Problems Chapter 15

Quantum M echanics
K. Konishi, G. Paffuti

I Problem 1

Write the classical eguation of motion for a plane harmonic oscillator and compute the shift in the frequencies due to a magnetic field directed
perpendicular to the plane.

® Solution

The classical equations of motion are

d?r e
m—— = -kr + —vaB. (1.1)
dt 2 c
With
5 k . ) eB'
wp = —,; W= —,
m mc
in cartesian coordinates eq(1) become
d? x dy d?y dx
—:—wSXJrZa)L—; —:—w%y—ZwL—.
dt? dt dt? dt
For ¢ = x+ i y one can obtain, by summing ¢ times the second equation to the first:
d2¢ de
. _BE-2iw —. (1.2)
dt? dt

The ansatz £ = Exp[i « t] givesfor «

—o? = —wd v 2w > o= —w AW W .

We have two independent oscillations with frequencies

w+:ww(2)+wf + WL = Wo + WL, w,=ww§+wf - WL = Wo - WL .

I Problem 2

Sudy the effect of a magnetic field on the n=2 level of Hydrogen atom.

@® Solution

m  General considerations

In a generic case the magnetic interaction can be of the same order of the fine structure splitting. Both Hamiltonian matrix Hg and Hes, for magnetic

field and fine structure respectively, must be taken and diagonalized. In absence of these interactions it is assumed that the system has a complete set
of Hamiltonian eigenstates {o, L, L,, S, S;)where @ stands for additiona quantum numbers needed to specify the state, for instance the

principal quantum number for the Hydrogen atom. It is assumed from now on that z is taken along the B field.

This problem is a typical perturbation problem on a degenerate level., the degeneracy being, in the general case, (2L+1)(2S+1). The subspace with
fixed quantum numbers @ is spanned by the vectors |o, L, L,, S, S;). An aternative choice is to use the Clebsch Gordan coefficients to

construct eigenstates of Jand J :
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fo, 3, 3, L, S)= Dlja, L Ly S S (L L, S, S 13, 3., L, S) (2.1)
L, S,

The Hamiltonian Hg+ Hes (and also the unperturbed Hamiltonian) commutes with J,, i.e. states with different J, do not mix under the perturbation,

for thisreason base (1) is somewhat preferred.
WithQ =7 w,, w =eB/2mc = Larmor freguency, the Hamiltonian Hs takes the form

o= 0 (L +2S,). (2.2)

This Hamiltonian acts directly on angular momentum variables, i.e. do not interfere with quantum numbers like @, for example radial coordinates. Its
matrix elements are simply written as (we omit inessential variablesin the following)

(a, I, 3z 1 He Lo, 3, Jz) = Qcala)y (I, Iz | (L +2S) | J, Jz).
We remember ( seetext ) that from Wigner Eckart theorem the diagonal matrix elementsof L, + 2 S, inside a subspace at fixed J, L, Sare given by

JJ+1) -L((L+1) +S(S+1)
93 Jz; gy=1+ = Landé factor (2.3)
2J (J+1)

m The Hydrogen atom

Let us consider the n = 2 level of the Hydrogen atom. This level has an additional degeneracy 2s-2p, but as the interaction Hg  commutes with parity
the even and odd subspaces of states (s and p) do not mix with each other.
o 2s-level

We have L=0, S=1/2 and for the Landé factor we have g = 2. The double degenerate level 2s 1 ,, splitsin
(Ezs,, +23:9) = BEps,, £ Q (2.4)

o 2p-level

We have two terms, 2p; .and 2ps,», with energies E; ,, and E3,», eigenvalues of the Hamiltonian perturbed by the LS interaction, and other

relativistic corrections. The total multiplicity is 6, the sum of the dimension of the two subspace, which would be degenerate without fine structure
interaction. This degeneracy is also equal to 6 = (2L+1)(2S+1) aswe have L=1 and S=1/2.

To write the matrix elements of Hg we use Clebsch Gordan decomposition:

|3 3) = 1D |35 |3 3) = 1L |35

1 2 2
3 1 1 1. 1 1 1 1.
2 2) - 3 D [-2) 3 10> | 3); A 3 D 1-2) - 3 10> [ 3); (2.5)

2 1 1 2
B N L R e e S T e L N PRt Bk

On the lhs we write the states J, J,, on the rhs we omitted the indication of L,S, as these numbers are fixed.

N w

As J,isconserved the two states with J, = + 3/2 do not mix, asthey areisolated. As

3 3 1 3 3
(L, +2S,) ‘7, J_r7> - (L, +2S,) (\¢1> \i5>) -2 ‘7, J_r7>.
2 2 2 2
For these two states the energies are
Espx 2Q. (2.6)

The Landé factorsfor the two terms are g3,2=4/3; g1,2= 2/3. The value (6) correspond to g; J,for g = 4/3, as expected.

For the 2p, ,, states one has easily, from the Clebsch Gordan decomposition:

L, +2 —y — — 0 1y, L, +2 - — — 0 1y,
(Z SZ) ‘ 1 >* ‘ >‘2>1 (Z SZ) ‘ 1 >*7 ‘ >‘2>1
L 2 = 0 Ly, L 2 = 0 Ly,
(Lz +25;) ‘*, **> = - - | >|*§>v (L; +2S;) ‘—, **> = - — | >|*§>:

By making the scalar products with kets (5) one has that J,= * 1/2 blocks do not mix, in agreement with conservation of J,, and the Hamiltonian
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decompose in two blocks 2x2

A+ 20 7%9 a-20 7%9
Hi2 = Erjp + ;o Hipo = B + (2.7)
V2 oo 1, vz o _1g
) 3 T3 "3
The two entries correspond to states with J = 3/2, 1/2 respectively. We used A = E3 - E; ,, for the fine structure splitting.
Introducing the dimensionless parameter x = Q)/A the eigenvalues are
1
S Q as B> 0
L13:3x - \/9+6x+9x2 :
5 +9 X +0X +9X - 1
1 =N as B> o
J, = —: A 3
2 2
A+2Q asB- 0
é[3+3x+\/976x+9x2)e{ e %
Q as B-
(2.8)
1
-ZQ as B- 0
%[373x7x/976x+9x2)»{ 3 -
1 -Q as B o
‘]Z:_E' & ) A-20 asB- 0
5 (373x - /9-6x+9x? j N {

A as B- w

From eq (8) one sees that for B— 0 one recovers the usual small field Zeeman effect.

The splitting 1 and 5 in the preceding equation give + (/3. For states with J,= +1/2 this correspond to the Landé factor for the state J=1/2.

The splitting 3, 7 in (8) give A + 2Q/3 which, for states with J,= +1/2, corresponds to a Landé factor 4/3, i.e. to a J=3/2 term. These level are the
partners of states (6) in the Zeeman splitting of the level J=3/2.

In the large field limit (or A - 0 ), from (8) we get the shifts +2/3 (), 0 (double deg.). From (6) the shifts + 2Q). These six levels correspond to
eigenstates of J,, without LS interaction. Thisis called the Paschen-Back limit.

o Level crossing and Lamb shift
As it is apparent form the B—0 limit in (8) the eigenvalues 1 and 3 are those corresponding to the 2p ,,states in absence of B field. The first of this
eigenvalues grows with B. For small x

X 2

— - —X
3 9

A1 = A 2

= — 23 = A
3

These values are in agreement with Landé factors.

We know that in Hydrogen the 2s level is dlightly higher than the 2p level, the splitting is named Lamb shift, and it is due to radiative corrections. In
presence of a magnetic field the J,= - 1/2 component of the 2s level has a decreasing energy, while the J,= + 1/2 component of the 2p; ,» level

grows: for a certain field there will be a crossing.

We know that the two opposite parity levels 2s, 2p mix in presence of an electric field (Lo Surdo-Stark effect), the amount of mixing being maximal
for degenerate states. This means that by tuning the magnetic field one can control the mixing and, for instance, control the decay of the metastable 2s
state viamixing with the 2p. Thisin fact is the principle on which the Lamb experiment has been projected.

To be quantitative the energies we have to compare are

1
Exs - @ Eio+ A— (3+3x - J9+6x+9x%? J
6

With F = E; 5 - E; ,»for the Lamb shift we have crossing for

1
F=0+A— (3+3x - J9+6x+9x? ]
6

Experimentally

i

F A

— =~ 1058 MHz; — = 10969 MHiz; @ = 1.3996B (gauss) MHz.
h h

We have crossing for B ~ 600 gauss.

The discussion has not taken into account the hyperfine structure, which actually cannot be neglected.
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Problem 3

Let us consider a fine structure doublet, S=1/2 and L > 0. Sudy the effect of a magnetic field on the system.

@® Solution

This problem is a generalization of the previous one for generic L.

The effective Hamiltonian for LS coupling and an external magnetic field along zis
1
V=Q({L,+2S)+AL-S= Q(L;+2S;) +A|L;S;+— (L,S +L_S,)]|. (3.1)
2

With @ =% w_, w =eB/2mc = Larmor frequency.
J, isconserved even in presence of amagnetic field. We call M the eigenvalue of L, and My the eigenvalue of J.
The multiplicity of thelevel is (2L+1) 2.

Stateswith My= £ (L+1/2) are isolated eigenstates of V with eigenvalues

1 A
Q L+2x—]+—1L. (3.2)
2 2

1 A
L+2x7]+fL; -Q
2 2

There are 2L more couples of states with M<L for afixed My. A basis for the subspace at fixed M is
M Z) = M- g) Lg) [Mel [5) = M g) [ 5) (3.3)

Hamiltonian matrix elements can be written by using

(Me1 L[ M =~/ (LiMi1) (L-M .

A similar formulaworks for the adjoint operator L_. One obtainsin the basis (3)

AY+0 (M+1) SVLeMe1) (L-M
(3. 4)
AVLeMeL) (LM AN oM
with eigenvalues
2
M=-—+— (2M+1) - — Q2+A2[L+7J +AQ (2M+1) ;

(3.5)

A o 1 132
dpg=-—+— (2M+1) + — [P +A2 L+ —| +AQ (2M+1)
4 2 2 2

The reader can verify that for L = 1 these eigenval ues reproduce those found for the 2p level of the Hydrogen atom.

We can write the eigenvalues as a function of My by using M = Mj-1/2: as M changes Mytakes all the values except | My |= L+1/2. The result (5)

takes the form

A 1 12

M=-—+QM-— |2+ A2 L+—] +2AQM ;
4 2 2

(3.6)

A 1 1,2

do=-—+QM+— |2+ A2 [L+7] +2A0M
4 2 2

Problem 4

Parametrize the effect of spin-spin and spin-orbit interactions in Russell-Saunders coupling approximation.
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@® Solution

Therelativistic corrections for spin orbit and spin spin interactions have the form

ze?
0227La'3a; (4-1)
a 2mtc2rd
e2
Usoo = ) —————— (= (Sa+25p) - (fap~P,) + (So+2Sa) - (Tab~Py)) (4.2)
am2ntc2rd,
e? (Sa-Tapb) (Sp-Tap)
Uss = 273 Sa-Sp - 3 2 (4.3)
a M c2r 3y o

wherer ap =rp - I 5 and the indexes a, b run on electrons.

The operators (1) and (2) are products of vectors of orbital variables and vectors in spin variables. The Wigner-Eckart theorem asserts that each of
these operators is proportional to L or Swithin amultiplet with fixed L and S. In the general case the contribution of (1) and (2) has the form

AL . S, (4. 4)
and gives the known energy spectrum
A
Ey= —JJ+1) + E. (4.5)
2

The term (3) is aproduct of two symmetric tensor operators with vanishing trace. In fact, each term hasthe form

2
S1i S2j + S2j S1i — géij S1-S2

2
F1iFzj +r2jraj - géij I'1-I’2].

Symmetric and traceless tensors of rank two are irreducible tensors of order 2 and to each of them we can apply the Wigner-Eckart theorem, in
variable L and S respectively. The the matrix elements of the spin-spin interaction (3) have the form

2 2
[33+S,- Siffai,-sz] Li L + L Li - —&ij Lz). (4.6)
3 3

Commuitation rule for angular momentum has to be taken into account in expanding the product. As an instance
LiLSS=LSLS=1(-S)% LLSS=(L-S)2+iegjkleS S =(-S)2+(L-S).

Expanding (6) one obtains
2 4
(2L- S)° + (2L- S) - — L% &%
3

Using J = L + Sthisterm can be expressed through J. Terms linear in J?= J(J+1) simply modify the constant A in (4). The additional terms have the J
dependence (J (J +1) )2. The general dependence on Jof energy level isthen

A B 2
E‘]:EJ(J+1)+7(J J+1))" + C (4.7)
4

The constants A, B, C depend on the term considered, in particular on L and S.

To have an idea of the consistency of the approach we can consider multiplets with at least four terms: from the energies differences one can compute
A and B, which must be constant within a multiplet.

With

B - B
Ny = ———

one obtains from (7)
Ay - D31

2J-1

Ay= A+ BJ?% B-=

Thisis an example of results. Under the row of measured A; the coefficient A is reported: if the scheme is correct this coefficient must be a constant

for each element. Deviations from this feature have to be ascribed to configuration mixing.
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conf. El . <B> AN ] Aj_1 A )
3d°® 4s? v AF 51. 53.17 54. 95
~0.284 56. 76 56. 65 56. 73
3d°® 4s? Fe 5D -104. ~96. 02 ~92.06 -89. 94
~0. 879 -89. 92 _88. 12 _88.55 -89. 06
3d’ 4s? Co 4F ~181.3 _168. 8 ~161.
~1.45 ~152. 3 ~151.2 ~152.
4d* 5s Nb 6D 78. 89 86. 65 95. 12 102. 8
~1.433 107.9 104. 2 104. 1 106
4d’ 5s Ru 5F _238. _225.2 _207.2 ~196. 1
~1.433 ~186. ~192. ~188.6 ~187.8
4f 2 6s? Pr 4 204. 6 226. 2 250. 3
~1.776 304.5 301.2 304.
4f 4 6s? Nd 5 170.9 187.9 206. 4 225.6
~1.435 262.7 258. 2 258. 1 261.5
5d* 652 W 6D 318. 441. 1 661.5 1013
_46. 63 1262. 1012 952. 9 1117
Problem 5

Compute the quadrupole moment for 2p states of Hydrogen atom and show that Q=0 for the 2p; ,, State.

® Solution
o Definition

The atomic quadrupole operator is defined by
Qj :Zea <3rairaj*6ijr§)- (5.1)
a

The sum run over electrons. The Wigner-Eckart theorem implies that within an irreducible representation of the angular momentum the matrix
elements of the operator (1) are proportional to matrix elements of a rank 2 irreducible tensor built with angular momentum. The proportionality
constant is usually defined by

3Q 2,
<W1Qj|w>:7<W|Ji\]j+~]j3i**3 5ij}w>- (5.2)
2J (2J3-1) 3
The constant @ coincides with the mean value of Q,;on the state with highest angular momentum projection J, = J, asit isimmediate to verify from

@).

A similar formula holds for purely orbital operators with the substitutionJ — L.
o Hydrogen
Using these conventions and ignoring for the moment spin variables one can define Q. on the 2p state of Hydrogen by
Q = (2p, Ly =+1{32%-r%|2p, L, =+1). (5.3)

The angular dependence in the states is given by the spherical harmonics
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3 Sin[e] .
Y1,:1[6, 0] = 7 | — e'’,
4n 2
Separating the radial integral in (3) one obtains (g = |¢] is the absolute value of the electron charge)
3 ) 2 2
Q-=e <r2>Jde —Sin[e]” (3Cos[e]*-1) =-e— (r?)=q— (r?). (5. 4)
8 5 5
Using the following result for Hydrogen
n2
<r2>n L= ag— (5n?+1-3L (L+1)); ag= Bohrradius
' 2
one gets for the 2p state
2
Q =q—30a3=ql2aj. (5.5)
5

Let us consider now Q.

On the state 2p3,, one has

3 3 1
[2p, — +=)=1+1)] =)
2 2 2

and it follows, as Q,, depends only on orbital variables that

3 3 3 3
Q2 = (2p, Ey +£\Q2 2p, Ev +E>:<2pv Lz =+1 ] Qz|2p, Lo=+1) =Q .

For the J=1/2 case the highest component of the multiplet is, using the Clebsch-Gordan decomposition,

1 1 2 1 1 1
12p, = +=> = [= 1 +1)|-=)>-[= 10) |+ =), (5.6)
2 2 3 2 3 2
The operator Q,, does not depend on spin and it is invariant under rotations around z, then it satisfy the selection rule AL, = 0. The mean value on the

state (6) isthen

2 1
Qo - e<r2>Jde (3Cose1? 1) | L axi?+ iVaol?| < 0.

The integral is easily done using Y10= V3 /4 5 Cos[] . The result is expected as angular momentum composition rule forbid a mean value of

quadrupole moment (tensor of rank 2) on a state with angular momentum 1/2; in the decomposition 2®1/2 = 3/2 + 5/2 the representation 1/2 do not
appear then the scalar product of Q |y) with ( y|vanishes.

Problem 6

Write the Wigner-Eckart theorem for a vector and a symmetric tensor in subspaces with given orbital momentum L or with given J. Find the relation
between the two for a spin independent operator and for an operator depending only on spins.

@® Solution

m  General formula

The Wigner-Eckart theorem implies that within an irreducible representation of the angular momentum the matrix elements of an irreducible operator
like a vector V or a traceless symmetric tensor T are proportional to the matrix elements of a similar vector or tensor constructed with angular
momentum, i.e., in agiven representation

2
Ca [ Vi By =gudalli|By; (afTj|B) =CL<Ot Li Lj +L Li—géijL2‘5>- (6.1)

The constants depend on the others quantum numbers, usually are given by radial integrals.

If the spin is added to the description then the most general assertion of Wigner - Eckart theorem is

2
o | Vi | By = @ga{aldi]|B); <O(|Tij|/3>=CJ<Ot JiJj+JjJi—§5ijJ2‘{3>. (6.2)
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Ingenera, asoperators, J =L + S.
m Orbital operators

Of particular interest is the case in which the operators act only on orbital variables. We suppose that the system is rotational invariant, then eigen-
states of the Hamiltonian admit as good quantum numbersJ and J,.

If the orbit spin interaction is small (like in the LS coupling in an atom) the eigenstates of H are constructed by diagonalizing the Hamiltonian within
asubspace with L and S fixed. The eigenstates are simply written by the Clebsch-Gordan decomposition

fo, 3,35, L, S = Do L L, S S (L Ly S S 13, 3, L, S), (6.3)
Lz, S,

For purely orbital operators the spin labels are completely irrelevant then the matrix elementsin the L basis is always determined by formulas like (1),
thismeansthat it is possible to relate coefficientsg,, c tog;, cj.

We stress this point as can be confusing. In general the angular momentum composition laws imply simply
N 3, 3= ) (L LS 13 3L S))imL L, S S) (6.4)
Lz, S, m

Thisis a purely group theoretical statement and do not imply any particular simplification. The kets in the rhs of (4) in general are not even energy
eigenstate. In particular cases, like the fine structure splitting in an atom, L and S are approximative good quantum numbers and in the rhs of (4) only
oneterm survives, n=m, and in this case, and only in this case, it is meaningful to look for arelation between g and g; etc.

From now on we suppress the indication of states «, 8 and for operatorsL, S, J we will understand their matrices in the given subspace of H.
m Vectors
The representation isV; = g L, But L; itself is avector with respect to J, then it must be true that V; = g; J; . Multiplication by J; and summation
on theindex gives

gL (L-J) =93 (J-J). (6.5)
Using the identity

2(L-J)=J02+1%2-J-L)%2=0%2+12-8%
one obtainsimmediately
J@J+1) +L(L+1) - S(S+1)

95 =0 . (6.6)
23 (J+1)

The reader can easily recognize the procedure used to compute the Landé factor.

Clearly exactly the same procedure works for operators which depend only on spin. With obvious notations if W is such a vector operator

JJ+1) +S(S+1) - L (L+1)
W=9sS; W=0sJi; 9s=0s (6.7)
23 (J+1)

m Tensors

In this case we mist have, always within an irreducible representation of J

2 2
LiL+LL-—&;L2 :d[Ji Jj +J; Ji——éij.]z). (6.8)
3 3
Left multiplication by J; and right multiplication by J; gives
2 2 2 2
-2+ i L LiJj—fLZJzzd[(Jz) + 3095 i 35 - = (97) ] (6.9)
3 3
Using angular momentum commutation rulesit is easy to show
Ji 9 Y - (32)27J2; JLLy = (3-1)2-J.-L (6.10)

By substitution

3(J-L) (2 -L)y-1) —2L(L+1)J J+1)
d = ; cy=decL. (6.11)
Jd+1) (23-1) (23+3)

Let us note that, introducing S=J - L:
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JJ+1 L(L+1) -S(S+1
R R (5-1) (6.12)
2

m Special case

Of particular interest is some applications is the tensor built with the direction in space. With n = r/r let us consider

1
3j:ni nj—féij (613)
3
We used the commutative nature of n and that n? = 1.

The analogous single particle vector operators have zero matrix elements by parity considerations.

From previous discussion, as a matrix

1 2
ninjfgéij = CL LiLj+LjLi7§5ijL2. (6.14)

The constant can be easily computed in this case. Let usfirst note the identity

1 1
n-L=—X% L = —% Eijk Xj pk:O.
r r

Thisidentity together with Wigner - Eckart theorem confirmsthat g, = O for the operator n .

With aleft and right multiplication by L; and L; in (14) thisidentity implies
L2 -el (3L2h3L LY - 2 (1)),
Using the identities (10) withJ — L one obtains

1
CL=-—"-—"—"—"-—". (615)
(2L+3) (2L-1)

From thisrelation for a spin 1/2 particle one has

1
G - {_ (2L+3) (2L-1)
1

(6. 16)

N[ NP

(2L-1) (2L+1) —

Problem 7

Sketch the classical theory of magnetism and point out its problems. Define the magnetization for a macroscopic homogenous medium in terms of the
microscopic magnetic moment in quantum theory. Give an order of magnitude for the different contributions to the magnetic susceptibility.

@® Solution

m Classical model

In classical statistical physics there is no magnetic effect due to orbital motion of charges, in particular no diamagnetic effect. The coupling to an
electromagnetic field is described by the substitution

e
pop- A (7.2)
c
For an homogeneous magnetic field we can take
1
A= —Bar. (7.2)
2

The partition function

z - fdlpdlq Exp (- H[p, q] /KT]

isinvariant for the shift (1) asit can be reabsorbed in a change of variablesin the p integration variable.

Thisistruein classical mechanics because we have a unbounded integral in the phase space, this feature will be absent in quantum theory.
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In classical physics the only magnetic effect can be introduced presuming the existence of elementary magnetic dipoles, with magnetic moment Lio. In
this case an interaction
H=-p-B=-uBCos[o] (7.3)

gives rise to amean magnetic moment along the B axisin the form

1 uB kT
m- (uCos[e]) = 7J’deuOos[e} Exp[uBCos[o] /kT] = u Ooth[—} . (7. 4)
z kT uB
For uB < KT, the usual experimental case,
1 uB
m~ —u— = xB (7.5)
3 kT
The 1/T dependence is the Curie law. The magnetic susceptivity y is positive, i.e. only paramagnetism can be described.
m  Quantum theory
In quantum statistical mechanics the partition function is defined as
n

We will suppose from now on that the system is homogenous and composed of elementary components with negligible interaction (a perfect gas). In
this case the partition function for the whole system factorizes and the macroscopic magnetization has the simple expression

M=Nm; M=) py¢n|min) (7.7)
n
where N is the number of particles in the unit volume, the overlay denotes the statistical average, |n) are energy eigenstates and the probabilities pp
are given by
1
Po = —EXp[-Eq/kTI; Z = ) Exp[-Eq/kTJ. (7.8)
Z n

Let us note that in (8) the index n and the energies E;, refer to states of a single subsystem (atom) and not to the whole macroscopic body, asin (6).

In quantum theory the mean magnetization is defined by (see the Feynman Hellman theorem)
o]
(nmin)=-—E[B] (7.9)
oB
From (7) , (8) and (9) it is easily shown that
o]
M= > pa<nimin)=kT — Log(Z]. (7. 10)
. oB

o Note

The reader with some knowledge of Statistical Mechanics will recognize in the above formulation the usual definition of magnetization. The
magnetization is defined by the isothermal change of the energy at constant temperature for a small variation of an external magnetic field. The
isothermal changes are accounted by variation of the free energy of the system, i.e.

6F = - MéB. (7.11)

From usual Thermodynamics

Z = Exp[-F/KkT]; F = -kTLog[Z];
and from (11)
e}
M = kT — Log[Z]
oB

which coincides with (10) in the factorization limit.
m Quantum average

The magnetic moment has as an order of magnitude the Bohr magneton ..g. The magnetic energy in then of the order

ugB = 6 107° B[gauss] eV, kKT ~
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UptoB ~ 1Teda ( 104gaU$) the magnetic term is small even with respect the fine structure splitting and we can use perturbation theory.

The interaction Hamiltonian, for an atom, is
e? en

8mczz Barara)?2;, u-= 2ch<La+2sa> - —ug (L+28S). (7.12)
a a

V=-uB+

The sum runs over the electrons. Directing the quantization axis along B and using second order perturbation theory one has

1
En[B] =En - Fn B - — G, B (7.13)
2
where E,, are the unperturbed energies and
Z,Ms\uz\mlz eZZ<|<2 2) |n) (7.14)
Fh= (Ml Iny; G=2 - nl(xz+y n). .
’ n Es - En 4mec?2 5 : :

The primein the sum exclude the subspace s = n,as is known from perturbation theory.
For temperatures not exceedingly small
En[B] -En ~ ugB « kT

and we can expand the partition function in powers of B/T :

F 1 F2 Gy
Z=) e®kTI1, 1. 8 n_, 2 (7.15)
n kT 2 kT2 kT
With multiplication and division by the unperturbed partition function Z,
Fn 1 F2 G,
Z=[1+—B+ —B + — || Zo. (7.16)
where the bar denotes the statistical average over theinitial, unperturbed, distribution.
Assuming the unperturbed system invariant under rotations Fn = 0. Inthis case at first order in B, from (10)
1 2 _
m:[—n+Gh B = xB. (7.17)
kT

x is the magnetic susceptibility. The Curie law is obeyed by (17). Substances with y > 0 are paramagnetic materials, while x < 0 for diamagnetic
substances.

o Order of magnitudes

First of al we note that on the fundamental state the first term in G,is positive. The only diamagnetic contribution comes from the second therm.

Let us give an order of magnitude for the varioustermsin (17).

1. F2/KT ~ L@/IkT
2. Thesecond termin G has order of magnitude

eZ a2

G - ——a3 - 13— - 13/E
mc?

where Eyis a typical electronic energy (some €V). This factor is smaller than the first one by kT / Eg, a very small quantity, if Fyis different from
zero.
The first term in G, requires a specia consideration. The magnetic moment act only on angular variables, i.e. do not change the other quantum

numbers as principal quantum numbers for Hydrogen-like atoms.
o¢ If theatom hasanon trivia fine structure the main termsin the sum come from these terms, as the energy denominators are small. The order of
magnitude of this contribution is

AEgs o2 Ey ‘

This term istherefore 10* times bi gger than the second onein G.
o¢ If the atom do not have a fine structure then the energy denominators are of the order Ep and the matrix elements of u are zero at first order as

long as L, Saregood quantum numbers (u cannot change radial quantum numbers). This means that matrix elements of u can be obtained only
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through mixing of the base states via L S interaction. The mixing coefficients are of the order Hes / Eg ~ o?then the contribution of the first
termin Gin this caseisof order

2
G - uj o?
negligible with respect to G() .
In summary : if F, # O the F term usually dominates and we have a paramagnetic substance. If the ground state has a fine structure splitting in any
case we have a paramagnetic substance, while in absence of afine structure splitting the atom isin general diamagnetic.

Problem 8

Compute the magnetic susceptibility for an atom with and without fine structure splitting. Discuss both the limits of low and high temperatures.

® Solution

o Theresults

This problem assumes that the reader is familiar with the content of previous problem. It has been shown that the susceptibility can be written as

1
X = 7Fﬁ+eh]§
kT
- (8.1)
Ll (s TuzIny|? e2 .
Fo= |y |ny;, G=2 - n Xg+Y nj.
: P e S D LIS ALY

The overline stands for the statistical average with the unperturbed partition function.

We distinguish different possibilities, assuming aways to work with the ground state |0y of an atom.

m Low temperatures

In this regime only the ground state gives a contribution to Zy. Thisistruefor k T < AE, where AE is the energy splitting.

o L=0,S=0

Low temperature in this case meansk T < E; - Eg~ €V, the separation between ground state and the first excited electronic term. In this case for the F

term and the first term in G we have

2
_ 0o 1 _MB 2 (2) inti i
(O |z | 0) =0; G~ g o« G (seelast point in previousproblem)

The atom has a diamagnetic structure and
2

e 162
- 0 2,.y2) o) = - — olr2]o 8.2
(Ol ) [0) - - Y (o ek o) (8.2

oJoO0
In this case if there is no fine structure splitting and the requirement on temperature is satisfied.
If there isfine structure low temperature regime means k T< AEgs.

In both case the ground state has degeneracy 23+1 and all (unperturbed) states have equal probability. The matrix element of F is the one computed in
the study of Zeeman effect:

(M |z IM) = -gausM; g; = Landefactor.

It follows

1 ° 2 1 2 2
D, (GueM)?= —giiBd (I+1).
2341, 3

7

Aswe discussed in previous problem this term is the dominant one and we have
1

05 g d I +1). (8.3)
kT

X =

w | =
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o J=0,L,S O
In this case the F term in the ground state is zero and the main contribution to y comes from the second order term (i.e. the first term) in G. The
relevant contribution to y is

s iz I Ny |
R e o

The system is paramagnetic but do not follow Curie law, as y is independent of T, at least in this range of low temperatures (we are neglecting
hyperfine structure).

m High temperature
If there is a fine structure splitting the temperature can easily be such that kT > AEgs, we remember that at room temperature kT~1/40 eV. In this
regime all fine structure levels have equal probability. We will discussin detail this point below.
If we neglect LS interaction the Hamiltonian - 1, B is completely diagonal in all the subspace with fixed L and S and the contribution to energy is
simply
LB = -(nlp [ N)B
Inserting thisin the partition function one obtain directly
1 —
x = — | u 1% (8.5)
kT
without second order contribution like G termsin (1). This point is discussed in the next section.

As all states are degenerate taking the average is equivalent to sum on all states and dividing by the degeneracy, (2L+1)(2S+1). As p;is diagonal in
thebaseL,, S, we can write

Dl T Iy 2= T g [0 ) = 30 g LK) (K g [0y = T[]
n n n, k

Thetraceisinvariant under change of base, and it is simpler to computeinthe L,, S, base:

2
u
X = = (L2+4S12,5+25L,).
kT
In this base we have easily
1 1
;S =0 L2 = DM= L+l S - > M= —s(S+1);
2L+1 4 2S+14;
and finally
ug 1
x=——(L(L+1) + 4S(S+1)). (8.6)
kT 3

m Perturbation theory and temperature

The previous solution is based on the effective degeneracy of the fine structure terms if kT>> AEgs. This sounds OK on physical basis but can be a
little confusing from the perturbation theory point of view. The G term in y has disappeared, but its contribution depends on the ratio B / AEgs in
perturbation theory, and this has nothing to do with temperatures. How could it disappear?

Let uswrite explicitly the G contribution to y:

Z,|<s|uz|n>\2 (8.7)
¥ = 2 - .

s ES - En

The sum runs on fine structure terms then this contribution seems much bigger than the computed one for KT>> AEgg!

To explain what is going on let us write the exact expression for y (neglecting the diamagnetic termin y which isirrelevant here)

1 ol 1 ) Ll (s luzIny|?

X:fZe’E"’ — (N |z | Ny +ZZ—. (8.8)
Z4 kT S Es - Eq

The zero of the energy is taken as the ground state energy. Here high temperature means E, < kT.

In the denominator at lowest order in /T we have simply the degeneracy of the level
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Zo ~ (2L +1) (2S+1).

The zeroth order in /T in the numerator vanishes,in fact, for equal probability states we have

1 .1 2 | (s luz In) |2
*ZZZ —— [ (Sl N |2 = fz—:o
Zo G5 -Eq Zy j7s Es - Eq

asthe numerator is even in (s < n) while the denominator is odd. Thisisway the "big" term (7) is not really there.

At order LT the Taylor expansion of (8) is

11 | (S |z lny|?
— I -2y B

Zo kT 4 s E - Ey

Using the antisymmetry in n, s of the denominator the second term can be written as

| (S |uzlny|? | (S |uzlny|?
*ZZZEn?:ZZ(ES*En) :ZZ|<S|UZ‘n>‘2

n s#n n s#n ES’EH N n#s

This addsto the first term and reproduces the result (5).

Problem 9

Compute the magnetic susceptibility for an atom with S=0 in the ground state, or in general for a single level of fine structure. Neglect diamagnetic
contributions.

® Solution
All higher excited states can be neglected and the partition function reads

1
Z =) Bxp|— (1sgM B (9.1)
v kT
g isthe gyromagnetic factor. The magnetization is
e}
m = kT — Log[Z]. (9.2)
oB

For J=1/2, the simplest case

s d 19 B
m = B—Tanh[ 8 } (9.3)
2 kT
The limit
[usg)z 1
m— | —— —
Tow 2 KT
expressthe Curie law.
For generic J one can use the identity
n Xn+1/2 _ X—n—l/z
T
e x1/2 _x-1/2
to write
gusB gusB 1
z-smn[222 a0 ] s 220,
kT kT 2
and by taking a derivative with respect to B
gusB
m:guBJLJ[ J]; (9.4)
kT

The Langevin functions L; are given by:
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2341 23+1 1 X
Ly[X] = Ooth[ x] ——Ooth[—]. (9.5)
23 23 23

It is interesting how the classical limit is reached. A classical magnetic moment is obtained by J-»co with 1= ngg J fixed (this correspond to afinite
vaue of the angular momentum 7 J). In this limit

1
Lyj[X] - Lo[X] = Coth[x] - —

X
and the magnetization tends to the classical result
uB kT
m = Lo COth[—}fi .
kT uB
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