixed Õt HooftÕs  anomalies 

¥ Other new anomalies  
Garcia-Etxebarria-Montero Õ18,  Wang-Wen-Witten Õ18,  Wan-Wang Õ19;   

Back to p.9Dai-Freed Ô15

Õt Hooft anomaly :

obstruction to gauging
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A a theorem; ACS criterion

For free theory of bosons and fermions, thea and c coe" cients are given by

a =
1

360
(NS + 11NF + 62NV ) , c =

1
120

(NS + 6NF + 12NV ) , (A.1)

where NS is the number of scalar particles,NF is the number of Dirac fermions (NF "
NF / 2 for Weyl), and NV is the number of vector bosons. In terms of the number of degrees
of freedom,NF = 4Nf , NV = 2Nv.

On the other hand, the ACS criterion is that

f IR # f UV , (A.2)

where
f = NB +

7
8

Nf . (A.3)

and Nf is the number of fermionic degrees of freedom (Nf = 2 for a single Weyl fermion,
Nf = 4 for a single Dirac fermion).
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Many years of studies of chiral gauge theories, e.g.,
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3.3 Color-ßavor locking and dynamical Abelianization: an alter-
native scenario

Another possible phase, forN ! 8, is described by the condensates,

"! iA #= "" ij #A
j # ; " ÷! i

j # $ "" ik $kj # . (3.30)

where

"" ij #A
j #= ! 3

!

"
"
"
#

c18

0N ! 8,8

$

%
%
%
&

i A

, "" ik $kj #= ! 3

!

"
"
"
#

08

d1
. . .

dN ! 8

$

%
%
%
&

i

j

. (3.31)

The symmetry breaking pattern is:

SU(N ) %SU(8) %U(1)2 & SU(8)cf %U(1)N ! 8 . (3.32)

As U(1)N ! 8 is an Abelian subgroup of the colorSU(N ), whereas both nonanomalous
ßavor U(1) are broken by the condensates, we shall consider only theSU(8)3

cf anomalies.
Indicating the color indices up to 8 byi 1 or j 1 while those larger than 8 byi 2 or j 2, one has
the decomposition of the Þelds inSU(8)cf multiplets, see Table 1. The massless baryons
are shown in the lower part of the Table 1. TheSU(8)3 matching works, as in the infrared,

(N ' 8) + (8 ' 4) + (8 ' 4) = N . (3.33)

As for the discrete symmetry, the surviving symmetry is either 2, for N = 4n, n ( ,
or 4 symmetry, for N = 4n + 2, n ( , under which the Þelds" , $, # are charged with
(1, ' 1, ' 1). An inspection of Table 1 shows that all discrete anomaly matching is also
satisÞed in this case, in contrast to the previous case.

3.4 Partial color-ßavor locking for N ) 8

For N < 8 the scenario above is not possible. It is possible however that the color-ßavor
locking still takes place in a di" erent way. Let us assume that

"" ij #A
j #= const. %iA , i, A = 1, 2, . . . , N , (3.34)

and
""$ #= 0 . (3.35)
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Þelds SU(8)cf

 i 1 j 1
ø

 i 1 j 2 (N � 8) á
ø

 i 2 j 2 (N ! 8)(N ! 7)
2 á(á)

�i 1 ,j 1

�i 1 ,j 2 (N � 8) á
�i 2 ,j 2

(N ! 8)(N ! 9)
2 á(á)

⌘A
j 1

⌦ = �
⌘A

j 2
(N � 8) á

÷B A
j 2
⇠ ⌘A

j 2
(N � 8) á

B [Aj 1] ⇠ A(⌘A
j 1

)

öB [i 1 j 1 ] ⇠ �i 1 ,j 1

Table 1: B [AB ] ⇠  ij ⌘[A
i ⌘

B ]
j and öB [AB ] ⇠ ( ⌘)A,i �ij ( ⌘)B,j . ⌘A

j 2
are weakly coupled due

to the Abelianization of the SU(N � 8) ⇥ U(1) ⇢ SU(N ). They can be interpreted as
÷B A

j ⇠ ( �⌘)A
j . The color indices up to 8 are indicated byi 1 or j 1 while those larger than

8 by i 2 or j 2.

The symmetry breaking pattern is now

SU(N ) ⇥ SU(8) ⇥ U(1)2 ! SU(N )cf ⇥ SU(8 � N ) ⇥ ÷U(1) . (3.36)

The fermions decompose as in Table 2.

The baryons are made of

B [A 1B 1] =  ij ⌘A 1
i ⌘B 1

j ⇠ , (3.37)

B [A 1B 2] =  ij ⌘A 1
i ⌘B 2

j ⇠ ⌘B 2 , (3.38)

öB [AB ] ⇠  ik ⌘A
k �ij  

j ! ⌘B
! ⇠ �AB . (3.39)

3.5 General N and full Abelianization

The dynamical scenarios (3.10) assumes thatN � 12, whereas the one in (3.32) requires
N � 8 and the phase (3.36)N  8.

Still another option, consistent for any value ofN , considered in [1], is that the gauge
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Þelds SU(N )c SU(8 ! N ) ÷U(1)

!
ø N (N +1)

2 á(á) N + 2

" N (N ! 1)
2 á(á) ! (N ! 6)(N +2)

N ! 2

#A 1 + N 2 á(á) ! (N + 2)

#A 2 (8 ! N ) á N á ! (N + 2)

B [A 1B 1] N (N ! 1)
2 á(á) ! (N + 2)

B [A 1B 2] (8 ! N ) á N á ! (N + 2)

öB [A 1B 1] N (N ! 1)
2 á(á) ! (N ! 6)(N +2)

N ! 2

Table 2: Partial color-ßavor locking forN " 8 and the SU(8) anomaly matching of Sub-
section 3.4.A1, B1 stand for the ßavor indices up toN (< 8); A2, B2 for the rest.

group dynamically Abelianizes completely, by the adjoint condensates

#÷$i
j $ % #! ik " kj $= dj %i

j ,
!

j

dj = 0 ; i, j = 1, 2, . . . , N , (3.40)

with no particular relations amongdj Õs. We also assume that no color-ßavor locking takes
place, i.e.,

#$iA $= #! ij #A
j $= 0 . (3.41)

The symmetry breaking occurs as:

SU(N )c & SU(8)f & U(1)2 '
N ! 1"

! =1

U! (1) & SU(8)f & ÷U(1) , (3.42)

where ÷U(1) is an unbroken combination of the two nonanomalousU(1)Õs, (3.4), with
charges:

! : 2 , " : ! 2 , # : ! 1 . (3.43)

The Þelds#A
i are all massless and weakly coupled (only to the gauge bosons from the

Cartan subalgebra which we will refer to as the photons; they are infrared free) in the
infrared. Also, some of the fermions! ij do not participate in the condensates. Due to the
fact that ! { ij } are symmetric whereas" [ij ] are antisymmetric, actually only nondiagonal
elements of! { ij } condense and get mass. The diagonal Þelds! { ii } , i = 1, 2, . . . , N remain
massless and weakly coupled. Also there is one NG boson.

The anomaly matching works as follows (see Table 3):

(i) SU(8)3: only #a
i contribute both in the UV and in the IR: they trivially satisfy the
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Þelds SU(8)cf

! i 1 j 1
ø

! i 1 j 2 (N ! 8) á
ø

! i 2 j 2 (N ! 8)(N ! 7)
2 á(á)

" i 1 ,j 1

" i 1 ,j 2 (N ! 8) á
" i 2,j 2

(N ! 8)(N ! 9)
2 á(á)

#A
j 1

" = #

#A
j 2

(N ! 8) á
÷B A

j 2
$ #A

j 2
(N ! 8) á

B [Aj 1] $ A (#A
j 1

)

öB [i 1 j 1 ] $ " i 1 ,j 1

Table 2: B [AB ] $ ! ij #[A
i #B ]

j and öB [AB ] $ (!# )A,i " ij (!# )B,j . #A
j 2

are weakly coupled due
to the Abelianization of the SU(N ! 8) % U(1) & SU(N ). They can be interpreted as
÷B A

j $ (!"# )A
j . The color indices up to 8 are indicated byi 1 or j 1 while those larger than

8 by i 2 or j 2.

3.4 Partial color-ßavor locking for N ' 8

For N < 8 the scenario above is not possible. It is possible however that the color-ßavor
locking still takes place in a di! erent way. Let us assume that

(! ij #A
j ) = const. $iA , i, A = 1, 2, . . . , N , (3.34)

and
(!" ) = 0 . (3.35)

The symmetry breaking pattern is now

SU(N ) %SU(8) %U(1)2 * SU(N )cf %SU(8 ! N ) % ÷U(1) . (3.36)

The fermions decompose as in Table 3.

The baryons are made of

B [A 1B 1] = ! ij #A 1
i #B 1

j $ , (3.37)
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Complete Abelianization  (any N)

The Þelds! A
i are all massless and weakly coupled (only to the gauge bosons from the

Cartan subalgebra which we will refer to as the photons; they are infrared free) in the
infrared. Also, some of the fermions" ij do not participate in the condensates. Due to the
fact that " { ij } are symmetric whereas#[ij ] are antisymmetric, actually only nondiagonal
elements of" { ij } condense and get mass. The diagonal Þelds" { ii } , i = 1, 2, . . . , N remain
massless and weakly coupled. Also there is one NG boson.

The anomaly matching works as follows (see Table 4):

(i) SU(8)3: only ! a
i contribute both in the UV and in the IR: they trivially satisfy the

matching condition.

(ii) SU(8) ÷U(1)2: again only ! a
i contribute both in the UV and in the IR. The matching is

trivial.

(iii) ÷U(1)3: In the UV, all of " , #, ! give contributions,

8 á
N (N + 1)

2
! 8 á

N (N ! 1)
2

! 8N = 0 ; (3.44)

in the IR, " ii and ! a
i contribute:

8 áN ! 8 áN = 0 . (3.45)

(iv) ÷U(1): In the UV, " , #, ! give

2 á
N (N + 1)

2
! 2 á

N (N ! 1)
2

! 8 áN = ! 6N ; (3.46)

whereas in the IR," ii and ! a
i give

2 áN ! 8N = ! 6N . (3.47)

Þelds SU(8) ÷U(1)
" N (N +1)

2 á(á) N (N +1)
2 á(2)

# N (N ! 1)
2 á(á) N (N ! 1)

2 á(! 2)

! A N á 8N á(! 1)
("#" )ii " " ii N á(á) N á(2)

"#! A " ! A N á 8N á(! 1)

Table 4: Full dynamical Abelianization in the"#! model, in Subsection 3.5
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Partial color-ßavor locking / partial Abelianization  (N > 11)  

The global symmetry of the ! � " � # model is

GF = SU(8)⇥ U
1

(1)⇥ U
2

(1)⇥ N ! . (3.6)

The possible dynamical scenarios have been analyzed and discussed in [1].

3.1 Partial Color-Flavor locking

For large N , it was proposed [1] that a possible phase can be described by the nonvanishing

bi-fermion condensates

h$iA i = h! ij #A
j i ; h$̃i

j i ⌘ h! ik " kj i . (3.7)

More concretely, the proper realization of the global SU(8) symmetry has led us [1] to

assume the following form for these condensates:

h$iA i = ! 3

!

"
"
"
#

c1
8

0N ! 8,8

$

%
%
%
&

, h$̃i
j i = ! 3

!

"
"
"
"
"
"
#

a1
8

d
1

. . .

dN ! 12

b1
4

$

%
%
%
%
%
%
&

, (3.8)

where

8a+
N ! 12'

i=1

di + 4b= 0 , a, di , b⇠ O(1) . (3.9)

The symmetry breaking pattern is, therefore,

SU(N )
c

⇥ SU(8)
f

⇥ U(1)2 ! SU(8)
cf

⇥ U(1)N ! 11 ⇥ SU(4)
c

. (3.10)

The theory dynamically Abelianizes (in part). SU(8) ⇢ SU(N ) is completely Higgsed but

due to color-flavor (partial) locking no NG bosons appear in this sector (the would-be NG

bosons make the SU(8) ⇢ SU(N ) gauge bosons massive.) Only SU(4) ⇢ SU(N ) remains

unbroken and confining. The remainder of the gauge group Abelianizes. The baryons

B̃ A
j = ! ik "

[kj ]#A
i ⇠ #A

j , (9  j  N � 4) (3.11)

and

B { AB } = ! ij #A
i #B

j , (3.12)
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"
"
"
#

c18

0N �8,8

$

%
%
%
&

, #÷�i
j $= ! 3

!

"
"
"
"
"
"
#

a18

d1
. . .

dN �12

b14

$

%
%
%
%
%
%
&

, (3.8)
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N �12'
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symmetric in the flavor indices,2 remain massless and together saturate the ’t Hooft

anomaly matching condition for SU(8):

8 + 4 + N ! 12 = N . (3.13)

Note that both nonanomalous U1,2(1)’s are broken by the two condensates. Also the

discrete symmetry N ! is broken.

Actually, for some N a discrete symmetry survives the condensates of the form (3.7),

and the discrete anomaly matching must be taken into account.

3.2 Discrete symmetries

A discrete symmetry, a subgroup of U1(1) " U2(1) " N ! can survive the condensates,

(3.7). Under U(1)2

U1(1) : ! # ei !
N +2 ! ; " # e! i !

8 " ;

U2(1) : ! # ei "
N +2 ! ; # # e! i "

N " 2 # . (3.14)

whereas under ’s

! # e2! i k
N +2 ! ; k = 1, 2, . . . , N + 2 , (3.15)

# # e! 2! i #
N " 2 # , $= 1, 2, . . . , N ! 2 , (3.16)

" # e! 2! i m
8 " , m = 1, 2, . . .8 . (3.17)

The condensates respect part of the above, such that

k
N + 2

!
$

N ! 2
$ ,

k
N + 2

!
m
8

$ . (3.18)

Clearly there are no discrete surviving symmetry for odd N . For N even, the above shows

that there remains a 2 symmetry, for N = 4n, n $ , or a 4 symmetry, for N = 4n + 2,

n $ .

To be concrete, consider N = 14. The conditions above read in this case

k
16

!
$
12

$ ,
k
16

!
m
8

$ . (3.19)

The transformation

! # e! i/ 2! , # # e! ! i/ 2# , " # e! ! i/ 2" , (3.20)

2If the masslessB {AB } were antisymmetric in (A % B ), they would contribute 8 ! 4 = 4 to the SU(8)
anomaly. We would then needN ! 4 massless fermions of the form÷B A

j & ⌘A
j , but this is impossible as the

latter arises from the Abelianization of the rest of the color gauge group,SU(N ! 8).
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does not actually work.  

Discrete anomaly  !! 

Bolognesi, Shifman,  KK,  Ô18
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9
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3.2 Discrete symmetries

A discrete symmetry, a subgroup ofU1(1) " U2(1) " N ! can survive the condensates,
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! # e2! i k

N +2 ! ; k = 1, 2, . . . , N + 2 , (3.15)

# # e! 2! i #
N " 2 # , $= 1, 2, . . . , N ! 2 , (3.16)

" # e! 2! i m
8 " , m = 1, 2, . . . 8 . (3.17)

The condensates respect part of the above, such that

k
N + 2

!
$

N ! 2
$ ,

k
N + 2

!
m
8

$ . (3.18)

Clearly there are no discrete surviving symmetry for oddN . For N even, the above shows
that there remains a 2 symmetry, for N = 4n, n $ , or a 4 symmetry, for N = 4n + 2,
n $ .
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2If the masslessB { AB } were antisymmetric in (A % B ), they would contribute 8 ! 4 = 4 to the SU(8)
anomaly. We would then needN ! 4 massless fermions of the form÷B A
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j , but this is impossible as the

latter arises from the Abelianization of the rest of the color gauge group,SU(N ! 8).

9

generates 4, which is kept unbroken by! !" " and ! !# ". The 4 charge of (! , " , #) Þelds
are (1, # 1, # 1), Mod 4.

Consider the discreteSU(8)2
4 anomalies. In the UV, the only contribution is from

the # Þelds, which gives
N á1 á(# 1) = # N = # 14 . (3.21)

In the IR, #A
j (9 $ j $ N # 4) gives

2 á1 á(# 1) = # 2 , (3.22)

whereasB { AB } = ! ij #A
i #B

j contribute

1 á(8 + 2) á(# 1) = # 10 , (3.23)

total of
# 2 # 10 = # 12 . (3.24)

The di! erence is
# 14# (# 12) = # 2 %= 0 , Mod 4 . (3.25)

Thus the discreteSU(8)2
4 anomaly does not match in the UV and in the IR forN = 14.

A similar situation is found for all N of the form, 4n + 2, n = 3, 4, 5, . . ..

As for the discrete Grav2 4 anomaly, we count only the 4 charges and the multiplic-
ities: in the UV, it is

N á1 á(# 1) = N = # 14 , (3.26)

whereas in the IR, the value is

2 á1 á(# 1) +
8 á9

2
á(# 1) = # 38 . (3.27)

The di! erence is
38# 14 = 24 = 0 , Mod 4 . (3.28)

For N = 4n, the conditions

k
4n + 2

#
$

4n # 2
& ,

k
4n + 2

#
m
8

& . (3.29)

leaves a 2 symmetry generated by the transformations withk = 2n + 1, $ = 2n # 1 and
m = 4 . It is easy to verify that all the discrete anomalies involving 2 are matched in the
UV and in the IR.

The fact that the discrete anomaly matching does not work forN = 4n + 2 renders the
scenario discussed in [1], (3.7)-(3.10), less likely to be realized. There are however other
possibilities as discussed below.

10
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(vi)

Let us check thea coe! cient in the UV and in the IR. In UV:

1
360

!
62(N 2 ! 1) +

11
2

[N (N + 1) + N á2(N + 4)]
"

=
1

720
(157N 2 + 99N ! 124) . (5.80)

In the IR, with the scenario 5.4 or 5.5, one has

1
360

!
11
2

(8N + N (N ! 1)) + 3N 2 + 32N + 4
"

=
1

360

#
3N 2 + 76N + 4

$
, (5.81)

whereas in the more symmetric scenario, 5.6, thea coe! cient is

1
360

!
11
2

(8N + N (N ! 1)) + 3N 2 + 32N + 1
"

=
1

360

#
3N 2 + 76N + 1

$
. (5.82)

In both cases thea theorem is easily satisÞed.

On the other hand, the ACS criterion is that

f IR " f UV , (5.83)

where
f = NB +

7
8

NF . (5.84)

The free energy criterion by ACS gives, in the UV

f UV = 2( N 2 ! 1) +
7
4

(N (N + 1) + 2( N + 4) N ) =
1
4

(29N 2 + 63N ! 8) , (5.85)

whereas in the infrared for the scenario (5.5) :

f IR = 3N 2 + 32N + 1 +
7
4

(N (N ! 1) + 8N ) =
1
4

(19N 2 + 177N + 1) (5.86)

So
f UV ! f IR =

1
2

(5N 2 ! 57N ! 6) . (5.87)

This is positive only for N # 12.

6 (N! , N" ) = (3, 0)

Let us consider a further generalization of the!# model in [1]. The matter fermions are in

! { ij, m } , #B
i , m = 1, 2, 3 , B = 1, 2, . . . , 3(N + 4) , (6.1)

or
3 + 3( N + 4)

ø
. (6.2)
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The (continuous) symmetry of this model is

SU(N )c ! SU(3)f ! SU(3N + 12)f ! U(1) , (6.3)

whereU(1) is the anomaly-free combination ofU! (1) and U" (1),

U(1) : ! " ei # / 3(N +2) ! , " " e! i # / 3(N +4) " . (6.4)

The Þrst coe! cient of the beta function is

b=
1
3

[11N # 3(N + 2) # 3(N + 4)] =
5N # 18

3
, (6.5)

which is positive forN $ 4.

6.1 A simple solution

A simple solution, analogue of (5.4) of the (2, 0) model, is that the bifermion condensates

! { ij, m } " B
i , i, j = 1, 2, . . . , N, m = 1, 2, B = 1, 2, . . . , 3N , (6.6)

form, with no particular relations, breaking the symmetry to

SU(12) . (6.7)

As the color SU(N ) is broken, " B
i , B = 3N + 1, . . . , 3N + 12, remains massless, weakly

coupled, and saturatesSU(12)3 trivially. The NG bosons of the breaking

SU(3)f ! SU(3N + 12)f ! U(1) " SU(12) , (6.8)

can be described as in Appendix A.

6.2 Triple color-ßavor lockking

As in subsection 5.5, one may instead assume a triple color-ßavor locking here:

%! { ij , 1} " B
i &= C #j B , j, B = 1, 2, . . . N , (6.9)

%! { ij , 2} " B
i &= C" #j, ,B ! N , j, B = N + 1, N + 2, . . . 2N . (6.10)

%! { ij , 3} " B
i &= C"" #j, B ! 2N , j, B = 2N + 1, 2N + 2, . . . 3N . (6.11)

The symmetry realization is

SU(N )c ! SU(3)f ! SU(3N + 12)f ! U(1)f " SU(N )cf ! ÷U(1) ! SU(12) . (6.12)
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! Triple ÒColor-Flavor-FlavorÓ  locking

whereas in the IR

! á3 á
N (N ! 1)

2
!

1
2

á12N = !
3(N 2 + 3N )

2
. (6.27)

OK!

(v) SU(N )3: In UV, it is 3 N . In IR,

12 + 3(N ! 4) = 3N . (6.28)

(vi) SU(N )2 ÷U(1): In the UV,
! 3N , (6.29)

while in the IR,

! 3(N ! 2) !
1
2

á12 = ! 3N , (6.30)

also.

6.3 SU(3) symmetric phase

As in Subsection 5.6 one may assume a more symmetric form of the condensates

"! { ij , 1} " B
i #= C #j B , j, B = 1, 2, . . . N , (6.31)

"! { ij , 2} " B
i #= C #j, ,B ! N , j = 1, . . . , N, ; B = N + 1, N + 2, . . . 2N , (6.32)

"! { ij , 3} " B
i #= C #j, B ! 2N , j = 1, . . . , N, ; B = 2N + 1, 2N + 2, . . . 3N . (6.33)

with equal coe! cients. In this case, a diagonalSU(3) between SU(3)! and SU(3) $
SU(3N ) remains unbroken. The symmetry realization is then

SU(N )c %SU(3)f %SU(3N + 12)f %U(1)f

& SU(N )cf %SU(3) % ÷U(1) %SU(12) . (6.34)

There are two more triangles,SU(3)3 and SU(3)2 ÷U(1), in addition to six types of anomalies
considered in the previous Subsection. The charges with respect to thisSU(3) are

!

"
! ij, 1

! ij, 2

! ij, 3

#

$ ' 3 ;

!

"
" A" N

i

" N<A " 2N
i

" 2N<A " 3N
i

#

$ ' 3# . (6.35)

The massless baryons are

B A,C =
%

i,j

(! ij, 1" A" N
i " C

j + ! ij, 2" N<A " 2N
i " C

j + ! ij, 3" 2N<A " 3N
i " C

j ) ; C > 3N ; (6.36)
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%
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baryons

"  all 8 types of triangle
anomalies in IR   =  UV

Less symmetric cases OK!

Generalizations to !

Þelds SU(N )cf SU(12) SU(3) ÷U(1)

! 3 á 3N (N +1)
2 á(á) N (N +1)

2 á 1

" A! 3N 3 á(
ø

!

ø

) 3N 2 á(á) N 2 á
ø

" 1

" A> 3N 12á
ø

N á 12N á(á) " 1
2

B A < ,C> 12á
ø

N á 12N á(á) " 1
2

B [AB ],m 3 á

ø
3N (N " 1)

2 á(á) N (N " 1)
2 " 1

Table 7: Flavor-ßavor lockedSU(3) symmetric phase in the (3, 0) model, discussed in
Subsection 6.3

7 ConÞnement and unbroken symmetry in (N! , N#) =
(0, 1) model: a review

Let us Þrst review the (N! , N" ) = (0 , 1) model. This model was also studied by by
Appelquist-Duan-Sannino, by Poppitz and by ourselves. The matter fermions are

#[ij ] , ÷" B j , B = 1, 2, . . . , (N " 4) . (7.1)

The symmetry is
SU(N )c # SU(N " 4)f # U(1) , (7.2)

where the anomaly freeU(1) charge is

# : N " 4 ; ÷" B j : " (N " 2) . (7.3)

7.1 ConÞnement without XSB

Let us assume that the massless baryons are

B { CD } = #[ij ] ÷" i C ÷" j D , C, D = 1, 2, . . . (N " 4) , (7.4)

symmetric in CD. They have theU(1) charge:

" N . (7.5)

(i) U(1) In UV,
N (" N + 3)( N " 4)

2
(7.6)

In the IR,

" N á(N " 4)(N " 3)/ 2 = "
N (N " 3)(N " 4)

2
. (7.7)
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(vii)

the condensate
! !! " #= 0 , (7.15)

forms and! i 2 j 2 acquire dynamical masses.

Þelds SU(4)c SU(N $ 4)cf U!(1)

! i 1 j 1
(N " 4)(N " 5)

2 á(á)

ø

N

! i 1 j 2 (N $ 4) á
ø

4 á
ø N

2

! i 2 j 2

ø
4á3
2 á(á) 0

÷" A, i 1 (N $ 4)2 á(á) % $ N

÷" A, i 2 (N $ 4) á 4 á $ N
2

B { AB } (N " 4)(N " 3)
2 á(á) $ N

! i 2 j 2

ø
4á3
2 á(á) 0

Table 9: Color-ßavor locking in the (0, 1) model. The color indexi 1 or j 1 runs up to N $ 4.
The rest is indicated byi 2 or j 2.

8 (N#, N! ) = (0, 2)

Let us now consider a generalization of the! ÷" model: with

! m
[ij ] , ÷" B j , m = 1, 2, B = 1, 2, . . . , 2(N $ 4) . (8.1)

or

2

ø

+ 2( N $ 4) . (8.2)

b=
1
3

[11N $ 2(N $ 2) $ 2(N $ 4)] =
1
3

(7N + 12) . (8.3)

8.1 ConÞnement with no symmetry breaking in (N! , N" ) = (0 , 2)

The symmetry is
SU(2) & SU(N )c & SU(2N $ 8)f & U(1) , (8.4)

where the anomaly freeU(1) charge is

! : N $ 4 ; ÷" B j : $ (N $ 2) . (8.5)
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  cfr. (1,0) model

vs  (2,0), (3,0) models

! Color-ßavor-ßavor locking

(iv) U(1)
!
SU(N ! 4)2

cf : In the UV,

2(N ! 6) + 2
1
2

4 ! 4(N ! 4) !
1
2

á4 á2

= ! 2(N ! 2) . (8.20)

In the IR B { CD 1} and öB { CD 1} give

! 2(N ! 4 + 2) = ! 2(N ! 2) . (8.21)

8.3 Unbroken SU(2)

Assume instead
! A,B

j " " A
[ij ] ÷#i B (8.22)

acquires a color-ßavor locked diagonal VEV,

#" 1
[ij ] ÷#i B $= c! 3$B

j %= 0 , j, B = 1, 2, . . . , N ! 4 . (8.23)

and

#" 2
[ij ] ÷#i B $= c! 3$B ! (N ! 4)

j %= 0 , j = 1, 2, . . . , N ! 4 ; B = N ! 3, N ! 2, . . . , 2N ! 8 .
(8.24)

with the same coe" cients. The baryons are

B { CD } ,1 = " 1
[ij ] ÷#i C ÷#j D ; , C, D = 1, 2, . . . N ! 4 ; (8.25)

B { CD } ,2 = " 2
[ij ] ÷#i C ÷#j D ; , C, D = N ! 3, N ! 2, . . . 2(N ! 4) , (8.26)

symmetric in CD. The charges with respect to thisSU(2) are

!
" 1

[ij ]

" 2
[ij ]

"

& 2 ;
#

÷#A" N ! 4
i

#N ! 4<A " 2N ! 8
i

$
& 2# . (8.27)

Then the gauge and global symmetry breaking pattern is

SU(N )c ' SU(2) ' SU(2N ! 8)f ' U(1) ( SU(N ! 4)cf ' SU(2) ' U(1)
!
' SU(4)c . (8.28)

The charges of the Þelds with respect to the unbroken symmetries are in Table. The
saturation of all seven types of anomaly triangles can be seen by inspection. Note that the
SU(2)3 triangle is absent.

In contrast to the (0, 1) model studied earlier, a conÞning vacuum with unbroken ßavor
symmetry (no condensates) is not consistent. On the other hand, a color-ßavor locked
vacuum also considered as a possible scenario earlier, subsubsection 7.2, does generalize
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Symmetry
 breaking

Massless 
baryons
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¯

! m
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¯
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Table 10: Unbroken SU(2) symmetric phase in the (0, 2) model. i1, j1 indicate the color
indices up to N � 4; i2, j2 the last four.

naturally to the (0, 2) system.

Even though SU(2) has no triangle anomaly, the fermions ! m
[ij ] (i2, j> ) remain massless

and coupled strongly by the unbroken color SU(4)c. It is possible that they condense as

h#ijk ! ! m
ij ! n

k! i 6= 0 , m, n = 1, 2. (8.29)

As they are symmetric in m,n, the symmetry is broken as

SU(2) ! SO(2) = U(1) , (8.30)

in a scenario similar to tumbling.

9 (N$ , N! ) = (0, 3)

The model to be considered now is 5

! m
[ij ] , "̃ B j , m = 1, 2, 3, B = 1, 2, . . . , 3(N � 4) . (9.2)

or

3
¯

+ 3(N � 4) . (9.3)

b =
1

3
[11N � 3(N � 2)� 3(N � 4)] =

1

3
(5N + 18) . (9.4)

5ItÕs funny that the beta function seems to increase with the number of matter fermion families, instead
of decreasing.

7N + 12 � (5N + 18) = 2 N � 6 (9.1)

Well this is true for N  2. For N � 4 the situation is opposite. For N = 3 the Þrst coe! cient of the beta
function is independent of the number of the matter fermions!
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Unbroken SU(4)

cfr.  the second phase 
in the (0,1) model

Then the gauge and global symmetry breaking pattern is

SU(N )c ! SU(2) ! SU(2N " 8)f ! U(1) # SU(N " 4)cf ! SU(2) ! U(1)
!
! SU(4)c . (8.28)

The charges of the Þelds with respect to the unbroken symmetries are in Table. The
saturation of all seven types of anomaly triangles can be seen by inspection. Note that the
SU(2)3 triangle is absent.
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Table 10: SU(2) symmetric phase in the (0, 2) model. i 1, j 1 stand for the color indices up
to N " 4; i 2, j 2 the last four.

In contrast to the (0, 1) model studied earlier, a conÞning vacuum with unbroken ßavor
symmetry (no condensates) is not consistent. On the other hand, a color-ßavor locked vac-
uum also considered as a possible scenario earlier, Subsection 7.2, does generalize naturally
to the (0, 2) system.

Even thoughSU(2) has no triangle anomaly, the fermions! m
[ij ] (i 2, j > ) remain massless

and coupled strongly by the unbroken colorSU(4)c. It is possible that they condense as

$#ijk ! ! m
ij ! n

k! % &= 0 , m, n = 1, 2. (8.29)

As they are symmetric inm, n, the symmetry is broken as

SU(2) # SO(2) = U(1) , (8.30)

in a scenario similar to tumbling.

So after all theSU(2) is dynamically broken. The fate of the unbroken, residualSU(4)c

is similar to what happens in the second (XSB) scenario in Subsection 7.2.
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b=
1
3

[11N ! 3(N ! 2) ! 3(N ! 4)] =
1
3

(5N + 18) . (9.4)

The symmetry is
SU(N )c " SU(3) " SU(3N ! 12)f " U(1) , (9.5)

where the anomaly freeU(1) charge is

! : N ! 4 ; ÷" B j : ! (N ! 2) . (9.6)

9.1 ConÞnement and no ßavor symmetry breaking

Again, the option of conÞnement with no ßavor symmetry breaking is excluded.

9.2 Color-ßavor locking

Let us try to generalize the color-ßavor locking of the (N! , N" ) = (0 , 2) case to our
(N! , N" ) = (0 , 3) model, by assuming

#! 1
[ij ] ÷" i B $= c! 3#B

j %= 0 , j, B = 1, 2, . . . , N ! 4 . (9.7)

#! 2
[ij ] ÷" i B $= c! 3#B ! (N ! 4)

j %= 0 , j = 1, 2, . . . , N ! 4 ; N ! 3 & B & 2N ! 8 . (9.8)

and

#! 3
[ij ] ÷" i B $= c! 3#B ! (N ! 4)

j %= 0 , j = 1, 2, . . . , N ! 4 ; 2N ! 7 & B & 3N ! 12 . (9.9)

Then the gauge and global symmetry breaking pattern is

SU(N )c " SU(3N ! 12)f " U(1) ' SU(N ! 4)cf " U(1)
!
" SU(3) " SU(4)c . (9.10)

whereU(1)
!

is the unbroken linear combination between the anomaly freeU(1), (9.6), and
a subgroup of the colorSU(N ), diag(4 N ! 4, ! (N ! 4) 4). The would-beSU(3) multiplets
are:

!

"
#

! 1
[ij ]

! 2
[ij ]

! 3
[ij ]

$

%
& ( 3 ;

!

#
÷" A" N ! 4

i

" N ! 4<A " 2N ! 8
i

" 2N ! 8<A " 3N ! 12
i

$

& ( 3# . (9.11)

We assume that the massless baryons are

B { CD } ,1 = ! 1
[ij ] ÷" i C ÷" j D ; , C, D = 1, 2, . . . , N ! 4 ; (9.12)

öB { CD } ,2 = ! 2
[ij ] ÷" i C ÷" j D ; , C, D = N ! 3, . . . , 2(N ! 4) . (9.13)
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Let us try to generalize the color-ßavor locking of the (N! , N" ) = (0 , 2) case to our
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We assume that the massless baryons are

B {CD},1 = ! 1
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÷" i C ÷" j D ; , C, D = 1, 2, . . . , N ! 4 ; (9.12)
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But           still around and 
strongly coupled

Tumbling (?): 
 SU(4) conÞned

÷B { CD } ,3 = ! 3
[ij ] ÷" i C ÷" j D ; , C, D = 2N ! 7, . . . , 3(N ! 4) , (9.14)

symmetric in CD. These baryons transform as 3! .

Þelds SU(N ! 4)cf SU(3) U(1)
!

SU(4)c

! m
[i 1 j 1 ] 3 á

ø
(N " 4)(N " 5)

2 á 3(N " 4)(N " 5)
2 á(1) 3(N " 4)(N " 5)

2 á(á)

! m
[i 1 j 2 ] 12á(

ø
) 4(N ! 4) á 12(N ! 4) á( 1

2) 3(N ! 4) á
ø

! m
[i 2 j 2 ] 18á(á) 6 á 18á(0) 3 á

ø

÷" B i 1 3 á( + ) (N ! 4)2 á
ø

3(N ! 4)2 á(! 1) 3(N ! 4)2 á(á)

÷" B i 2 12á 4(N ! 4) á
ø

12(N ! 4) á(! 1
2) 3(N ! 4) á

B { CD } ,m 3 á (N " 4)(N " 3)
2 á

ø 3(N " 4)(N " 3)
2 á(! 1) 3(N " 4)(N " 3)

2 á(á)

! m
[i 2 j 2 ] 18á(á) 6 á 18á(0) 3 á

ø

Table 11: The decomposition of the Þelds in the (0, 3) model. The color indices are divided
into two groups: i 1, j 1 run up to N ! 4; i 2, j 2 the rest. Moreover, the color and ßavor
indices are combined as in Subsection 9.2

Unlike what happens to the (0, 2) model, or to the (3, 0) model, however, here the
unbroken SU(3) symmetry cannot be realized.SU(3)3 triangles do not match in the UV
and IR. See Table 11.

One possibility is that the condensates (9.7)-(9.9) take unequal values. WithSU(3)
broken, the baryonsB { CD } ,m saturate the anomalies inSU(N ! 4)cf " U(1)

!
" SU(4)c.

Another possibility, suggested by the presence of massless fermions! m
[ij ] (i > , j > ), which

interact strongly with the remaining gauge groupSU(4)c. The latter become strongly
coupled in the infrared, and it is possible that the condensates

##ijk ! ! m
ij ! n

k! $ %= 0 , m, n = 1, 2, 3. (9.15)

form. As they are symmetric inm, n, the symmetry is broken as

SU(3) & SO(3) (9.16)

which is free of anomalies. This is a kind of tumbling scenario.

40

whereU(1)
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is the unbroken linear combination between the anomaly freeU(1), (9.6), and
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Table 11: The decomposition of the Þelds in the (0, 3) model. The color indices are divided
into two groups: i 1, j 1 run up to N ! 4; i 2, j 2 the rest. Moreover, the color and ßavor
indices are combined as in Subsection 9.2

Unlike what happens to the (0, 2) model, or to the (3, 0) model, however, here the
unbroken SU(3) symmetry cannot be realized.SU(3)3 triangles do not match in the UV
and IR. See Table 13.

One possibility is that the condensates (9.7)-(9.9) take unequal values. WithSU(3)
broken, the baryonsB { CD } ,m saturate the anomalies inSU(N ! 4)cf # U(1)

!
# SU(4)c.

Another possibility, suggested by the presence of massless fermions! m
[ij ] (i > , j > ), which

interact strongly with the remaining gauge groupSU(4)c. The latter become strongly
coupled in the infrared, and it is possible that the condensates

$#ijk ! ! m
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(ix)

Þelds SU(N + 12) ÷U(1)
! 2 áN (N +1)

2 á(á) N + 12
" N (N ! 1)

2 á(á) ! (N + 12)

#A N á ! (N + 6)
! ii , 1 N á(á) N + 12
! ij , 2 N (N +1)

2 á(á) N + 12

!"# A " #A N á ! (N + 6)

Table 12: The decomposition of the Þelds in the (2, 1) model, assuming the complete
dynamical Abelianization.

10.2 Color-ßavor locking?

Another possibility is that a (partial) color-ßavor locking condensate

#! { ij } , 1#B
j $= const. $iB , i, B = 1, 2, . . . , N (10.13)

develops, where the direction of theSU! (2) breaking is Þxed arbitrarily. Let us assume
that there is no adjoint condensate, (10.6). The unbroken symmetry is

Gf = SU(N )cf %SU(12)f % ÷U(1), . (10.14)

where ÷U(1) charges are

Q! = 1 ; Q" = !
N ! 8
N ! 2

; Q# = ! 1 (10.15)

The candidate baryons are:
B CD,m = ! { ij } ,m #C

i #D
j (10.16)

An inspection shows that these baryons do not saturate theGf anomalies, and one con-
cludes that the phase (10.13), (10.14), is not possible.

10.3 Color-ßavor-ßavor locking

11 (N! , N" ) = (1, ! 1)

Consider now a model with

! { ij } , ÷" [ij ] , #A
i , A = 1, 2, . . . 2N , (11.1)
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that there is no adjoint condensate, (10.6). The unbroken symmetry is

Gf = SU(N )cf %SU(12)f % ÷U(1), . (10.14)

where ÷U(1) charges are
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; Q# = ! 1 (10.15)

The candidate baryons are:
B CD,m = ! { ij } ,m #C

i #D
j (10.16)

An inspection shows that these baryons do not saturate theGf anomalies, and one con-
cludes that the phase (10.13), (10.14), is not possible.

10.3 Color-ßavor-ßavor locking

11 (N! , N" ) = (1, ! 1)

Consider now a model with

! { ij } , ÷" [ij ] , #A
i , A = 1, 2, . . . 2N , (11.1)
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or

+ + 2N
ø

, (11.2)

i.e., a symmetric tensor, an antisymmetric tensor and 2N anti-fundamental multiplets of
SU(N ). It is anomaly free. It is asymptotically free, the Þrst coe! cient of the beta function
being,

b0 ! 11N " { N + 2 + N " 2 + 2N } = 7N > 0 . (11.3)

A nonvanishing instanton amplitude

#!! . . . !"" . . . "# ...#$ %= 0 (11.4)

involves N + 2 ! Õs,N " 2 " Õs and 2N #Õs. The symmetry of the system is

SU(N )c & SU(2N )f & U1(1) & U2(1) (11.5)

times some discrete symmetry. TheU(1) charges are:

U1(1) : Q! =
1

N + 2
; Q÷" = "

1
N " 2

; Q# = 0 , (11.6)

U2(1) : Q! =
1

N + 2
; Q÷" = 0 ; Q# = "

1
2N

, (11.7)

Possible baryon states are

B AB = ! { ij } #A
i #B

j ; öB AB = ÷" [ij ]#A
i #B

j (11.8)

both of which could form either symmetric or antisymmetric tensors in the ßavor.

11.1 ConÞnement with no condensates

ConÞnement without chiral symmetry breaking appears excluded: there is no wayB AB or
öB AB can match the UV SU(2N )f anomaly, N .

11.2 Color-ßavor locking

To start with, let us try a color-ßavor locking

#! { ij } #A
j $= c$iA " 3 , i, A = 1, 2, . . . , N . (11.9)

#÷" [ij ]#A
j $= c

!
$iA " 3 , i, A = 1, 2, . . . , N . (11.10)
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Possible baryon states are

B AB = ! { ij } #A
i #B

j ; öB AB = ÷" [ij ]#A
i #B

j (11.8)

both of which could form either symmetric or antisymmetric tensors in the ßavor.

11.1 ConÞnement with no condensates

ConÞnement without chiral symmetry breaking appears excluded: there is no wayB AB or
öB AB can match the UV SU(2N )f anomaly, N .

11.2 Color-ßavor locking

To start with, let us try a color-ßavor locking

#! { ij } #A
j $= c$iA " 3 , i, A = 1, 2, . . . , N . (11.9)

#÷" [ij ]#A
j $= c

!
$iA " 3 , i, A = 1, 2, . . . , N . (11.10)
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ConÞnement /w  no XSB?   ! Not possible

Color-ßavor locking!

Possible baryon states are

B AB = ! { ij } " A
i " B

j ; öB AB = ÷#[ij ]" A
i " B

j (11.8)

both of which could form either symmetric or antisymmetric tensors in the ßavor.

11.1 ConÞnement with no condensates

ConÞnement without chiral symmetry breaking appears excluded: there is no wayB AB or
öB AB can match the UV SU(2N )f anomaly, N .

11.2 Color-ßavor locking

To start with, let us try a color-ßavor locking

! ! { ij } " A
j " = c$iA ! 3 , i, A = 1, 2, . . . , N . (11.9)

! ÷#[ij ]" A
j " = c

!
$iA ! 3 , i, A = 1, 2, . . . , N . (11.10)

The symmetry breaking is

SU(N )c # SU(2N )f # U1(1) # U2(1) $ SU(N )cf # SU(N )f # ÷U(1) (11.11)

where ÷U(1) is an unbroken combination ofU1,2(1), with charges,

÷U1(1) : Q! = %1 ; Q÷" = %1 ; Q# = 1 ; (11.12)

Again let us list the Þelds and their decompositions in the low-energy symmetry groups.
Assuming that the only massless baryons areB AB , with A & N , B ' N , the anomaly
matching is obvious. See Table 14.

Þelds SU(N )cf SUf (N ) ÷U(1)

! á %1

# á %1

" A 1
ø

(

ø

á 1

" A 2 N á
ø

N á 1

B A 1B 2 N á
ø

N á 1

Table 14: The color-ßavor locking scheme for the (1, %1) model of Subsection 11.2. The
ßavor indicesA1, B1 stand for those up toN . A2, B2 for N + 1, . . . , 2N .
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Possible baryon states are
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Again let us list the Þelds and their decompositions in the low-energy symmetry groups.
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Assuming that the only massless baryons areB AB , with A & N , B ' N , the anomaly
matching is obvious. See Table 14.

Þelds SU(N )cf SUf (N ) ÷U(1)

! á %1

# á %1

" A 1
ø

(

ø

á 1

" A 2 N á
ø

N á 1

B A 1B 2 N á
ø

N á 1

Table 14: The color-ßavor locking scheme for the (1, %1) model of Subsection 11.2. The
ßavor indicesA1, B1 stand for those up toN . A2, B2 for N + 1, . . . , 2N .
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Possible baryon states are

B AB = ! { ij } " A
i " B

j ; öB AB = ÷#[ij ]" A
i " B

j (11.8)

both of which could form either symmetric or antisymmetric tensors in the ßavor.

11.1 ConÞnement with no condensates

ConÞnement without chiral symmetry breaking appears excluded: there is no wayB AB or
öB AB can match the UV SU(2N )f anomaly, N .

11.2 Color-ßavor locking

To start with, let us try a color-ßavor locking

! ! { ij } " A
j " = c$iA ! 3 , i, A = 1, 2, . . . , N . (11.9)

! ÷#[ij ]" A
j " = c

!
$iA ! 3 , i, A = 1, 2, . . . , N . (11.10)

The symmetry breaking is
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Again let us list the Þelds and their decompositions in the low-energy symmetry groups.
Assuming that the only massless baryons areB AB , with A & N , B ' N , the anomaly
matching is obvious. See Table 14.
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B AB = ! { ij } " A
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j ; öB AB = ÷#[ij ]" A
i " B

j (11.8)

both of which could form either symmetric or antisymmetric tensors in the ßavor.

11.1 ConÞnement with no condensates

ConÞnement without chiral symmetry breaking appears excluded: there is no wayB AB or
öB AB can match the UV SU(2N )f anomaly, N .

11.2 Color-ßavor locking

To start with, let us try a color-ßavor locking

! ! { ij } " A
j " = c$iA ! 3 , i, A = 1, 2, . . . , N . (11.9)

! ÷#[ij ]" A
j " = c

!
$iA ! 3 , i, A = 1, 2, . . . , N . (11.10)

The symmetry breaking is

SU(N )c # SU(2N )f # U1(1) # U2(1) $ SU(N )cf # SU(N )f # ÷U(1) (11.11)

where ÷U(1) is an unbroken combination ofU1,2(1), with charges,

÷U1(1) : Q! = %1 ; Q÷" = %1 ; Q# = 1 ; (11.12)

Again let us list the Þelds and their decompositions in the low-energy symmetry groups.
Assuming that the only massless baryons areB AB , with A & N , B ' N , the anomaly
matching is obvious. See Table 14.
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Table 14: The color-ßavor locking scheme for the (1, %1) model of Subsection 11.2. The
ßavor indicesA1, B1 stand for those up toN . A2, B2 for N + 1, . . . , 2N .
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Model aUV aIR Status
(1, 1) CFL (N ! 8) 135N 2

2 + 44N " 62 106N " 538
(1, 1) CFL (N # 8) 135N 2

2 + 44N " 62 " 2N 2 + 109N
2 + 2

(1, 1) Abelianiz. 135N 2

2 + 44N " 62 223N
2 " 61

(1, 0) No XSB 281N 2+99 N ! 248
4

11N 2+77 N +132
4

(1, 0) 281N 2+99 N ! 248
4

11N 2+109 N +4
4

(2, 0) (symm) 1
2(157N 2 + 99N " 124) 1

2(17N 2 + 141N + 2)
(2, 0) 1

2(157N 2 + 99N " 124) 1
2(17N 2 + 141N + 8)

(3, 0) 347N 2

4 + 297N
4 " 62 65N 2

4 + 519N
4 + 1

(0, 1) 281N 2

4 " 99
4 " 62 11

4 (N " 3)(N " 4)
(0, 2) 1

2(157N 2 " 99N " 124) 1
2(17N 2 " 125N + 228)

(0, 3) 1
4(347N 2 " 297N " 248) 1

4(65N 2 " 487N + 876)
(2, 1) 1

4(303N 2 + 275N " 248) 1
4(33N 2 + 297N + 16)

(1, " 1) 157N 2

2 " 62 15N 2

2 + 2

Table 16: Thea theorem

Model f UV f IR Status
(1, 1) CFL (N ! 8) 15N 2

4 + 14N " 2 4(4N " 7) ; (N ! 8)
(1, 1) CFL (N # 8) 15N 2

4 + 14N " 2 2 + 113N
4 " 2N 2 , (N # 8)

(1, 1) Abelianiz. 15N 2

4 + 14N " 2 71N
4 " 1 , $N

(1, 0) No XSB 1
8(37N 2 + 63N " 16) 7

8(N 2 + 7N + 12)
(1, 0) 1

8(37N 2 + 63N " 16) 1
8(7N 2 + 113N + 8)

(2, 0) symm 1
4(29N 2 + 63N " 8) 1

4(19N 2 + 177N + 4)
(2, 0) 1

4(29N 2 + 63N " 8) 1
4(19N 2 + 177N + 16) ( )

(3, 0) 79N 2

8 + 189N
8 " 2 85N 2

8 + 723N
8 + 8 X

(0, 1) 37N 2

8 " 63N
8 " 2 7

8(N " 3)(N " 4)
(0, 2) 1

4(29N 2 " 63N " 8) 1
8(19N 2 " 145N " 276) ( )

(0, 3) 1
8(79N 2 " 189N " 16) 1

8(85N 2 " 659N + 1212) X
(2, 1) 1

8(51N 2 + 175N " 16) 1
8(21N 2 + 189N + 32)

(1, " 1) 29N 2

4 " 2 15N 2

4 + 2

Table 17: The ACS Criterion
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The ÒaÓ theorem



Model aUV aIR Status
(1, 1) CFL (N ! 8) 135N 2

2 + 44N " 62 106N " 538
(1, 1) CFL (N # 8) 135N 2

2 + 44N " 62 " 2N 2 + 109N
2 + 2

(1, 1) Abelianiz. 135N 2

2 + 44N " 62 223N
2 " 61

(1, 0) No XSB 281N 2+99 N ! 248
4

11N 2+77 N +132
4

(1, 0) 281N 2+99 N ! 248
4

11N 2+109 N +4
4

(2, 0) (symm) 1
2(157N 2 + 99N " 124) 1

2(17N 2 + 141N + 2)
(2, 0) 1

2(157N 2 + 99N " 124) 1
2(17N 2 + 141N + 8)

(3, 0) 347N 2

4 + 297N
4 " 62 65N 2

4 + 519N
4 + 1

(0, 1) 281N 2

4 " 99
4 " 62 11

4 (N " 3)(N " 4)
(0, 2) 1

2(157N 2 " 99N " 124) 1
2(17N 2 " 125N + 228)

(0, 3) 1
4(347N 2 " 297N " 248) 1

4(65N 2 " 487N + 876)
(2, 1) 1

4(303N 2 + 275N " 248) 1
4(33N 2 + 297N + 16)

(1, " 1) 157N 2

2 " 62 15N 2

2 + 2

Table 16: Thea theorem

Model f UV f IR Status
(1, 1) CFL (N ! 8) 15N 2

4 + 14N " 2 4(4N " 7) ; (N ! 8)
(1, 1) CFL (N # 8) 15N 2

4 + 14N " 2 2 + 113N
4 " 2N 2 , (N # 8)

(1, 1) Abelianiz. 15N 2

4 + 14N " 2 71N
4 " 1 , $N

(1, 0) No XSB 1
8(37N 2 + 63N " 16) 7

8(N 2 + 7N + 12)
(1, 0) 1

8(37N 2 + 63N " 16) 1
8(7N 2 + 113N + 8)

(2, 0) symm 1
4(29N 2 + 63N " 8) 1

4(19N 2 + 177N + 4)
(2, 0) 1

4(29N 2 + 63N " 8) 1
4(19N 2 + 177N + 16) ( )

(3, 0) 79N 2

8 + 189N
8 " 2 85N 2

8 + 723N
8 + 8 X

(0, 1) 37N 2

8 " 63N
8 " 2 7

8(N " 3)(N " 4)
(0, 2) 1

4(29N 2 " 63N " 8) 1
8(19N 2 " 145N " 276) ( )

(0, 3) 1
8(79N 2 " 189N " 16) 1

8(85N 2 " 659N + 1212) X
(2, 1) 1

8(51N 2 + 175N " 16) 1
8(21N 2 + 189N + 32)

(1, " 1) 29N 2

4 " 2 15N 2

4 + 2

Table 17: The ACS Criterion
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Appequist-Cohen-Schmalz  f  criterion
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ÒGaugingÓ the 1-form ZN  symmetry    SU(N) YM   :  

Introduce the ÒU(N)Ó  gauge Þeld 

imposing the 1-form gauge invariance
where

NB (2) = dB(1) ,

B (1) ! B (1) + N ! , B (2) ! B (2) + d! .

a " aµdxµ , F (a) " da+ a2 , F µ! = " µa! # " ! aµ # [aµ, a! ] ;

a2 " a $ a , a %su(N ) a ! g! 1ag+ g! 1dg , g%SU(N )

÷a %u(N ) , ! " ! µdxµ %u(1)

a ! g! 1ag+ g! 1dg , g(x + L) = e2" i/N g(x) , (4.16)

expi
!

L
a ! e2" i/N expi

!

L
a (4.17)

The Dirac operators are

d + A ÷a + A# , d + ÷a + A$ . (4.18)

In order for these to be invariant, we need

A ÷a ! A ÷a + 2! . (4.19)

It means that the gauge invariant combinations are

A ÷a #
2
N

B (1) , A# #
2
N

B (1) , A$ +
1
N

B (1) , is (4.20)

Ð 30 Ð

The massless baryons (4.7) saturate all the anomalies associated withSU(N ! 4)cf "
U(1)!. As noted by Appelquist, Duan, Sannino [4], the ! i 2 j 2 fermions remain massless
and strongly coupled to theSU(4)c. We may assume thatSU(4)c conÞnes, and the
condensate

#!! $ %= 0 , (4.12)

in

ø

&

ø

'

ø

( . . . , (4.13)

forms and! i 2 j 2 acquire dynamically mass. Assume that the massless baryons are:

B { AB } = ! [ij ] ÷" i A ÷" j B , A, B = 1, 2, . . . (N ! 4) , (4.14)

Þelds SU(N ! 4)cf U!(1) SU(4)c

! i 1 j 1

ø

N (N " 4)(N " 5)
2 á(á)

! i 1 j 2 4 á
ø N

2 (N ! 4) á
ø

! i 2 j 2
4á3
2 á(á) 0

ø

÷" A, i 1 ( ! N (N ! 4)2 á(á)

÷" A, i 2 4 á ! N
2 (N ! 4) á

B { AB } ! N (N " 4)(N " 3)
2 á(á)

Table 11 . Color-ßavor locking in the (0, 1) model. The color index i 1 or j 1 runs up to
N ! 4. The rest is indicated by i 2 or j 2.

4.3 Mixed anomalies

As in the (1, 0) model, there is a color-ßavor locked center symmetry

A! ' A! + 2# , A" ' A" ! # , (4.15)

together with the U(N ) gauge Þelds

a ' ÷a ) a +
1
N

B (1)
c N ; F (a) ' ÷F (÷a) = F (a) + B (2)

c N

÷a ' ÷a + # N

Ð 29 Ð

where
NB (2) = dB(1) ,

B (1) ! B (1) + N ! , B (2) ! B (2) + d! .

a " aµdxµ , F (a) " da+ a2 , F µ! = " µa! # " ! aµ # [aµ, a! ] ;

a2 " a $ a , a %su(N ) a ! g! 1ag+ g! 1dg , g%SU(N )

÷a %u(N ) , ! " ! µdxµ %u(1)

a ! g! 1ag+ g! 1dg , g(x + L) = e2" i/N g(x) , (4.16)

expi
!

L
a ! e2" i/N expi

!

L
a (4.17)

The Dirac operators are

d + A ÷a + A# , d + ÷a + A$ . (4.18)

In order for these to be invariant, we need

A ÷a ! A ÷a + 2! . (4.19)

It means that the gauge invariant combinations are

A ÷a #
2
N

B (1) , A# #
2
N

B (1) , A$ +
1
N

B (1) , is (4.20)

Ð 30 Ð

where
NB (2) = dB(1) ,

B (1) ! B (1) + N ! , B (2) ! B (2) + d! .

a " aµdxµ , F (a) " da+ a2 , F µ! = " µa! # " ! aµ # [aµ, a! ] ;

a2 " a $ a , a %su(N ) a ! g! 1ag+ g! 1dg , g%SU(N )

÷a %u(N ) , ! " ! µdxµ %u(1)

a ! g! 1ag+ g! 1dg , g(x + L) = e2" i/N g(x) , (4.16)

expi
!

L
a ! e2" i/N expi

!

L
a (4.17)

The Dirac operators are

d + A ÷a + A# , d + ÷a + A$ . (4.18)

In order for these to be invariant, we need

A ÷a ! A ÷a + 2! . (4.19)

It means that the gauge invariant combinations are

A ÷a #
2
N

B (1) , A# #
2
N

B (1) , A$ +
1
N

B (1) , is (4.20)

Ð 30 Ð
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where
NB (2) = dB(1) ,

B (1) ! B (1) + N ! , B (2) ! B (2) + d! .

a " aµdxµ , F (a) " da+ a2 , F µ! = " µa! # " ! aµ # [aµ, a! ] ;

a2 " a $ a , a %su(N ) a ! g! 1ag+ g! 1dg , g%SU(N )

÷a %u(N ) , ! " ! µdxµ %u(1)

a ! g! 1ag+ g! 1dg , g(x + L) = e2" i/N g(x) , (4.16)

expi
!

L
a ! e2" i/N expi

!

L
a (4.17)

The Dirac operators are

d + A ÷a + A# , d + ÷a + A$ . (4.18)

In order for these to be invariant, we need

A ÷a ! A ÷a + 2! . (4.19)

It means that the gauge invariant combinations are

A ÷a #
2
N

B (1) , A# #
2
N

B (1) , A$ +
1
N

B (1) , is (4.20)

Ð 30 Ð

!

SU(N) / ZN   gauge th

where
NB (2) = dB(1) ,

B (1) ! B (1) + N ! , B (2) ! B (2) + d! .

1
8" 2

!

! 4

tr F 2 "!
1

8" 2

!

! 4

tr ( ÷F (÷a) " B (2)
c )2 (4.16)

=
1

8" 2

!
tr ( ÷F (÷a))2 "

N
8" 2

!
(B (2)

c )2 = "
N

(4.17)

1
8" 2

!

! 4

tr F 2 =
1

32" 2

!
d4x F A

µ!
÷F A

µ! # (4.18)

a $ aµdxµ , F (a) $ da+ a2 , F µ! = #µa! " #! aµ " [aµ, a! ] ;

a2 $ a %a , a # su(N ) a ! g! 1ag+ g! 1dg , g# SU(N )

÷a # u(N ) , ! $ ! µdxµ # u(1)

a ! g! 1ag+ g! 1dg , g(x + L) = e2" i/N g(x) , (4.19)

expi
"

L
a ! e2" i/N expi

"

L
a (4.20)

The Dirac operators are

d + A ÷a + A# , d + ÷a + A$ . (4.21)

In order for these to be invariant, we need

A ÷a ! A ÷a + 2! . (4.22)

It means that the gauge invariant combinations are

A ÷a "
2
N

B (1) , A# "
2
N

B (1) , A$ +
1
N

B (1) , is (4.23)

Ð 30 Ð

where
NB (2) = dB(1) ,

B (1) ! B (1) + N ! , B (2) ! B (2) + d! .

1
8" 2

!

! 4

tr F 2 "!
1

8" 2

!

! 4

tr ( ÷F (÷a) " B (2)
c )2 (4.16)

=
1

8" 2

!
tr ( ÷F (÷a))2 "

N
8" 2

!
(B (2)

c )2 = "
N

(4.17)

1
8" 2

!

! 4

tr F 2 =
1

32" 2

!
d4x F A

µ!
÷F A

µ! # (4.18)

a $ aµdxµ , F (a) $ da+ a2 , F µ! = #µa! " #! aµ " [aµ, a! ] ;

a2 $ a %a , a # su(N ) a ! g! 1ag+ g! 1dg , g# SU(N )

÷a # u(N ) , ! $ ! µdxµ # u(1)

a ! g! 1ag+ g! 1dg , g(x + L) = e2" i/N g(x) , (4.19)

expi
"

L
a ! e2" i/N expi

"

L
a (4.20)

The Dirac operators are

d + A ÷a + A# , d + ÷a + A$ . (4.21)

In order for these to be invariant, we need

A ÷a ! A ÷a + 2! . (4.22)

It means that the gauge invariant combinations are

A ÷a "
2
N

B (1) , A# "
2
N

B (1) , A$ +
1
N

B (1) , is (4.23)

Ð 30 Ð

fractional topological
charge

back to p.21

The massless baryons (4.7) saturate all the anomalies associated withSU(N ! 4)cf "
U(1)!. As noted by Appelquist, Duan, Sannino [4], the ! i 2 j 2 fermions remain massless
and strongly coupled to theSU(4)c. We may assume thatSU(4)c conÞnes, and the
condensate

#!! $ %= 0 , (4.12)

in

ø

&

ø

'

ø

( . . . , (4.13)

forms and! i 2 j 2 acquire dynamically mass. Assume that the massless baryons are:

B { AB } = ! [ij ] ÷" i A ÷" j B , A, B = 1, 2, . . . (N ! 4) , (4.14)

Þelds SU(N ! 4)cf U!(1) SU(4)c

! i 1 j 1

ø

N (N " 4)(N " 5)
2 á(á)

! i 1 j 2 4 á
ø N

2 (N ! 4) á
ø

! i 2 j 2
4á3
2 á(á) 0

ø

÷" A, i 1 ( ! N (N ! 4)2 á(á)

÷" A, i 2 4 á ! N
2 (N ! 4) á

B { AB } ! N (N " 4)(N " 3)
2 á(á)

Table 11 . Color-ßavor locking in the (0, 1) model. The color index i 1 or j 1 runs up to
N ! 4. The rest is indicated by i 2 or j 2.

4.3 Mixed anomalies

As in the (1, 0) model, there is a color-ßavor locked center symmetry

A! ' A! + 2# , A" ' A" ! # , (4.15)

together with the U(N ) gauge Þelds

a ' ÷a ) a +
1
N

B (1)
c N ; F (a) ' ÷F (÷a) = F (a) + B (2)

c N

÷a ' ÷a + # N

Ð 29 Ð



where
NB (2) = dB(1) , (4.18)

B (1) ! B (1) + N ! , B (2) ! B (2) + d! . (4.19)

a " aµdxµ , F (a) " da+ a2 , F µ! = " µa! # " ! aµ # [aµ, a! ] ; (4.20)

a2 " a $ a , a %su(N ) a ! g! 1ag+ g! 1dg , g%SU(N ) (4.21)

÷a %u(N ) , ! " ! µdxµ %u(1) (4.22)

The Dirac operators are

d + A ÷a + A" , d + ÷a + A# . (4.23)

In order for these to be invariant, we need

A ÷a ! A ÷a + 2! . (4.24)

It means that the gauge invariant combinations are

A ÷a #
2
N

B (1) , A" #
2
N

B (1) , A# +
1
N

B (1) , is (4.25)

Ð 30 Ð

(*)

Appendix:    Differential forms

where
NB (2) = dB(1) ,

B (1) ! B (1) + N ! , B (2) ! B (2) + d! .

1
8" 2

!

! 4

tr F 2 "!
1

8" 2

!

! 4

tr ( ÷F (÷a) " B (2)
c )2 (4.16)

=
1

8" 2

!
tr ( ÷F (÷a))2 "

N
8" 2

!
(B (2)

c )2 = "
N

(4.17)

1
8" 2

!

! 4

tr F 2 =
1

32" 2

!
d4x F A

µ!
÷F A

µ! # (4.18)

a $ aµdxµ , F (a) $ da+ a2 , F µ! = #µa! " #! aµ " [aµ, a! ] ;

a2 $ a %a , a # su(N ) a ! g! 1ag+ g! 1dg , g# SU(N )

÷a # u(N ) , ! $ ! µdxµ # u(1)

a ! g! 1ag+ g! 1dg , g(x + L) = e2" i/N g(x) , (4.19)

expi
"

L
a ! e2" i/N expi

"

L
a (4.20)

The Dirac operators are

d + A ÷a + A# , d + ÷a + A$ . (4.21)

In order for these to be invariant, we need

A ÷a ! A ÷a + 2! . (4.22)

It means that the gauge invariant combinations are

A ÷a "
2
N

B (1) , A# "
2
N

B (1) , A$ +
1
N

B (1) , is (4.23)

Ð 30 Ð



Monopole condensation, conÞnement and Susy breaking

W = (Aµ, ! ), ! = (" , # )N=2  susy SU(2) gauge theory 

with

Physics depends on 

! " # $ % &

! !'(

! ('%

('%

!'(

Konishi Õ96

Evans, Hsu, Schwetz Õ96

Back
 to
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7Similar behavior of the standard QCD vacua

from  Leff   with nonzero  mu , md 
Di Vecchia, Veneziano  Õ80  



SU(N) with Nf  Weyl fermions in adjoint repr.
Anber, Poppits       Ô

18

Shimizu, Yonekura  Ô18

etc., so forSU(N ), N = 6 , 10, 14, Nf (R) = 1 , n = N/ 2, one has

2TR = 6 , 2TR =
8 á7 á6 á5

4!
= 70 , 2TR =

12á11á á á7
6!

= 924 , (10.14)

so SU(6), SU(10) are asymptotically free, SU(14) is not.
For SU(10) the 1-form gauging breaks

70 ! 14 , (10.15)

leaving 5 vacua.

11 Anber-Poppitz
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SUf(2)   symmetric vacuum with

with massless baryons  

mixed anomaly

ok w/  all anomalies

cfr.   

É..  power and limit of anomaly consideration É..  back to p.24

Cordoba, Dumitrescu,Ô18
Anber, Poppits   

!

! chiral symmetry must be broken sp.ly

! IR theory likely an IRFP conformal theory  /  Infrared free

! IR theory  ??? 

http://sp.ly


¥  Global flavor SU(N)CF symmetry unbroken (no Nambu-Goldstone bosons in 4D)

¥  Soliton monopole-vortex complex breaks it to   SU(N-1)xU(1)  
      !  orientational zeromodes  (can ßuctuate)

b(z,t)

�ª���«  !    m   

SU(N+1)     SU(N) x U(1)       

�ª Q�«  !    #  m $  

 1

¥  Gauge symmetry completely (hierarchically) broken

endow the monopole
with ßuctuating CPN-1  modes

b(t)

=  Origin of the dual gauge group

¥  The monopole  ~   N of a new (dual) SU(N) ---  isometry group of  CPN-1 

¥ N.B. M-V-M as a whole is neutral (a singlet) : monopoles are confined.     (A dual model of quark confinement) 

Monopole-vortex connections

Back to p.27





a  and  c  coefÞcients for free particles
(Euler ) = R2

µ!"# ! 4R2
µ! + R2 , (B.34)

the general result is (e.g., review by M. Duff)
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OK.

C a and c ÓtheoremÓ for realworldNf ßavor SU(Nc) QCD
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In general, for generalNf andNc, no relations can be found. However, by using the AF condition,
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This is correct because only in AF theories the system becomes strongly coupled in the IR and

produces massless pions.
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 � For N=2 hypermultiplet   (pair of chiral multiplets Q and Q bar):

 � For N=2 vector multiplet: 

Back to p.37

 �

(Euler ) = R2
µ!"# ! 4R2

µ! + R2 , (B.34)

the general result is (e.g., review by M. Duff)

c =
1

120
(NS + 6 NF + 12 NV ) ; a =

1
360

(NS + 11 NF + 62 NV ) (B.35)

whereNF is the number of Dirac fermions. A check is: for aN = 2 hypermultiplet,NF = 1,

NS = 4, so

a =
1

360
(4 + 11) =

1
24

; c =
1

120
(4 + 6) =

1
12

. (B.36)

For aN = 2 vector multiplet,NV = 1, NF = 2, NS = 2, so

a =
1

360
(2 + 11 + 62) =

5
24

; c =
1

120
(2 + 6 + 12) =

1
6

. (B.37)

OK.

C a and c ÓtheoremÓ for realworldNf ßavor SU(Nc) QCD

In the UV we have freeN 2
c ! 1 vectors andNf Nc Dirac fermions (Asymptotic freedom!) so

cUV =
1
20

Nf Nc +
N 2

c ! 1
10

; aUV =
11Nf Nc

360
+

31
180

(N 2
c ! 1) , (C.38)

whereas in the IR we have (Infrared freedom!) free pions,N 2
f ! 1 of them, so

cIR =
N 2

f ! 1

120
; aIR =

N 2
f ! 1

360
. (C.39)

In general, for generalNf andNc, no relations can be found. However, by using the AF condition,

11Nc ! 2Nf > 0 , Nf <
11
2

Nc , (C.40)

one has

cIR <
Nf

120
á

11Nc

2
<

1
20

Nf Nc < cUV ; (C.41)

and

aIR <
N 2

f

360
<

Nf

360
á

11Nc

2
=

11Nf Nc

720
<

11Nf Nc

360
< a UV . (C.42)

This is correct because only in AF theories the system becomes strongly coupled in the IR and

produces massless pions.

12

(Euler ) = R2
µ!"# ! 4R2

µ! + R2 , (B.34)

the general result is (e.g., review by M. Duff)

c =
1

120
(NS + 6 NF + 12 NV ) ; a =

1
360

(NS + 11 NF + 62 NV ) (B.35)

whereNF is the number of Dirac fermions. A check is: for aN = 2 hypermultiplet,NF = 1,

NS = 4, so

a =
1

360
(4 + 11) =

1
24

; c =
1

120
(4 + 6) =

1
12

. (B.36)

For aN = 2 vector multiplet,NV = 1, NF = 2, NS = 2, so

a =
1

360
(2 + 11 + 62) =

5
24

; c =
1

120
(2 + 6 + 12) =

1
6

. (B.37)

OK.

C a and c ÓtheoremÓ for realworldNf ßavor SU(Nc) QCD

In the UV we have freeN 2
c ! 1 vectors andNf Nc Dirac fermions (Asymptotic freedom!) so

cUV =
1
20

Nf Nc +
N 2

c ! 1
10

; aUV =
11Nf Nc

360
+

31
180

(N 2
c ! 1) , (C.38)

whereas in the IR we have (Infrared freedom!) free pions,N 2
f ! 1 of them, so

cIR =
N 2

f ! 1

120
; aIR =

N 2
f ! 1

360
. (C.39)

In general, for generalNf andNc, no relations can be found. However, by using the AF condition,

11Nc ! 2Nf > 0 , Nf <
11
2

Nc , (C.40)

one has

cIR <
Nf

120
á

11Nc

2
<

1
20

Nf Nc < cUV ; (C.41)

and

aIR <
N 2

f

360
<

Nf

360
á

11Nc

2
=

11Nf Nc

720
<

11Nf Nc

360
< a UV . (C.42)

This is correct because only in AF theories the system becomes strongly coupled in the IR and

produces massless pions.
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For real-world QCD:



ConÞnement and RG ßow

red curves= deformations

by some relevant operators



RG ßows
N=2 SCFTReal-world  QCD  

N=0  SCFT
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This is correct because only in AF theories the system becomes strongly coupled in the IR and

produces massless pions.
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This is correct because only in AF theories the system becomes strongly coupled in the IR and

produces massless pions.
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(Euler ) = R2
µ!"# # 4R2
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the general result is (e.g., review by M. Duff)
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whereNF is the number of Dirac fermions. A check is: for aN = 2 hypermultiplet,NF = 1,

NS = 4, so
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For aN = 2 vector multiplet,NV = 1, NF = 2, NS = 2, so
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OK.

C a and c ”theorem” for realworld Nf flavor SU(Nc) QCD

In the UV we have freeN 2
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cUV =

1

20

Nf Nc +
N 2

c # 1

10

; aUV =

11Nf Nc

360

+

31

180

(N 2
c # 1) , (C.40)

whereas in the IR we have (Infrared freedom!) free pions,N 2
f # 1 of them, so
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In general, for generalNf andNc, no relations can be found. However, by using the AF condition,
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This is correct because only in AF theories the system becomes strongly coupled in the IR and

produces massless pions.
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This is correct because only in AF theories the system becomes strongly coupled in the IR and
produces massless pions.

12

Nf <
11
2

Nc

Bolognesi, Giacomelli, KK Ô16

in adjoint repr of GF


