Problems Chapter 6

Quantum M echanics
K. Konishi, G. Paffuti

I Problem 1
A particle of massmmovesin aradial potential
o, r <R
V[r]:{o, R<r =< R+a
0, r>R+a

We want to study the spectrum of the system.

1. Show that the stationary solutions can be separated in spherical coordinates and write the correct boundary conditions for the radial part of the
wave function.

Find the equation which implicitly determines the energy levels at fixed L (angular momentum).
Solve the equation of question 2 for L=0.

4. Show that for a « Rthefirst excited state has energy AE = h? / mR2 above the ground state. Explain this result on physical grounds.

® Solution

m 1

The Hamiltonian is rotation invariant, then the angular momentum is conserved and L?, L, can be diagonalized with H. The eigenstates of H are

written as
Unim[r] = Ra,L[r'] Yuml6, o]. (1.12)
The boundary conditionsfor R, are
chap6prob0eq2
R [R] =Ry [R+a] = 0. (1.2)
m 2
The radial functions satisfy the equation
chap6prob0eq3
d? 2 d , L+
—RnL[r]Jrf—Rm_[r]Jr[k77JR{,LU]:0; R<r < R+a. (1.3)
dr? dr r2
with
2 mE
R =0for (r <R r >R+a), and k =
h

Equation (3) is the free particle equation with wave number k and its general solutionis

chap6probOeq4
RiLlr] = Ajilkr] + Bro(kr]. (1. 4)

j L and n are spherical Bessel functions, regular and singular (resp.ly) at the origin. r (often donoted asn, ) isknown also as
spherical Neuman functions.
Conditions (2) give

chap6prob0eq5
AjLlkR] + Bn[kR] = 0; Aj_[k (R+a)] + Bn [k (R+a)] = 0. (1.5)

Thelinear system (5) has non trivia solutions if
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chap6prob0eq6
jLIkR] nlk R]

julk (R+a)] nulk (R+a)]

det - 0. (1.6)

This equation is satisfied only for adiscrete set of k, which gives the energy eigenvalueswith E = n% k? /2 m.

m 3
ForL=0
_ Sinfkr] Cos [k ]
jolkr] = ——; nolkr]=- ——; (1.7)
kr kr
and condition (6) gives
Sin[kR] Cos[k (R+a)] - Sin[k (R+a)] Cos[kR] = -Sin{ka] = 0,
with solutions
Tn 2 n? B2
kn= —; En=— (1.8)
a 2 ma?

These solutions are identical to the solutions for a one dimensiona well, as could be guessed from the equation (3) by passing to the reduced wave
functions.

m 4

For a<R the centrifugal term in H isalmost constant insidetheshell R r  R+a, therefore its contribution can be regarded as constant. The energy
levels are those of L=0 shifted by the centrifugal energy
mn?2n?  nZL (L+1)
EnL = + , n=1,2,3, ...; L=0,1,2, ... (1.9)
2 ma? 2 mR?

The shifts due to the radial excitations are much higher than angular momentum excitations, asa <« R; thefirst excited state is (n=1, L=1). The shift
with respect to the ground state is
n? 2 n?

2 mR2 ) mR2

The request to have two consecutive zeros for radial functions in asmall interval a < R imply that the wave number must be very high, k ~ #/a. The
corresponding energy differences are very big and in afirst approximation the particle is "frozen" in aradial shell. The energy eigenvalues then must
be given by the eigenvalues of a symmetric top, i.e.

AE =

A2 L (L+1)
E ~ const. + ——,
2 mR2

aswe have found indeed.

These conclusions can be obtained in a more formal way as follows. Put x =k R, y = k a. As discussed above we have to perform the limit a»0 with
(k @) fixed. Thisisaso confirmed by the fact that a series expansion in a of the condition (6) gives

a(-a+R)
k R

which has no solutionsin k. For large k, x = k R islarge, then we can use asymptotic expansion of spherical Bessel functions:

P (L+|—2)Oos["2l_x] \/€Sin[Lzl_x]

JLIx] ~ — - ;
2 V2 x? X

2 L
ol sl ey sy
nixl~. - |-
2 X

V2 x2

Substitution in (6) gives

2L (1+L)yCos[y] + (L2 (1+L)?+4x (x+y)) Sin[y]

= 0.

4x2 (x+y)?
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The leading solution y = n x corresponds to the eigenvalues of the one dimensional shell. Writingy = nx + ¢, x =y R/a, and expanding £ we can
easily get

a?L (1+L)
2nn R ’

The eigenvalues follow

1 aZL (1+1L)
—nax+ —|;
a 2nn R

n? n2x2 L (L+1)
E= —k= — 4+ —
2 mR2

2m 2 ma?
in agreement with previous results. As already noted, the first two terms have ssimple physical interpretations. The first term represents the radial
excitations, which are just those inside a one-dimensional infinite well of width a The second term represents rotational modes at fixed radius R,
which are given by the centrifugal energy only.

k = + O[a]?

probl1ninfinity

Problem 2

Compute the limit of radial hydrogen wavefunctionsasn — co.

@® Solution

We work in atomic units. Radial eigenfunctions are given by (we use Mathematica notation for Laguerre polynomials)

problradialeq
n-L-1): (2zr\" . 27Zr
R[n, L, r]=2%7? e w LaguerreL|in-L-1, 2L + 1, (2.1)
n? (n+L)! n n
They satisfy the radial Schrodinger equation
problradialequation
d?R 2 dR L(L+1) Z 1
+————R+2[En+—]R:0; Bp= -—. (2.2)
dr?2 r dr r?2 r 2n?
We see that the large n limit of (1), Rys must be aregular solution of (2) with E =0, the large n limit of the eigenvalues:
problradialequationas
d°Rss 2 dRys L (L+1) 2
+ — - Ras+—R35:O (2'3)
dr? rodr r2 r

The general solution of thisequation is

Bessel Y

BesselJ[1+2|_, 2 V2zr }

i1+2L, 2 V22zZr ]

C
2Zr

+G
2Zr

as the reader can check using DSolve in Mathematica or by making the substitution r = x2/(8Z), R = f[x]/x in (2). Regularity at origin imply C,= 0.

To fix C;we have to match the normalization of equation (1). From the definition of Laguerre polynomials, see notebook [*], it follows

w0=(")
Lo =[]

then, asr - 0

t (n-L-1)!

2
Rin, L, r] >2%2 —

n2
For large n the Stirling formula gives
m-L-1)! (1 2L
N — .
(n+L)! n
thus for small r and large n
R[n, L, r] -

[ZZr]
n (2L+1)!' (n-3L-2)!

-1-2L

"

(n-L-1)!
(n-3L-2)!

2r)t
(2L+1) 1

2 78/2

n3/2
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The Taylor expansion of the Bessel function starts with

BesseIJ{1+2L,2\/ZZr } 1

2141 1 2zt
- (\/ZZI’ j = ( )

(2L+1) ! 2L+1) 1

27Zr V22Zr
from which we have finally
5 7372 2782 Bessel J[1+2L, 2 V271 |
C = ; Res[N, L, 1] = (2.4)
n3/2 n3/2 2771
In terms of Laguerre's polynomials what we have proved can be stated as (see aso [1]):
X
L[n, o, 7] — no‘x’“/ZJa[Z\/x } (2.5)
n nN- o

® References

prob15refl
[1] 1.S. Gradshteyn, I.M. Ryzhik: Table of integrals series and products, Academic Press; (1965).

prob1ninfinity

Problem 3

Explain the n? degeneracy of the Hydrogen energy levels, by making use of the fact that the Lenz vector

commutes with H.

@® Solution

The degeneracy n? is due to a higher symmetry peculiar to the Coulomb interaction. The additional conserved quantity is known from classical
mechanics, and is called Lenz vector [1]. Inatomic units:

r 11
A= —- - —(pPAL-LApP) (3.1)
Z 2
A ishermitian:
(€ijk pj Lk)*: gijkLkPj = -€ikj Lk pj = -(PAL); -
Let us aso note the identity
. , roo1 .
gijklj Pk = €ijkPkLj + icijkekaPa= ~(PAL); +21ip = A= —- Z (PAL=-1p).
r

By asystematic use of theidentity [A B,C] = A[B,C] + [A,C]B itissimpleto find

1 1 r 1 r
[Z (AL -LARP), =] = i[—<r~p> - —p] v
2 r r3 r

2
[r—, p—]:i[—rr—su-m ;p) .

From which the conservation of A for a Coulomb potential with charge Z follows:
p> Z
A, H = [A, —- =] -0
2 r

With some more work with commutators one can verify the correct commutation relations with angular momentum (as any vector) and the commuta-
tion relations among different A components:

AlgebraVettoreLenz
. 2H .
[Li, Al=1ajcAc [A, A] = (-;JlsijkLk (3.2)

Consider now the subspaces of the Hilbert space with fixed energy. In this subspace we can diagonalize smultaneously, for example, L2 and L, , as
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usually done in any central potential, or L, and A, . But A, and L? do not commute so, for fixed L, there must be a degeneracy. A complete set of
commuting variablesisgivenby H, L, , A;.

Starting from algebra (2) it is easy to find the negative energy spectrum. Definingu = A Z/+/ -2 E wehave
L, L] =diejule [Li, u]=dejums  [ui, u] = iejele
Thisisthe algebra of the group SU(2)®@SU(2) asis evident introducing

ji= —(L+uw; j,=— (L-u)
) 2

which, from previous relations, satisfy
(nijoj]=tdejkine [izijzi]=1sjkia [iviizj]=0.
The irreducibles representations are well known and we have

iZ2=i1G1+1); j2=j2Ga+1); i1, jaenN/2.

Using
ZZ
L-u=u-L=0; 5 j2ojis 2au? = o1 - —
2E
and denoting by j the common semi-integer valuej 1=] » it follows
72 72
E - _ — = -——; n=2j+1=1, 2,

2 2j +1? 2n?
i.e. the known spectrum. The degeneracy is given by the eigenvaluesof j 1 ;,] 2,7, 1.e.
(2j1+1) (2j,+1) = (2] +1)® = n?;
as expected.
It is possible to show that eigenvaluesof j 1 ,andj » areexactly related to parabolic quantum numbers niand n;

1
j1z2= 5 (M+ny-N2); j1,z=

ni -n2
(mM-Ng+ N2); = Uy=N1-Np = A = .

N e

n

Whileenergy isrelatedtothesum (n; + n, + | m| +1)theeigenvalues of Lenz vector isrelated to the difference of nyand n,.

® References

reflParabolic
[1] One of the first deductions of the spectrum ot the hydrogen atom within Quantum Mechanics was due to Pauli, which used exactly the algebraic
relations used in this section, W.Pauli: Zs. f. Phys. 36, (1926) 336. For amore recent review seefor example D.Park, Z. Phys. 159, (1960), 155.

prob2paraboliccoordinates

Problem 4

Solve the Coulomb problemin parabolic coordinates (£, i, ¢) defined by

1
X =+/&n Cosfe]; ¥y =+/&n Sin[e]; z:g<§—n>;

@® Solution

m Definitions

Parabolic coordinates (¢, i, ¢) are defined by

X =+/&n Cosle]; Yy =+/&n Sinfel; 2z = — (£-7);

=

y
E=r+z;, n=r-2 w:ArcTan[f]; r = E(§+n);
X

X,y,z are Cartesian coordinates, r and ¢ radius and azimuthal angle (rotation around z axis). Line element and Jacobian between parabolic and
cartesian coordinates are easily seen to be
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E+n g+n
——d€® + ——dn” + endo’;

ds? = h;2de? + hp? dn? + hy? do? =
4 & 4n

S+
J =40 =hihyhg= 4 ;

From the general expression for laplacian in a curvilinear orthogonal system (u;, u; us)

1 6] h, hy of
o D o
hl h2h3 Ouq h1 ouq
it follows that
4 5 5} 4 5 5} 1 42
A = — & — | + — —_ ]+ — —
E+n og | o¢g E+non | an) &n ae?

The range for these coordinatesis

m The Schrédinger equation

The Schrédinger equation for a Coulombic system (a nucleus of charge Ze and an electron of charge -€) in atomic units(A=m=e=1) is

1 4 9 a 4 9 IS} 1 52 z
-— —l&—| + —n—|+ ——¥- v = E¥,
2 levn ac | oc E+n on | on EN 0¢? £+
or
o} o o 5} E+n 02 E+n
— — |+ —|n—1+ — + |Z + E| vy = 0.
ae | a¢g an \ an 4&n 9¢?

The system is invariant under rotations around z axis, so eigenstates are of the form F[&,n] Exp[i m ¢]. We look for a solution by separation of
variables

yo= f1[&] f2[n] Exp[ime]

By substitution, after division by ¥, we have

fa

dn

l[d[dfl
n
dn

Sl e e — ey
fildég d¢ 4¢ 2

Thefirst term depends only on &, the second only on 7, since their sum is constant there must be two constant Z; and Z, such that

113 E 1 (d df , 113 E
+ [ J77f2+77’]f2 +2Z = 0.
4n 2

HydrogenParabolicl

d df 4 E n?

7[57]4— 75_7*’21 f1:0;

d¢ d¢ 2 4¢

d df » E m? (4.1)
7[7’]7]‘#77’]*71’22 fo=0;

dn dn 2 4n

Z1+ Zp = 2.

If we look for normalizable solutions, the two differential equations (1) are eigenvalue equations with eigenvalues Z; . These eigenvalues depend
parametrically on E (changing E the equations change), The last constraint fixes E.
The two equations have the same structure, so let us consider only the first. We look for aregular solution as £-0, of the form £%. Theterm linear in &

and the constant are negligible in this range:
n?

0:§f'1'+f'1——f1 sa(a-1) +a- —=0 = a= |m| /2.
4 4

For large ¢, for an exponential depressed function, the dominant terms are
" E
0=cfy = efy == exp[_ 2E §/2].
As expected bounded solutions only exist for E < 0. Previous asymptotic behavior suggests the change of variables

fi0€] = €M/2Exp[-e £/2] F[€]; with: e=+/-2E.
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Substitution in (1) gives

d2F dF Im| +1
& +(\m\+1—e§)—+[21—76 = 0.
d &2 dg 2
or,withz=e¢
hydrogenParabolic2
d2F dF Z; [mj|+1
z + (m|+1 -2z) —+ ——7]F=O. (4.2)
dz? dz e 2

This equation is of hypergeometric type, its solutions are confluent hypergeometric functions. The only solution regular at the origin and bounded not
growing to fast at infinity (in such away that Exp[-€ £&/2] F is bounded) corresponds to integer numbers for the second parenthesis.
Z; fm| +1

—_— - —— =Ny, 0< n;eN. (43)
€ 2

In this case (2) is the defining equation for generalized Laguerre polynomias Ly (2).

Exactly the same conclusions can be drawn from equation for , obtaining

Z fm| +1
—~  —  -ny; Os<nyeN. (4.4)
€ 2

Thelast constraint in (1) implies
ZZ

z
—= |m|+1 +np+n; =n > 1; > - — = n?. (4.5)
€ 2E

For afixed value of nclearly -(n-1) m (n-1), as n; and n, are nonnegative. The number of ways in which the sum of two non negative integers
numbers (here ny and n;) can give afixed number k is N[k] = k+1. The number of states for fixed n, i.e. the degeneracy of the level is (we separate
m=0 fromm O, in the last case + m gives the same contribution)

n-1 n-1
deg[n] = N[n-1] + ZZN[n—l—m] -n+ ZZm—m) = n?
m=1 m=1
as expected.
The normalized wave functions are
HydrogenParabolicWaveFunctions
ei meo
UninomlE 1y @] 1= fnlm[g}fnzm[rﬂ )
V2

(4.6)

n!

frml€] = 2% ¢ (e6)!M e 2 LM (e €)

(n+|mj)!
where, as before, ¢ = 1/( n; + n, + m +1) and the scalar product is

E+

n
Jl//nl n, m* Yky k, m d&dn d¢ = n,k; On,k, Ommi

The normalization constant in (6) is easily computed remembering that the functions

(x) M/ ex/2 L Im (x)

are an orthonormal set and using the recurrence relation for Laguerre polynomials

XLIX) = —(n+ @) Lyp_100 —(N+ D) Lp,1(0 + (2N + @ + 1) LA(X).

Problem 5

A particle of massmmovesin aradial potential go 6(r - R)/4r R2. Compute for small R the continuum eigenstates and the possible bound states.
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® Solution
We use natural units7 = m = 1. The Schrédinger equation for the reduced radial wave functions ¢ is

chap5prodeltaeql

o+ S(r-R +——— = —olr]. (5.1)
2 gr? 4 1R 2r2 2

1 d? do L(L+1)] | k2
r

WhereE = k? / 2. Welook for continuum solutions corresponding to scattering states, i.e. regular solutions with asymptotic behavior
X Tt
o ~Sinlkr - L7+5L}.
2

For small R only sswaves (L=0) are involved in the scattering process so we limit ourselves to this case.
Intheregion r > R and r < R the solution can be conveniently written

chap5prodeltaeg2
@, [r] = A(Sin[kr]+ Tan[6] Cos[kr]); .= BSin[kr]. (5.2)

Continuity and integration of (1) in asmall region around r~R gives the condition

0. [Rl o [R]

= , = - =

4nRR Sin[kR] + Tan[&] Cos[KR]  Sin[kR] 27R

1
2

o, [R] ¢ [R] ) do Cos[kR] + Tan[6] Sin[k R] Cos [k R] do

Expanding for small R

1 1 k Cot 5]

g% 27R  2nx
To define a sensible theory we can define arenormalized coupling (see complement of this chapter):
chap5prodeltaeg3

S——— - Z (5.3)
go 27R g

In terms of this coupling

Tan[6] = - —. (5.4)

m Bound states

WIthE = -2 / 2 the Schrédinger equation has aregular solution (bounded at infinity):

o, [r] = Ae™"; .= BSinh[ur]. (5.5)
Condition (2) gives
Cosh[uR] \%
- — = .
Si nh[uR] 2R
The expansion for small R gives
1 1 u
oo .- L0
Y 27R 21
and the same renormalization (3) gives
27
o= —. (5.6)
g

A bound state exists only for g > 0.

Let us note that the normalized wave function in the regionr > R is

By continuity the inner part of the wave function is
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Sinh{ur]
o [r] =-/2u EXp[- uR] ————— = /2 EXp[-uR]; T =R
Sinh[uR]

The contribution to the norm of this part goesto0 asR —» 0

JR‘(@,[I’] [12dr = (2ue’2“R)R
0

This means that for small R the wave function ¢, is correctly normalized and the system does not depend on any unrenormalized parameter.

These results, both for the scattering phase amplitude and for the bound state, reproduce the results obtained in Complement Section 20.12 with a cut
off in the momentum space, after identifying A = %. go represents the "bare" or "unrenormalized" coupling constant; g is the renormalized

coupling constant, in terms of which physical quantities are expressed. The cutoff (A, %) and bare quantities disappears from the theory at the end.
These are typical characteristics of renormalizable quantum field theories in four dimensions, used to describe the elementary particles.
@ Reference

R. Jackiw, "Delta-function potentials in two- and three-dimensional quantum mechanics’, Beg Memorial Volume, eds. A. Ali and P. Hoodbhoy
(WorldScientific, Singapore, 1991).



