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I.  Non-Abelian vortices in 3+1 dim  gauge theories

   •  Topology and duality in non-Abelian gauge theories

    •  Supersymmetry 

    •  Vortex solutions with non-Abelian moduli 
         SU(2)xU(1) models with Nf   = 2  flavors:
         U(N) vortices, higher-winding vortices, non-BPS, etc. 

    •  Vortex-monopole connection
       (homotopy sequence and symmetry)

II.   Non-Abelian vortices: generalizations

    • Vortices in general gauge systems
     • Vortices with product moduli space
     • Fractional vortices
     • Monopole-vortex complex

Plan
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Electromagnetic duality and topological solitons

• Vacuum Maxwell equations

∇∙(E+ i B) =0;  ∇ × (E+ i B)= i ∂t (E+ i B)

inv under   E+ i B ➔  ei ϕ (E+ i B)        (broken by charges) 

• Magnetic monopole possible (Dirac 1931) in quantum field theory if 

g . gm  = n/2,   n=0,1,2,...

• Soliton monopoles in spont. broken gauge theories (1974)
‘t Hooft, Polyakov

GUT (grand-unified models) monopoles?

• Soliton vortices (Abrikosov ’57 , Nielsen-Olesen ’74)

(superconductor, Landau-Ginzburg model,  Abelian Higgs model) 

• Other applications in condensed matter physics / cosmology, etc

• Confinement ~ dual superconductor ? Nambu,‘t Hooft, Mandelstam   ’80

quantization of electric charges



Quark Confinement in QCD  = 
Dual superconductor ....  of Non-Abelian variety ?

How to generalize 
‘t Hooft-Polyakov monopole

ANO vortex
?

to H non-Abelian  

(’74)

(’73)
{

H=U(1)

Key developments: 

• Quantum behavior of Abelian and non-Abelian monopoles

• Discovery of non-Abelian vortices

(’94 -’05)
Seiberg-Witten, 

Argyres,Douglas, Shenker  
Carlino,Konishi,Murayama

(’03-)
Hanany-Tong, 

Auzzi,Bolognesi,Evslin,Konishi,Yung

➩ Rich variety of new results 

(’04-’10) Pisa, Tokyo, Minnesota, Cambridge ...

G➔H ∏2(G/H) ≠ 1

 ∏1(H) ≠ 1

Konishi,  a review  hep-th/0702102 



Non-Abelian Vortices       



Abelian Higgs model and ANO vortex

V=  λ ( |ϕ|2 - v2 )2  /2  

Dϕ ➞ 0;    |ϕ|2 ➞ v2

• λ>  g2 /2   type I

Abrikosov ’56  
Nielsen-Olesen  ‘73

• λ<  g2 /2   type II

• λ= g2 /2   BPS *

Extended Abelian Higgs (EAH) model

|ϕ|2  ➱ ∑ i |ϕi|2

• λ> g2 /2    type I:   ANO stable

• λ< g2 /2    type II:  ANO unstable  

• λ= g2 /2    BPS:  semi-local vortices 

∏1(U(1))=Z

∏1(CPN-1)= 1

but    ∏2(CPN-1)= Z

Vachaspati, Achucarro, ...

“ANO” vortex

L=  - (1/4 g2) (Fμν)2 + |Dμϕ| 2   -  V, 

Dμ = ∂μ -i Aμ

ϕ ∼ v e i ϕ    far from the vortex core

*  BPS-saturated
(Bogomolnyi-Prasad-Sommerfield) 

=  Self dual case 



Fig. 2:

Given the points f, p and the space M, the vortex solution is still not unique. Any exact sym-

metry of the system (internal symmetry G̃{q} as well as spacetime symmetries such as Poincaré

invariance) broken by an individual vortex solution gives rise to vortex zero modes (moduli), V.

The vortex-center position moduli V ∼ C, for instance, arise as a result of the breaking of the

translation invariance in R2. The breaking of the internal symmetry G̃{q} (Eq. (3.5)) by the

individual vortex solution gives rise to orientational zeromodes in the U(N) models extensively

studied in last several years. See [32, 33, 34] for more recent results on this issue.

Our main interest here, however, is the vortex moduli which arises from the non-trivial vacuum

moduli M itself. Due to the BPS nature of our vortices, the gauge field equation (see Eq. (A.3))6

F I
12 = g2

I

(

q†T Iq − ξI
)

, (3.9)

reduces, in the strong-coupling limit (or in any case, sufficiently far from the vortex center), to

the vacuum equation defining M . This means that a vortex configuration can be approximately

seen as a non-linear σ-model (NLσM) lump with target space M (for non-trivial element of

π2(M)). Various distinct maps

S2 #→ M , (3.10)

of the same homotopy class correspond to physically inequivalent solutions; each of these corre-

sponds to a vortex with the equal tension

Tmin = −ξI

∫

d2x F I
12 > 0 , (3.11)

6The index I denotes generally all the generators of the gauge group considered. A non-vanishing (FI) param-

eter ξ is assumed only for U(1) factor(s).

6

M= vacuum configurations  {ϕ};     F= gauge orbits

f,f,  p  = point of F,  ℳ, respectively 
ℳ = vacuum moduli space = M/F

•A vortex defined at each point p of the base space ℳ  (vacuum degeneracy) 

ℳ = S/S =1,   AH
    = S2N-1 /S = CPN-1,  EAH 

• Vortex solutions possess in general nontrivial vortex moduli  V 
A symmetry broken by the individual soln  (e.g.  R2  for  AH);  or due to  ℳ   

• Semilocal Vortex ~ sigma model lump  ( ∏2(ℳ)  ) 

r  ➔ φ ⤴

↑
z 

Cylindrical
coordinates

r, φ, z



• H  ⇒   1  with   ∏1 (H)≠ 1
 H: non-Abelian (**)

Φ2 ≠ 0

Non-Abelian vortex  * 

•  **  not sufficient.  
N.B.   H= SU(N)/ZN    ⇒   ZN   vortex !      ( ∏1(H) = ZN  )  

•  Need a global (flavor) symmetry:   
   U(N)  theory  with  Nf  = N  squarks in the fundamental repres. of SU(N)

•  Color-flavor locked vacuum

The properties of the BPS vortex solutions have been discussed in detail recently [?].

In fact, there exists a continuously degenerate family of vortex solutions of Eq.(2.21),

parametrized by SU(2)C+F/U(1) = CP 1 = S2. This is due to the system’s

exact symmetry SU(2)C+F ⊂ SU(3)c × SU(nf)F (remember nf = 4, 5) which

is broken only by individual vortex configurations. In [?] it was also verified that

such an exact symmetry is not spontaneously broken. In other words, the dual of the

original SU(2) × U(1) theory in Higgs phase is indeed a confining N = 1 SU(2)

theory, with two vacua!

This implies the existence of the corresponding degenerate family of monopoles

which appear as sources of these vortices. For consistency, the monopole and vortex

fluxes must match precisely, a fact to be proven in Section 6 below.

(q)i
α =






q(1)
1 q(2)

1 · · · q(N)
1

q(1)
2 q(2)

2

...
...

...
...

. . . . . .
...

...
...

q(1)
N q(2)

N · · · q(N)
N






3 Non BPS Vortex and monopole in the singular gauge

We consider the system

SU(3) →
SU(2) × U(1)

Z2

→ 1.

Consider the BPS approximations for the monopole and vortex in the singular gauge.

The monopole solution

φ(r) =






−1
2
v 0 0

0 v 0

0 0 −1
2
v




 + 3 v "S · r̂φ(r),

"A(r) = "S ∧ r̂A(r) (3.1)

gets transformed into

A → U (A + i∇) U†, φ → U φ U†,

5

〈q〉∝  1NxN

Hanany-Tong,  ‘03
Auzzi-Bolognesi-Evslin-Konishi-Yung.    ‘03

Shifman-Yung, ... (Minnesota).
Eto-Nitta-Ohashi-Sakai- ... (TiTech, Tokyo).
Tong,   (Cambridge). 
Pisa group,                      ‘03-’09

* Vortex solutions with continuous non-Abelian moduli



U(N) model (with Nf  =N “flavors” of complex scalar fields  --  squarks )

in several occasions, in particular in [18]. The main aim of the present paper is to enforce this
argument, by showing that the degenerate monopoles do indeed transform as a definite multiplet
under a group transformation, which is non-local in the original, electric variables, and involves
flavor non-trivially, even though this is not too obvious in the usual semiclassical treatment. The
flavor dependence enters through the infrared regulator. The resulting, exact transformation
group is defined to be the dual group of the monopoles.

2 SU(N +1) model with hierarchical symmetry breaking

Our aim is to show that all the difficulties about the non-Abelian monopole moduli discussed in
the Introduction are eliminated by reducing the problem to that of the vortex moduli, related to
the former by the topology and symmetry argument.

2.1 U(N) model with Fayet-Iliopoulos term

The model frequently considered in the recent literature in the discussion of various solitons
[19]-[27], is a U(N) theory with gauge fields Wµ, an adjoint (complex) scalar φ, and Nf = N
scalar fields in the fundamental representation of SU(N), with the Lagrangian,

L = Tr

[
−

1

2g2
FµνF µν −

2

g2
Dµ φ† Dµφ − Dµ H DµH† − λ

(
c 1N − H H†)2

]

+ Tr [ (H†φ − M H†)(φ H − H M) ] (2.1)

where Fµν = ∂µWν − ∂νWν + i [Wµ, Wν] and DµH = (∂µ + i Wµ) H , and H represents
the fields in the fundamental representation of SU(N), written in a color-flavor N × N matrix
form, (H)i

α ≡ qi
α, and M is a N × N mass matrix. Here, g is the U(N)G gauge coupling, λ

is a scalar coupling. For

λ =
g2

4
(2.2)

the system is BPS saturated. For such a choice, the model can be regarded as a truncation

(H)i
α ≡ qi

α, q̃α
i ≡ 0 (2.3)

of the bosonic sector of an N = 2 supersymmetric U(N) gauge theory. In the supersymmetric
context the parameter c is the Fayet-Iliopoulos parameter. In the following we set c > 0 so
that the system be in Higgs phase, and so as to allow stable vortex configurations. For generic,
unequal quark masses,

M = diag (m1, m2, . . . , mN), (2.4)

the adjoint scalar VEV takes the form,

〈φ〉 = M =





m1 0 0 0
0 m2 0 0

0 0
. . . 0

0 0 0 mN




, (2.5)
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:  N  complex scalar fields in the fundamental representation of SU(N),
written in color-flavor mixed matrix form 
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A complex scalar field in the adjoint representation of SU(N)
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is the mass matrix for the squarks   q 

•  For a critical coupling constant 
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BPS (self-dual) (automatic in Susy)

the model can be regarded as a truncation of the bosonic sector of a N=2 supersymmetric 
model, with  
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•  In this case  c  comes from the Fayet-Iliopoulos term      L =  c  V|D 

•  For unequal masses

in several occasions, in particular in [18]. The main aim of the present paper is to enforce this
argument, by showing that the degenerate monopoles do indeed transform as a definite multiplet
under a group transformation, which is non-local in the original, electric variables, and involves
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1

2g2
FµνF µν −

2

g2
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(
c 1N − H H†)2

]

+ Tr [ (H†φ − M H†)(φ H − H M) ] (2.1)
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λ =
g2

4
(2.2)
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Equal mass case:   Non-Abelian Vortices: 

which breaks the gauge group to U(1)N. In the equal mass case,

M = diag (m, m, . . . , m), (2.6)

the adjoint and squark fields have the vacuum expectation value (VEV)

〈φ〉 = m 1N, 〈H〉 =
√

c




1 0 0

0
. . . 0

0 0 1



 . (2.7)

The squark VEV breaks the gauge symmetry completely, while leaving an unbroken SU(N)C+F

color-flavor diagonal symmetry (remember that the flavor group acts on H from the right while
the U(N)G gauge symmetry acts on H from the left). The BPS vortex equations are

(D1 + iD2) H = 0, F12 +
g2

2

(
c 1N − H H†) = 0. (2.8)

The matter equation can be solved by use of the N ×N moduli matrix H0(z) whose components
are holomorphic functions of the complex coordinate z = x1 + ix2, [23, 24, 25]

H = S−1(z, z̄) H0(z), W1 + i W2 = −2 i S−1(z, z̄) ∂̄zS(z, z̄). (2.9)

The gauge field equations then take the simple form (“master equation”) [23, 24, 25]

∂z (Ω−1∂z̄ Ω) =
g2

4
(c 1N − Ω−1 H0 H†

0). (2.10)

The moduli matrix and S are defined up to a redefinition,

H0(z) → V (z) H0(z), S(z, z̄) → V (z) S(z, z̄), (2.11)

where V (z) is any non-singular N × N matrix which is holomorphic in z.

2.2 The Model

Actually the model we are interested here is not exactly this model, but is a model which contains
it as a low-energy approximation. We take as our model the standard N = 2 SQCD with Nf

quark hypermultiplets, with a larger gauge symmetry, e.g., SU(N + 1), which is broken at a
much larger mass scale as

SU(N + 1)
v1 "=0−→

SU(N) × U(1)

ZN

. (2.12)

The unbroken gauge symmetry is completely broken at a lower mass scale, as in Eq. (2.7).

Clearly one can attempt a similar embedding of the model Eq. (2.1) in a larger gauge group
broken at some higher mass scale, in the context of a non-supersymmetric model, even though in
such a case the potential must be judiciously chosen and the dynamical stability of the scenario
would have to be carefully monitored. Here we choose to study the softly broken N = 2
SQCD for concreteness, and above all because the dynamical properties of this model are well
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•  Ω = S S✝   satisfies the master equation

•  The moduli matrix  H0  defined 
up to  V equivalence relations 

holomorphic 
Eto-Nitta-Ohashi-Sakai...

z = x + i y

∂z  = (∂x  - i ∂y  )/2

Auzzi-Bolognesi-Evslin-Konishi-Yung,
Hanany-Tong,  Shifman-Yung,  Eto, et. al.   

any non-singular holomorphic 
NxN matrix

S:   complex extension of U(N)~ GL(N,C)
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The problem  :  Master (gauge field) equation   
   Ω = S S✝       S:   complex extension of U(N)~ GL(N,C): any regular NxN matrix **

(i)  Solve for the Hermitian NxN matrix Ω,       Ω✝ = Ω

Ω  ➞  (1/c)  H0  H0✝   ,       |z|  ➞  ∞  

(g, c  are constants, set to 1),   given a holomorphic moduli 
matrix   H0 (z),  with the boundary condition

(ii) Show the existence and uniqueness of the solution for each H0

H(1,0,...,0)
0 =





z − z0 0 0 . . . 0
b1 1 0 . . . 0

b2 0
. . . 0

... 0 . . . 0
bN−1 0 0 . . . 1





(z0, bi  are complex
moduli parameters) 

e.g.,

(**) for other  gauge groups 
see later

det H0  (z) ~ zk  + ... 
k= the winding number



U(2) ~  SU(2)xU(1) model as the low-energy effective 
theory from SU(3) theory 

are of the order of
√

µm, see next subsection). Thus we have

8π2

g2
1

= 2 log
m

Λ
+

2

3
log

√

m

µ
+ · · · , (2.9)

where we use the fact that the one loop coefficient of the β-function for U(1) theory

is b = −2 ne Nf and substitute Nf = 4 and the electric charge ne = 1/2
√

3, see

(2.6). Clearly, this coupling is even smaller than the one in the SU(2) sector.

If the number of the quark flavors is taken to be five, the SU(2) gauge coupling

constant also runs to smaller values towards the infrared. In general therefore one

has g1 #= g2, both small, and we shall not need more details in the analyses below.

2.3. Vacuum structure and low-energy spectrum

In this subsection we review the vacuum structure and low-energy mass spectrum

of SU(3) N = 2 QCD [12, 9] generalizing the analysis made in [16] to the case

of the SU(2) × U(1) low-energy group. To find the vacua of the effective theory

(2.5) we have to look for the zeros of the potential (2.7). At generic large values of

quark masses solutions have the following structure [9, 16]. Besides the three strong

coupling vacua which exist already in the pure SU(3) gauge theory there are 2Nf

r = 1 vacua and Nf(Nf −1)/2 r = 2 vacua, were r is the number of quark flavors

which develop non-zero VEV’s.

Here we are mostly interested in r = 2 vacua, which have an SU(2) ⊂ SU(3)

unbroken gauge group which becomes exact in the case of equal quark masses. Clearly

the minimal number of flavors for which we can have a r = 2 vacuum is Nf = 2.

Let us consider this case first.

The adjoint scalar matrix is given by

φ = −
1

√
2







m 0 0

0 m 0

0 0 −2m






(2.10)

where m is the common mass of both flavors. In the above notation (2.10) reads

〈a3〉 = 0, 〈a8〉 = −
√

6 m. (2.11)

For real values of m and µ we can use gauge rotations to make squark VEV’s

real. We write the squark field as a 2×2 matrix qkA where k = 1, 2 is a color index

10

Adjoint scalar VEV SU(3) ➔ SU(2)xU(1)/Z2   

Let us make an ansatz,

qkA(x) = ¯̃q
kA

(x), (3.1)

and a convenient redefinition of the squark fields qkA → 1√
2
qkA. The low-energy ac-

tion (2.5) then reduces (g2 and g1 stand for the SU(2) and U(1) coupling constants

at the scale ξ, respectively) to

S =

∫

d4x

[

1

4g2
2

(

F a
µν

)2
+

1

4g2
1

(

F 8
µν

)2
+

∣

∣∇µqA
∣

∣

2

+
g2
2

8

(

q̄AτaqA
)2

+
g2
1

24

(

q̄AqA − 2ξ
)2

]

, (3.2)

where we have set the adjoint scalar fields to their VEVs (2.11). The string tension

can be written à la Bogomolny [30]

T =

∫

d2x

(

3
∑

a=1

[

1

2g2

F (a)
ij ±

g2

4

(

q̄AτaqA

)

εij

]2

+

[

1

2g1

F (8)
ij ±

g1

4
√

3

(

|qA|2 − 2ξ
)

εij

]2

+
1

2

∣

∣∇i qA ± iεij∇j qA
∣

∣

2 ±
ξ

√
3
F̃ (8)

)

(3.3)

where F̃ (8) ≡ 1
2
εijF

(8)
ij , leading to the following first order equations for strings

1

2g2

F (a)
ij +

g2

4
ε

(

q̄AτaqA
)

εij = 0, a = 1, 2, 3;

1

2g1

F (8)
ij +

g1

4
√

3
ε

(

|qA|2 − 2ξ
)

εij = 0;

∇i qA + iεεij∇j qA = 0, A = 1, 2, . . . , Nf. (3.4)

Here ε = ± is the sign of the total flux specified below.

The U(1) × U(1) string solutions found in the case of unequal quark masses

[16] can be readily recognized as particular solutions of these equations. To construct

them we further restrict the gauge field Aa
µ to the single color component A3

µ (by

setting A1
µ = A2

µ = 0), and consider only squark fields of the 2 × 2 color-flavor

diagonal form:

qkA(x) = ¯̃q
kA

(x) '= 0, for k = A = 1, 2, (3.5)

this issue here.
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Non-Abelian BPS
(self-dual) equations  

Bogomolnyi completion
for static vortex soln

Auzzi-Bolognesi-Evslin-Konishi-Yung,

i, j = 1, 2



Vortex Ansatz and profile fns  (SU(2)xU(1) case)

Boundary
conditions: 

by setting all other components to zero. For unequal masses the relevant topological

classification was

π1(
U(1) × U(1)

Z2

) = Z
2 (3.6)

and the allowed strings formed a lattice labeled by two integer winding numbers. In

particular, assume that the first flavor winds n times while the second flavor winds

k times and look for solutions of (3.4) using the following ansatz 5

qkA(x) =

(

einϕφ1(r) 0

0 ei k ϕφ2(r)

)

,

A3
i (x) = −εεij

xj

r2
((n − k) − f3(r)) ,

A8
i(x) = −

√
3 εεij

xj

r2
((n + k) − f8(r)) (3.7)

where (r, ϕ) are polar coordinates in the (1,2) plane while the profile functions φ1,

φ2 for scalar fields and f3, f8 for gauge fields depend only on r.

f3(0) = f8(0) = 1, f3(∞) = f8(∞) = 0.

With this ansatz the first-order equations (3.4) take the form [16]

r
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dr
φ1(r) −

1

2
(f8(r) + f3(r))φ1(r) = 0,
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dr
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= 0,

−
1
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dr
f3(r) +

g2
2

2

(

φ1(r)2 − φ2(r)2
)

= 0. (3.8)

The profile functions in these equations are determined by the following boundary

conditions

f3(0) = εn,k (n − k) , f8(0) = εn,k (n + k) ,

f3(∞) = 0, f8(∞) = 0 (3.9)

5We use a notation slightly different from the one used in [16]: φ1(r) instead of ϕu(r); φ2(r)
instead of ϕd(r). The cylindrical coordinates are here denoted as (z, r, ϕ), the vortex center
extending along the z axis.
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for the gauge fields, and the requirement that the squark fields be everywhere regular.

The behavior of the latter at r = ∞,

φ1(∞) =
√

ξ, φ2(∞) =
√

ξ (3.10)

and that at r = 0 (e.g., φ1(0) = 0, if n "= 0, k = 0), follow from these require-

ments. Here the sign of the string flux is

ε = εn,k =
n + k

|n + k|
= sign(n + k) = ±1. (3.11)

The tension of a (n, k)-string for the case of equal quark masses is determined by

the flux of the A8
µ gauge field alone and is given by

Tn,k = 2π ξ |n + k|. (3.12)

Note that (1, 0) and (0, 1)-strings are exactly degenerate.

Note also that F̃ (3) does not enter the central charge of the N = 2 algebra and

so does not affect the string tension. The stability of the string in this case is due to

the U(1) factor of the SU(2) × U(1) low-energy group only.

The equations (3.4) represent a nonabelian generalization of the Bogomolny equa-

tions for the ANO string [30]. For a generic (n, k)-string equations (3.8) do not reduce

to the standard Bogomolny equations. For instance, for the (1, 1)-string these equa-

tions reduce to two Bogomolny equations while for the (1, 0) and (0, 1) strings they

do not.

The numerical solution for the “elementary” (1, 0) string is shown in Fig. 1, Fig.

2. The (0, 1) string is obtained by the replacement, φ1 ↔ φ2; f3 ↔ −f3.

The charges of (n, k)-strings can be plotted on the Cartan plane of the SU(3)

algebra. We shall use the convention of labeling the flux of a given string by the

magnetic charge of the monopole which produces this flux and must be attached to

each end. This is possible since both string fluxes and monopole charges are elements

of the group π1(U(1)2) = Z2. This convention is convenient because specifying the

flux of a given string automatically fixes the charge of the monopole that it confines.

Our strings are formed by the condensation of squarks which have electric charges

equal to the weights of SU(3) algebra. The Dirac quantization condition tells us

that the lattice of (n, k)-strings is formed by roots of the SU(3) algebra [16]. The

16
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instead of ϕd(r). The cylindrical coordinates are here denoted as (z, r, ϕ), the vortex center
extending along the z axis.
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The tension of a (n, k)-string for the case of equal quark masses is determined by

the flux of the A8
µ gauge field alone and is given by

Tn,k = 2π ξ |n + k|. (3.12)

Note that (1, 0) and (0, 1)-strings are exactly degenerate.

Note also that F̃ (3) does not enter the central charge of the N = 2 algebra and

so does not affect the string tension. The stability of the string in this case is due to

the U(1) factor of the SU(2) × U(1) low-energy group only.

The equations (3.4) represent a nonabelian generalization of the Bogomolny equa-

tions for the ANO string [30]. For a generic (n, k)-string equations (3.8) do not reduce

to the standard Bogomolny equations. For instance, for the (1, 1)-string these equa-

tions reduce to two Bogomolny equations while for the (1, 0) and (0, 1) strings they

do not.

The numerical solution for the “elementary” (1, 0) string is shown in Fig. 1, Fig.

2. The (0, 1) string is obtained by the replacement, φ1 ↔ φ2; f3 ↔ −f3.

2 4 6 8 10

0.2

0.4

0.6

0.8

1

Figure 1: Vortex profile functions φ1(r) and φ2(r) of the (1, 0)-string. Note φ1(0) = 0.

The charges of (n, k)-strings can be plotted on the Cartan plane of the SU(3)

algebra. We shall use the convention of labeling the flux of a given string by the

magnetic charge of the monopole which produces this flux and must be attached to

each end. This is possible since both string fluxes and monopole charges are elements

of the group π1(U(1)2) = Z2. This convention is convenient because specifying the

flux of a given string automatically fixes the charge of the monopole that it confines.

Our strings are formed by the condensation of squarks which have electric charges

equal to the weights of SU(3) algebra. The Dirac quantization condition tells us that

16

2 4 6 8 10

0.2

0.4

0.6

0.8

1

Figure 2: The profile functions f3(r) (lower curve) and f8(r) (upper curve) for the
(1, 0)-string.

the lattice of (n, k)-strings is formed by roots of the SU(3) algebra [16]. The lattice

of (n, k)-strings is shown in Fig. 3. Two strings (1, 0) and (0, 1) are the “elementary”

or “minimal” BPS strings. If we plot two lines along charges of these “elementary”

strings (see Fig. 3) they divide the lattice into four sectors. It turns out [16] that the

strings in the upper and lower sectors, which are labeled by black circles in Fig. 3,

are BPS but they are marginally unstable at real quark mass ratios. Instead, strings

in the right and left sectors, which are labeled in Fig. 3 by white circles, are bound

states of the “elementary” ones but they are not BPS.

(0,1)

(1,1)

(1,0)

(1,-1)

(0,2) (2,0)

Figure 3: Lattice of (n, k) vortices.
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Vortex tension and degeneracy

Let us make an ansatz,

qkA(x) = ¯̃q
kA

(x), (3.1)

and a convenient redefinition of the squark fields qkA → 1√
2
qkA. The low-energy ac-

tion (2.5) then reduces (g2 and g1 stand for the SU(2) and U(1) coupling constants

at the scale ξ, respectively) to

S =

∫

d4x

[

1

4g2
2

(

F a
µν

)2
+

1

4g2
1

(

F 8
µν

)2
+

∣

∣∇µqA
∣

∣

2

+
g2
2

8

(

q̄AτaqA
)2

+
g2
1

24

(

q̄AqA − 2ξ
)2

]

, (3.2)

where we have set the adjoint scalar fields to their VEVs (2.11). The string tension

can be written à la Bogomolny [30]

T =

∫

d2x

(

3
∑

a=1

[

1

2g2

F (a)
ij ±

g2

4

(

q̄AτaqA

)

εij

]2

+

[

1

2g1

F (8)
ij ±

g1

4
√

3

(

|qA|2 − 2ξ
)

εij

]2

+
1

2

∣

∣∇i qA ± iεij∇j qA
∣

∣

2 ±
ξ

√
3
F̃ (8)

)

(3.3)

where F̃ (8) ≡ 1
2
εijF

(8)
ij , leading to the following first order equations for strings

1

2g2

F (a)
ij +

g2

4
ε

(

q̄AτaqA
)

εij = 0, a = 1, 2, 3;

1

2g1

F (8)
ij +

g1

4
√

3
ε

(

|qA|2 − 2ξ
)

εij = 0;

∇i qA + iεεij∇j qA = 0, A = 1, 2, . . . , Nf. (3.4)

Here ε = ± is the sign of the total flux specified below.

The U(1) × U(1) string solutions found in the case of unequal quark masses

[16] can be readily recognized as particular solutions of these equations. To construct

them we further restrict the gauge field Aa
µ to the single color component A3

µ (by

setting A1
µ = A2

µ = 0), and consider only squark fields of the 2 × 2 color-flavor

diagonal form:

qkA(x) = ¯̃q
kA

(x) '= 0, for k = A = 1, 2, (3.5)

this issue here.
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where

for the gauge fields, and the requirement that the squark fields be everywhere regular.

The behavior of the latter at r = ∞,

φ1(∞) =
√

ξ, φ2(∞) =
√

ξ (3.10)

and that at r = 0 (e.g., φ1(0) = 0, if n "= 0, k = 0), follow from these require-

ments. Here the sign of the string flux is

ε = εn,k =
n + k

|n + k|
= sign(n + k) = ±1. (3.11)

The tension of a (n, k)-string for the case of equal quark masses is determined by

the flux of the A8
µ gauge field alone and is given by

Tn,k = 2π ξ |n + k|. (3.12)

Note that (1, 0) and (0, 1)-strings are exactly degenerate.

Note also that F̃ (3) does not enter the central charge of the N = 2 algebra and

so does not affect the string tension. The stability of the string in this case is due to

the U(1) factor of the SU(2) × U(1) low-energy group only.

The equations (3.4) represent a nonabelian generalization of the Bogomolny equa-

tions for the ANO string [30]. For a generic (n, k)-string equations (3.8) do not reduce

to the standard Bogomolny equations. For instance, for the (1, 1)-string these equa-

tions reduce to two Bogomolny equations while for the (1, 0) and (0, 1) strings they

do not.

The numerical solution for the “elementary” (1, 0) string is shown in Fig. 1, Fig.

2. The (0, 1) string is obtained by the replacement, φ1 ↔ φ2; f3 ↔ −f3.

The charges of (n, k)-strings can be plotted on the Cartan plane of the SU(3)

algebra. We shall use the convention of labeling the flux of a given string by the

magnetic charge of the monopole which produces this flux and must be attached to

each end. This is possible since both string fluxes and monopole charges are elements

of the group π1(U(1)2) = Z2. This convention is convenient because specifying the

flux of a given string automatically fixes the charge of the monopole that it confines.

Our strings are formed by the condensation of squarks which have electric charges

equal to the weights of SU(3) algebra. The Dirac quantization condition tells us

that the lattice of (n, k)-strings is formed by roots of the SU(3) algebra [16]. The
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➩ Tension:

(0,1)

(1,1)

(1,0)

(1,-1)

(0,2) (2,0)

Figure 3: Lattice of (n, k) vortices.

3.2. Minimal vortex of generic orientation: S2 zero modes

Actually, the relevant homotopy group here is

π1(
SU(2) × U(1)

Z2

) = Z, (3.13)

instead of (3.6), as we are working with the case of equal quark masses where the

low-energy gauge group is SU(2)×U(1)
Z2

. The generator of the fundamental group is a

loop which encircles the U(1)/Z2 once [17], and thus to calculate the tension of a

string, or to determine whether it is stable, it suffices to simply count the winding

number around this circle. This means that the lattice of (n, k)-strings reduces to

a tower labeled by one integer (n + k). For instance, the (1, −1)-string becomes

completely unstable as it winds forward once and then backward once, and so there is

no net winding and so no topological charge. On the restored SU(2) group manifold

it is also trivial, as it goes half way around the equator and then goes back. The

(2, 0) string goes all of the way around the SU(2) equator, making a contractible

loop, but is stable because it wraps the U(1)/Z2 twice (it wraps the original U(1)

once).

On the other hand, the (1, 0) and (0, 1) strings cannot be shrunk because they

correspond to a half circle along the equator. They have the same tension (see (3.12))

for equal quark masses and thus apparently belong to doublet of an SU(2).

In general non-BPS strings on the (n, k)-lattice (see Fig. 3) become unstable
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e.g. ,   (1,0) and (0,1)
vortices have the same 
tension
Actually, the vortex degeneracy
is actually larger

S = s S′, ω = ss†

T = 2ξ

∫
d2x ∂∂̄ log ω



Orientational zero modes

Exact SU(2)C+F  symmetry of the system (eq. of motion and the vacuum)

broken by individual vortex solution: 

SU(2)C+F   ➔  U(1)

Orientational zeromodes 

where we use a matrix notation for the SU(2) gauge field, Aµ = Aa
µτa/2. Using

the representation 6

Uτ 3U−1 = naτa, (3.20)

where na is a unit vector on S2, n2 = 1, we can rewrite the SU(2) gauge potential

of (3.19) in the form

Ai(x) =
1

2
naτaεij

xj

r2
f3(r), (3.21)

revealing that now the SU(2) flux of the string is directed along an arbitrary vector

na. It is easy to see that the rotated string (3.19) is a solution of nonabelian first

order equations (3.4).

Since the SU(2)C+F symmetry is not broken by squark VEV’s it is physical and

does not correspond to any of the gauge rotations eaten by the Higgs mechanism.

To see this explicitly let us rewrite the quark field of our solution (3.19) using the

parametrization (3.15). We get

UU(1) = I, USU(2) = I,

q0(x) =
1

2
(φ1 + φ2), qa(x) = na

1

2
(φ1 − φ2). (3.22)

We see that all gauge phases are zero while physical variables acquire an n-dependence.

Clearly the solution (3.19) interpolates between (1, 0) and (0, 1) strings. In partic-

ular it gives a (1, 0)-string for n = (0, 0, 1) and a (0, 1)-string for n = (0, 0, −1).

The SU(2)C+F symmetry is exact and the tension of the string solution (3.19)

is independent of na:

T = 2 π ξ, (3.23)

see (3.12). However, an explicit vortex solution breaks the exact SU(2)C+F as

SU(2)C+F → U(1) : (3.24)

the two angles associated with vector na - two orientational bosonic zero modes of

the string - parametrize the quotient space SU(2)/U(1) ∼ CP1 ∼ S2.

In the regular gauge, the minimal nonabelian vortex of generic orientation (3.19)

takes the form

qkA = U

(

ei ϕφ1(r) 0

0 φ2(r)

)

U−1 = e
i
2

ϕ (1+naτa) U

(

φ1(r) 0

0 φ2(r)

)

U−1,

6Explicitly, if na = (sin α cos β, sin α sin β, cos α), the rotation matrix is given by U =
exp −iβ τ3/2 exp −iα τ2/2.
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Ai(x) = U [−
τ 3

2
εij

xj

r2
[1 − f3(r)]]U−1 = −

1

2
naτaεij

xj

r2
[1 − f3(r)],

and

A8
i (x) = −

√
3 εij

xj

r2
[1 − f8(r)], (3.25)

where U is given by Eq. (3.20) and the profile functions are solutions of Eq.(3.8) for

(n, k) = (1, 0). In this gauge it is particularly clear that this solution smoothly

interpolates between the (1, 0) and (0, 1) solutions: if n = (0, 0, 1) the first flavor

squark winds at infinity while for n = (0, 0, −1) the second flavor does.

To further convince ourselves that the rotation considered above corresponds to

physical zero modes we can construct a gauge invariant operator which has na-

dependence on our solution. One example is

O(x)A
B = q̄B qA(x), (3.26)

which is a matrix in flavor indices. Inserting the solution (3.25) this operator reads

O(r) =
1

2
(φ2

1 + φ2
2)(r) + naτa

1

2
(φ2

1 − φ2
2)(r). (3.27)

We see that O(x) is a gauge invariant operator which has na-dependence localized

near the string axis where (φ2
1 − φ2

2) is non-zero.

As we have already mentioned the central charge of the N = 2 algebra reduces

to the F̃ 8 component of the flux

1
√

3

∫

d2x F̃ 8 = 2 π. (3.28)

If we define a gauge invariant flux
∫

d2x F a∗ Φa it reduces to the one in (3.28) so

the SU(2) component of the flux does not enter7. Still as we see from (3.27) there

are gauge invariant quantities which acquire n-dependence.

3.3. Non-abelian monopoles as a multiplet of the unbroken
dual group

In a sense, the result of the preceeding subsection solves, albeit indirectly, the long-

standing “existence problem” for the nonabelian monopoles discussed in the literature

7We can define an SU(2) flux by constructing the operator 2
∫

d2x < q̄ > F ∗ < q > /ξ which
is invariant under global gauge transformations. This flux is a matrix in flavor indices and on the
string solution (3.25) reads 2πna(τa)A

B.
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interpolates between the (1, 0) and (0, 1) solutions: if n = (0, 0, 1) the first flavor

squark winds at infinity while for n = (0, 0, −1) the second flavor does.

To further convince ourselves that the rotation considered above corresponds to

physical zero modes we can construct a gauge invariant operator which has na-

dependence on our solution. One example is

O(x)A
B = q̄B qA(x), (3.26)

which is a matrix in flavor indices. Inserting the solution (3.25) this operator reads

O(r) =
1

2
(φ2

1 + φ2
2)(r) + naτa

1

2
(φ2

1 − φ2
2)(r). (3.27)

We see that O(x) is a gauge invariant operator which has na-dependence localized

near the string axis where (φ2
1 − φ2

2) is non-zero.

As we have already mentioned the central charge of the N = 2 algebra reduces

to the F̃ 8 component of the flux

1
√

3

∫

d2x F̃ 8 = 2 π. (3.28)

If we define a gauge invariant flux
∫

d2x F a∗ Φa it reduces to the one in (3.28) so

the SU(2) component of the flux does not enter7. Still as we see from (3.27) there

are gauge invariant quantities which acquire n-dependence.

3.3. Non-abelian monopoles as a multiplet of the unbroken
dual group

In a sense, the result of the preceeding subsection solves, albeit indirectly, the long-

standing “existence problem” for the nonabelian monopoles discussed in the literature

7We can define an SU(2) flux by constructing the operator 2
∫

d2x < q̄ > F ∗ < q > /ξ which
is invariant under global gauge transformations. This flux is a matrix in flavor indices and on the
string solution (3.25) reads 2πna(τa)A

B.
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where we use a matrix notation for the SU(2) gauge field, Aµ = Aa
µτa/2. Using

the representation 6

Uτ 3U−1 = naτa, (3.20)

where na is a unit vector on S2, n2 = 1, we can rewrite the SU(2) gauge potential

of (3.19) in the form

Ai(x) =
1

2
naτaεij

xj

r2
f3(r), (3.21)

revealing that now the SU(2) flux of the string is directed along an arbitrary vector

na. It is easy to see that the rotated string (3.19) is a solution of nonabelian first

order equations (3.4).

Since the SU(2)C+F symmetry is not broken by squark VEV’s it is physical and

does not correspond to any of the gauge rotations eaten by the Higgs mechanism.

To see this explicitly let us rewrite the quark field of our solution (3.19) using the

parametrization (3.15). We get

UU(1) = I, USU(2) = I,

q0(x) =
1

2
(φ1 + φ2), qa(x) = na

1

2
(φ1 − φ2). (3.22)

We see that all gauge phases are zero while physical variables acquire an n-dependence.

Clearly the solution (3.19) interpolates between (1, 0) and (0, 1) strings. In partic-

ular it gives a (1, 0)-string for n = (0, 0, 1) and a (0, 1)-string for n = (0, 0, −1).

The SU(2)C+F symmetry is exact and the tension of the string solution (3.19)

is independent of na:

T = 2 π ξ, (3.23)

see (3.12). However, an explicit vortex solution breaks the exact SU(2)C+F as

SU(2)C+F → U(1) : (3.24)

the two angles associated with vector na - two orientational bosonic zero modes of

the string - parametrize the quotient space SU(2)/U(1) ∼ CP1 ∼ S2.

In the regular gauge, the minimal nonabelian vortex of generic orientation (3.19)

takes the form

qkA = U

(

ei ϕφ1(r) 0

0 φ2(r)

)

U−1 = e
i
2

ϕ (1+naτa) U

(

φ1(r) 0

0 φ2(r)

)

U−1,

6Explicitly, if na = (sin α cos β, sin α sin β, cos α), the rotation matrix is given by U =
exp −iβ τ3/2 exp −iα τ2/2.

21

where we use a matrix notation for the SU(2) gauge field, Aµ = Aa
µτa/2. Using

the representation 6

Uτ 3U−1 = naτa, (3.20)

where na is a unit vector on S2, n2 = 1, we can rewrite the SU(2) gauge potential

of (3.19) in the form
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is independent of na:

T = 2 π ξ, (3.23)

see (3.12). However, an explicit vortex solution breaks the exact SU(2)C+F as

SU(2)C+F → U(1) : (3.24)

the two angles associated with vector na - two orientational bosonic zero modes of

the string - parametrize the quotient space SU(2)/U(1) ∼ CP1 ∼ S2.

In the regular gauge, the minimal nonabelian vortex of generic orientation (3.19)

takes the form

qkA = U

(
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0 φ2(r)

)

U−1 = e
i
2

ϕ (1+naτa) U
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First let us separate physical variables from the gauge phases eaten by the Higgs

mechanism in the quark fields. To do so we use the following parametrization of the

2 × 2 quark matrix

qkA = UU(1)USU(2)

(

q0 + τaqa
)

. (3.15)

Here UU(1) and USU(2) are matrices from the U(1) and SU(2) gauge factors respec-

tively while q0(x) and qa(x) are real. The parametrization (3.15) represents eight

real variables qkA in terms of 3+1=4 gauge phases eaten by the Higgs mechanism

and four physical variables q0 and qa. In particular, (2.12) corresponds to

< q0 >=
√

ξ, < qa >= 0. (3.16)

Now let us fix the unitary gauge (at least globally, which is enough for our pur-

poses) by imposing the condition that squark VEV’s are given precisely by (3.16)

and so all gauge phases are zero. Now transform the (1, 0)-string solution (3.7) into

unitary gauge, which corresponds to the singular gauge in which the string flux comes

from the singularity of the gauge potential at zero. In this gauge the solution (3.7)

for the (1, 0)-string takes the form

qkA =

(

φ1(r) 0

0 φ2(r)

)

,

A3
i(x) = εij

xj

r2
f3(r), A8

i (x) =
√

3 εij

xj

r2
f8(r). (3.17)

Note that a global diagonal subgroup in the product of gauge and flavor symmetries

SU(2)C × SU(2)F is not broken by the squark VEV. Namely,

U < q > U−1 =< q >, (3.18)

where U is a global rotation in SU(2) while the squark VEV matrix is given by

(2.12). We call this unbroken group SU(2)C+F .

Now let us apply this global rotation to the (1, 0) string solution (3.17). We find

qkA = U

(

φ1(r) 0

0 φ2(r)

)

U−1,

Ai(x) =
1

2
Uτ 3U−1εij

xj

r2
f3(r), A8

i (x) =
√

3 εij

xj

r2
f8(r), (3.19)
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⊂

(1,0)(0,1)

(0,2) (2,0)(1,1) Level 2

Level 1

Figure 4: Reduced lattice of Z vortices.

as they have tensions above their BPS bounds and we are left with |n + k| + 1

BPS strings at each winding number n + k. The reduction of the string lattice is

illustrated Fig. 4.

Most importantly, this suggests that there be a continuously infinite number of

vortices of minimum winding and with the same tension,

T1 = 2 π ξ (3.14)

of which the (1, 0) and (0, 1) vortices discussed above are just two particular cases

(Fig. 5). Below we show that this is indeed correct, by a continuous deformation of

(0,1) (1,0)

Figure 5: Interpolating between the (1, 0)-string and (0, 1)-string.

the (1, 0)-string solution transforming it into a (0, 1)-string. This deformation leaves

the string tension unchanged and therefore corresponds to an orientational zero mode.
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where we use a matrix notation for the SU(2) gauge field, Aµ = Aa
µτa/2. Using

the representation 6

Uτ 3U−1 = naτa, (3.20)

where na is a unit vector on S2, n2 = 1, we can rewrite the SU(2) gauge potential

of (3.19) in the form

Ai(x) =
1

2
naτaεij

xj

r2
f3(r), (3.21)

revealing that now the SU(2) flux of the string is directed along an arbitrary vector

na. It is easy to see that the rotated string (3.19) is a solution of nonabelian first

order equations (3.4).

Since the SU(2)C+F symmetry is not broken by squark VEV’s it is physical and

does not correspond to any of the gauge rotations eaten by the Higgs mechanism.

To see this explicitly let us rewrite the quark field of our solution (3.19) using the

parametrization (3.15). We get

UU(1) = I, USU(2) = I,

q0(x) =
1

2
(φ1 + φ2), qa(x) = na

1

2
(φ1 − φ2). (3.22)

We see that all gauge phases are zero while physical variables acquire an n-dependence.

Clearly the solution (3.19) interpolates between (1, 0) and (0, 1) strings. In partic-

ular it gives a (1, 0)-string for n = (0, 0, 1) and a (0, 1)-string for n = (0, 0, −1).

The SU(2)C+F symmetry is exact and the tension of the string solution (3.19)

is independent of na:

T = 2 π ξ, (3.23)

see (3.12). However, an explicit vortex solution breaks the exact SU(2)C+F as

SU(2)C+F → U(1) : (3.24)

the two angles associated with vector na - two orientational bosonic zero modes of

the string - parametrize the quotient space SU(2)/U(1) ∼ CP1 ∼ S2.

In the regular gauge, the minimal nonabelian vortex of generic orientation (3.19)

takes the form

qkA = U

(

ei ϕφ1(r) 0

0 φ2(r)

)

U−1 = e
i
2

ϕ (1+naτa) U

(

φ1(r) 0

0 φ2(r)

)

U−1,

6Explicitly, if na = (sin α cos β, sin α sin β, cos α), the rotation matrix is given by U =
exp −iβ τ3/2 exp −iα τ2/2.
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(Tension invariant)



Moduli-matrix formalism

Vortex of minimum winding (k=1):

det H0  ∿  z 

is associated with each component vortex at z = zi. An overall constant of !φi cannot be
determined from Eq. (2.4) so we should introduce an equivalence relation “∼”, given by

!φi ∼ λ !φi, with λ ∈ C∗. (2.5)

Thus, each vector !φi takes a value in the projective space CP N−1 = SU(N)/[SU(N − 1) ×
U(1)]. This space can be understood as a space parameterized by Nambu-Goldstone modes
associated with the symmetry breaking,

SU(N)G+F → U(1) × SU(N − 1), (2.6)

caused by the presence of a vortex [3, 4, 10, 15, 22]. We call φi the orientational vector.

The solutions Eq. (2.3) are invariant under

(H0, S) → (V (z)H0, V (z)S) (2.7)

with V (z) ∈ GL(N, C) being holomorphic with respect to z. We call this V -transformation
or V -equivalence relation. The moduli space of the vortex equations Eq. (2.2) is obtained as
the quotient space Mtotal = {H0(z)}/GL(N, C). This space is infinite dimensional and can
be decomposed into topological sectors according to the vortex number k. The k-th topological
sector MN,k, the moduli space of k vortices, is determined by the condition that det H0(z) is
of order zk:

MN,k &
{

H0(z)
∣∣∣ det H0(z) = O(zk)

}
/{V (z)}. (2.8)

2.2 Fundamental (k = 1) vortices

Let us first discuss a single non-Abelian vortex in U(2) gauge theory. The condition on the
moduli matrix H0 is det H0 = O(z). Modulo V -equivalence relation Eq. (2.7), the moduli
matrix can be brought to one of the following two forms [10]:

H(1,0)
0 (z) =

(
z − z0 0
−b′ 1

)
, H(0,1)

0 (z) =

(
1 −b
0 z − z0

)
(2.9)

with b, b′ and z0 complex parameters. Here z0 gives the position moduli whereas b and b′

give the orientational moduli as we see below. The two matrices in Eq. (2.9) describe the same
single vortex configuration but in two different patches of the moduli space. Let us denote them
U (1,0) = {z0, b′} and U (0,1) = {z0, b}. The transition function between these patches is given,
except for the point b′ = 0 in the patch U (1,0) and b = 0 in U (0,1), by the V -transformation
Eq. (2.7) of the form [10]

V =

(
0 −1/b′

b′ z − z0

)
∈ GL(2, C). (2.10)

This yields the transition function

b =
1

b′
, (b, b′ '= 0). (2.11)
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the inhomogeneous coordinate of  
the Riemann sphere S2 =  CP1    

➩

2x2 matrix holomorphic in   z= x+i y

vortex center vortex orientation
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3

change of the local patches by H(1,0)   ➔  H(0,1)   =  V  H(1,0)  

except at  b’  =0

H = S−1 H0(z), A1 + iA2 = −2 i S−1(z, z̄)∂̄zS(z, z̄)

• In general, the vortex moduli space is a complex manifold.  V  transformations provide
the transition functions among the local coordinates
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Proof that NA monopoles form H̃ multiplet

• (U(2) with Nf = 2)

H0 → U H0 U−1 ∼ H ′
0, U =

(
α β
−β∗ α∗

)
(3)

a0 →
αa0 + β

α∗ + β∗a0
.

• OK with (
a1

a2

)
→

(
α β
−β∗ α∗

) (
a1

a2

)
,

a1

a2
= a0.

• Precisely the SU(2) transformation of a two-state quantum mechanical
system

a1 |1〉+ a2 |2〉.

• Together with Eq.(2), in the system with a hierarchical breaking, this proves
that the massive non-abelian monopoles do transform as a H̃ multiplet.
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Method of moduli matrix
Eto-Isozumi-Nitta-Ohashi-Sakai

For the vortices of U(N), Nf = N (also for monopoles and walls):

• BPS equation (H = q is an N ×N color-flavor matrix)

(D1 + iD2) H = 0, F12 +
g2

2
(
c1N −H H†) = 0.

• The solution (z = x1 + i x2):

H = S−1(z, z̄) H0(z), W1 + iW2 = −2 i S−1(z, z̄) ∂̄zS(z, z̄),

where H0(z), (N ×N ) holomorphic, and det H0(z) ∼ zk. H0(z) contains all
the information on the moduli parameters.

• U(2) with Nf = 2 (a0 = 1/b0; CP 1 ∼ SU(2)/U(1)), H0(z) ∼ V (z) H0(z)

H(1,0)
0 $

(
z − z0 0
−b0 1

)
; H(0,1)

0 $
(

1 −a0

0 z − z0

)
, (1)



Vortices in U(N) = SU(N)xU(1)/ZN  theory

U(3) 

A(0)
µ , and by setting all other components to zero. The squark fields are labeled by

three integers: n, k, p. These correspond to the squark winding numbers:

qkA =







ei nϕφ1(r) 0 0

0 eik ϕφ2(r) 0

0 0 eipϕφ3(r)






, (4.11)

with the conditions

φ1, φ2, φ3 →
√

ξ, r → ∞. (4.12)

As before, the only relevant color (vertical) and flavor (horizontal) components are

shown above, all other components are set identically to zero in the vortex solution.

At ∞ we have a pure gauge field Ai ∝ εij
xj

r2 . We find the coefficients by imposing

that the covariant derivatives go to zero. So we have:

A3
i(x) = −εij

xj

r2

(

(n − k) − f3(r)
)

,

A8
i (x) = −

1
√

3
εij

xj

r2

(

(n + k − 2p) − f8(r)
)

,

Ai(x) = −
1

3
εij

xj

r2

(

(n + k + p) − f0(r)
)

. (4.13)

The profile functions should tend to zero at r = ∞, and their values at the origin

(vortex center) are dictated by the regularity of the gauge fields (f3(0) = n − k,

etc). The first order equations for the profile functions are:

r
d

dr
φ1(r) −

(1

2
f3(r) +

1

6
f8(r) +

1

3
f0(r)

)

φ1(r) = 0,

r
d

dr
φ2(r) −

(

−
1

2
f3(r) +

1

6
f8(r) +

1

3
f0(r)

)

φ2(r) = 0,

r
d

dr
φ3(r) −

(

−
1

3
f8(r) +

1

3
f0(r)

)

φ3(r) = 0,

−
1

r

d

dr
f3(r) + g2

(1

2
φ1(r)2 −

1

2
φ2(r)2

)

= 0.

−
1

r

d

dr
f8(r) + g2

(1

2
φ1(r)2 +

1

2
φ2(r)2 − φ3(r)2

)

= 0,

−
1

r

d

dr
f0(r) + 3e2

(

φ1(r)2 + φ2(r)2 + φ3(r)2 − 3 ξ
)

= 0. (4.14)

The tension of this vortex is given by the U(1) flux only,

Tn,k,p = 2 π ξ | n + k + p |.
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The profile functions should tend to zero at r = ∞, and their values at the origin

(vortex center) are dictated by the regularity of the gauge fields (f3(0) = n − k,

etc). The first order equations for the profile functions are:
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The tension of this vortex is given by the U(1) flux only,

Tn,k,p = 2 π ξ | n + k + p |.
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Self-dual equations
in terms of the profile 
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 the tension is given by

i, j = 1, 2



But for k=1  e.g., (1,0,0) vortex in U(3) theory,  

The (1, 0, 0), (0, 1, 0) and (0, 0, 1)-strings all have the same tension. In the A3
i

and A8
i plane, they form a equilateral triangle that corresponds to the antifunda-

mental of SU(3). It is possible to go from the (1, 0, 0) → (0, 1, 0) with the Weyl

reflection:

f3 → −f3, φ1 ↔ φ2,

other profile functions being left invariant. This corresponds to the global color-flavor

SU(3)C+F rotation:

UC+F =







1

−1

1






.

To do the transformation (1, 0, 0) → (0, 0, 1), we use the Weyl reflection:

f3 →
1

2
f3 −

1

2
f8; f8 → −

3

2
f3 −

1

2
f8, φ1 ↔ φ3.

In the A3, A8 plane, this transformation is exatly the reflection:

RWeyl =

(

cos −π
3

sin −π
3

sin −π
3

− cos −π
3

)

.

The transformation corresponds to the colour-flavour rotation:

UC+F =







1

1

−1






.

It is easy to see that with these tranformations, equations Eq. (4.14) and the asymp-

totic conditions are left invariant.

We have found that these three solutions belong to the same set, and it is possible

to continuously interpole between them with a gauge-flavor rotation. This set is

parametrized by the coset SU(3)C+F/H, where H is the group left invariant by

the vortex solution. Let us check this for the (1, 0, 0) vortex. It is easily seen that it

is possible to fix:

φ2 = φ3 = φ, f3 = f8 = fNA

to reduce to four the number of profile functions satisfying:

r
d

dr
φ1(r) −

(2

3
fNA(r) +

1

3
f(r)

)

φ1(r) = 0,
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d

dr
φ(r) −

(

−
1

3
fNA(r) +

1

3
f(r)

)

φ(r) = 0,

−
1

r

d

dr
fNA(r) + g2

(1

2
φ1(r)2 −

1

2
φ(r)2

)

= 0.

−
1

r

d

dr
f(r) + 3e2

(

φ1(r)2 + 2φ(r)2 − 3ξ
)

= 0. (4.15)

Now it is possible to see that there is un unbroken subgroup SU(2) × U(1). For

the (0, 0, 1) vortex we can put:

φ1 = φ2 = φ, f3 = 0, f8 = −2fNA.

The four equations are the same as Eq. (4.15), with φ1 replaced by φ3.

To summarize, these vortices possess exact orientation zero modes, due to the fact

that the system has an exact color-flavor diagonal symmetry, SU(3)C+F . Since any

particular vortex solution, like those found above, breaks this symmetry as

SU(3) → SU(2) × U(1), (4.16)

there actually exist a continuous family of solutions of the same tension. The vortices

of minimum tension of a generic orientation in SU(3) are constructed starting from

e.g., the (1, 0, 0) solution, by SU(3)C+F transformations

qkA = U







eiϕφ1(r) 0 0

0 φ2(r) 0

0 0 φ2(r)






U†, (4.17)

Ai = UA(1,0,0)
i U†, (4.18)

where A(1,0,0)
i stands for the gauge fields (4.13) with (n, k, p) = (1, 0, 0). This

family of vortices are labeled by the four real parameters of

SU(3)

SU(2) × U(1)
∼ CP2. (4.19)

4.2. Generalization to K-vacua

In the case with unbroken SU(K) symmetry, one apparently has 2K profile func-

tions:

φ1, . . . , φK, f3, . . . , fK2−1, f, (4.20)
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Orientational zero modes



Generalization to U(N) theory straightforward:  

A priori need 2N profile functions
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4.2. Generalization to N-vacua

In the case with unbroken SU(N) symmetry, one apparently has 2N profile func-

tions:

φ1, . . . , φN, f3, . . . , fN2−1, f, (4.20)
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where fk2−1’s (k = 2, 3, . . . , N ) correspond to N − 1 generators of the Cartan

subalgebra. The ansatz is:

qkA =







ein1αφ1 0 0

0
. . . 0

0 0 ei nN αφN






,

A3
i(x) = −εij

xj

r2

(

(n1 − n2) − f3

)

,

...

AN2−1
i (x) = −

√

2

N(N − 1)
εij

xj

r2

(

(n1 + . . .+nN−1 − (N −1)nN)−fN2−1

)

,

Ai(x) = −
1

N
εij

xj

r2

(

(n1 + . . . + nN) − f
)

. (4.21)

Actually, the solution leaves an SU(N − 1) × U(1) symmetry invariant, as can

be seen from tha fact that they can be expressed in terms of four profile functions

only, as in the SU(2) and SU(3) cases studied above. In fact, for the (0, . . . , 0, 1)

vortex one can set:

φ1 = . . . = φN−1 = φ,

f3 = . . . = f(N−1)2−1 = 0, fN2−1 = −(N − 1)fNA (4.22)

reducing the linear equations to the set:

r
d

dr
φ(r) −

(

−
1

N
fNA(r) +

1

N
f(r)

)

φ(r) = 0,

r
d

dr
φN(r) −

((N − 1)

N
fNA(r) +

1

N
f(r)

)

φN(r) = 0,

−
1

r

d

dr
fNA(r) +

g2

2

(

φN(r)2 − φ(r)2
)

= 0,

−
1

r

d

dr
f(r) + Ne2

(

(N − 1) φ(r)2 + φN(r)2 − Nξ
)

= 0. (4.23)

These equations reduce to Eq. (4.15) for N = 3.

Considering that the above system arises from the softly broken N = 2 SU(N)

theory with Nf flavors, 2N − 2 ≤ Nf ≤ 2N , broken by the adjoint scalar VEVS

as

SU(N) →
SU(N − 1) × U(1)

ZN

, (4.24)

29

where fk2−1’s (k = 2, 3, . . . , N ) correspond to N − 1 generators of the Cartan

subalgebra. The ansatz is:

qkA =







ein1αφ1 0 0

0
. . . 0

0 0 ei nN αφN






,

A3
i(x) = −εij

xj

r2

(

(n1 − n2) − f3

)

,

...

AN2−1
i (x) = −

√

2

N(N − 1)
εij

xj

r2

(

(n1 + . . .+nN−1 − (N −1)nN)−fN2−1

)

,

Ai(x) = −
1

N
εij

xj

r2

(

(n1 + . . . + nN) − f
)

. (4.21)

Actually, the solution leaves an SU(N − 1) × U(1) symmetry invariant, as can

be seen from tha fact that they can be expressed in terms of four profile functions

only, as in the SU(2) and SU(3) cases studied above. In fact, for the (0, . . . , 0, 1)

vortex one can set:

φ1 = . . . = φN−1 = φ,

f3 = . . . = f(N−1)2−1 = 0, fN2−1 = −(N − 1)fNA (4.22)

reducing the linear equations to the set:
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d

dr
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(

−
1

N
fNA(r) +

1

N
f(r)

)
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r
d

dr
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((N − 1)

N
fNA(r) +

1

N
f(r)

)
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1

r

d

dr
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2
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r
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dr
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These equations reduce to Eq. (4.15) for N = 3.

Considering that the above system arises from the softly broken N = 2 SU(N)

theory with Nf flavors, 2N − 2 ≤ Nf ≤ 2N , broken by the adjoint scalar VEVS

as

SU(N) →
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These equations reduce to Eq. (4.15) for N = 3.

Considering that the above system arises from the softly broken N = 2 SU(N)

theory with Nf flavors, 2N − 2 ≤ Nf ≤ 2N , broken by the adjoint scalar VEVS

as

SU(N) →
SU(N − 1) × U(1)

ZN

, (4.24)
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Each vortex solution respects U(N-1)

➩  2N-parameter family of degenerate vortices on
SU(N)

SU(N − 1)× U(1)
∼ CPN−1



In terms of the moduli-matrix:

H = S−1 H0(z), A1 + iA2 = −2 i S−1(z, z̄) ∂̄z S(z, z̄)

H0 = N ×N matrix,holomorphic in z

H(1,0,...,0)
0 =





z − z0 0 0 . . . 0
b1 1 0 . . . 0

b2 0
. . . 0

... 0 . . . 0
bN−1 0 0 . . . 1





k=1 vortex in the (1,0,..,0) patch 

(b1 , b2 , ... bN-1 ) ~ local coordinates of  CPN-1   



  Non-Abelian orientational  modes of U(N) vortices    

Broken to U(N-1) by the soliton vortex  (“Nambu-Goldstone modes”) 

Vortex moduli =  SU(N)/ U(N-1) = CP          (= CP   ~  S     for  U(2) ) 
N-1

where the dots denote higher orders in µ/m and terms involving δφ = φ − 〈φ〉. Note that to
this order, the only modification is a Fayet-Iliopoulos term which does not break N = 2 SUSY. The
covariant derivative acts as

DµqA = ∂µqA − iA0
µ qA − iAb

µtbqA , (3.2)

where ta is normalized as
Tr (ta)2 = 1 , (3.3)

and
ta =

1
√

2
H(a) =

1
√

2

(
0 −i
i 0

)

2a+1,2a+2

, (3.4)

where H(a) is the a-th Cartan generator of SO(2N), a = 1, 2, . . . , N , which we take simply as

H(a) =
(

0 −i
i 0

)

2a+1,2a+2

. (3.5)

As we have seen already, each light field carries unit charge with respect to H(0); the pair (QA,j, Q̂A,j),
j = 3, 5, 7, . . ., furthermore carries the charge ±1 with respect to H(a) (a = (j − 1)/2) and zero
charge with respect to other Cartan generators.

Let us define
ξ =

µ m

2
, (3.6)

which is the only relevant dimensional parameter in the Lagrangian. We set Nf = 2N , which is
enough for our purposes§. By writing qiA, q̃Ai as color-flavor mixed matrices q, q̃, the vacuum
equations are now cast into the form

Tr
(
qq†) = Tr

(
q̃†q̃

)
, (3.7)

qq† −
(
qq†)T = q̃†q̃ −

(
q̃†q̃

)T
, (3.8)

Tr
(
qq̃

)
= ξ , (3.9)

Tr
(
tbqq̃

)
= 0 . (3.10)

The vacuum we choose to study is characterized by the color-flavor locked phase

〈qA,j〉 =
〈
q̃†

A,j

〉
= δA,j v2 , v2 =

√
ξ

2N
, (3.11)

or

〈q〉 =
〈
q̃†〉 = v2 = v2





1 0 0 0
0 1 0 0

0 0
. . . 0

0 0 0 1




, (3.12)

which clearly satisfies all the equations above. The gauge (O) and flavor (U) transformations act on
them as

q → O q UT , q̃ → U∗ q̃ OT O ∈ SO(2N) × U(1) , U ∈ U(2N) : (3.13)

the gauge group is completely broken, while a global SO(2N)C+F × U(1)C+F group (U = O) is
left unbroken.

§Higher Nf are interesting because of semilocal vortex configurations arising in these theories. These solutions will
be discussed elsewhere.
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C+F

   1

vortices

Auzzi-Bolognesi-
Evslin-Konishi-Yung,

Hanany-Tong, 
Shifman-Yung  

   2

1 Introduction

q = U





eiφ φ(r) 0 . . . 0

0 χ(r) 0
...

... 0 χ(r) 0

0 . . . 0
. . .




U† U





0 0 . . . 0

0 w 0
...

0 0
. . . 0

0 . . . 0 w




U†

Recently, considerable efforts have been devoted to the investigation of non-Abelian vor-
tices in the context of supersymmetric gauge theories. Typically, systems have been found in
which the ground state breaks completely the gauge symmetry (for instance, H = U(N))
leaving however a color-flavor diagonal symmetry (such as SUC+F(N)) intact. The soliton
vortex carrying the minimum unit of U(1) magnetic flux, breaks such a global symmetry to a
subgroup, SU(N)/U(N − 1), acquiring a non-Abelian flux moduli (continuous degeneracy),
SU(N)/U(N − 1) ∼ CP N−1. When the orientation in CP N−1 is allowed to fluctuated along
the length of the vortex, such modes are described by an effective two-dimensional CP N−1 sigma
model. Descending

It appears to us that in the literature there are some contradictory remarks on whether or
not the SU(N) system under investigation undergoes a dynamical Abelianization or dynamical
symmetry breaking. Although some of the confusion may be a question of terminology, and may
have been caused by a not-sufficiently-careful use of certain words, it is the present author’s
opinion that a small but important issue was missing in the debate. It is the purpose of this
short note to close that gap.

Let us briefly review the model most frequently used in discussing the non-Abelian vortices
and their dynamics [19]-[27]:

L = Tr

[
−

1

2g2
FµνF µν −

2

g2
Dµ φ† Dµφ − Dµ H DµH† − λ

(
c 1N − H H†)2

]

+ Tr [ (H†φ − M H†)(φ H − H M) ] (1.1)

where Fµν = ∂µWν−∂νWµ+i [Wµ, Wν] and DµH = (∂µ + i [Wµ, ) H . φ is a scalar field in
the adjoint representation of SU(N), H are the squark fields in the fundamental representation
of SU(N), written in a color-flavor N × N matrix form,

(H)i
α ≡ qi

α, (1.2)

and M is a N ×N mass matrix. g is the U(N)G gauge coupling, λ = g2

4
is the scalar coupling.

Actually, the model must be regarded as the bosonic sector of the N = 2 supersymmetric U(N)
gauge theory with the Fayet-Ilioupos term for the U(1) part (c), with Nf = N flavors of quark
hypermultiplets, in which half of squark fields are set to zero,

q̃α
i ≡ 0. (1.3)

We set c > 0 so that the system be in Higgs phase, and so as to allow stable vortex configurations.
For generic, unequal quark masses,

M = diag (m1, m2, . . . , mN), (1.4)
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1

r=0Exact SU(N)       group                                  

Color-flavor locked vacuum                                

living only inside the vortex
(orientational zero modes)

U ⊂  SU(N)
color

flavor



1

SU(N)

U(1)

e2 i/N 1

Minimum noncontractible loop in the 
group (color) space  SU(N)xU(1)/ZN

Topological stability of non-Abelian vortices

∏1  (SU(N)xU(1)/ZN )=Z   but the U(1) “charge” is 1/N



Intermezzo: supersymmetry

• Models with color-flavor locked vacuum natural (N=2 susy QCD) 
• Supersymmetry ➪ self-dual vortices    ( λ=g2 /2 )

• Non-renormalization theorem: the form of the potential
  protected from renormalization

• Dynamics under better control

• Physics depends on the parameter (e.g. masses) analytically (vortex vs monopoles)

δψα = i
√

2(σµ)αα̇ε̄α̇Dµq +
√

2(σµ)αα̇ξ̄α̇Dµ ¯̃q

δλα = i(σµν)α
βεβFµν + iD εα + . . .

εα  ,  ξα  ,  α=1,2,  and c.c  are the parameters of N =2 susy   
By setting   i τ3  ξ = ε,  the above becomes  

F12 =
√

2(q̄q − c)

(D1 + iD2) q = 0
self-dual vortex equations  (N   =   (2,2) supersymmetric)

(
D =

√
2 (q̄q − c)

)

• half of supersymmetry broken by vortex ➪ fermion zeromodes



Vortex 2D dynamics in Higgs phase    (U(2))

We see that in order to have a finite contribution coming from TrF 2
ni we have to

impose

f(0) = 1. (5.4)

Now substituting the field strength (5.3) into the action (3.2) and taking into

account also kinetic term for quarks we finally arrive at

S(1+1)
σ = β

∫

d2x
1

2
(∂ na)2 , (5.5)

where the integration goes over world sheet coordinates xn while the coupling con-

stant β is given by

β =
2π

g2
2

∫ ∞

0

r dr

{

(

d

dr
f(r)

)2

+
1

r2
f2

3 (1 − f)2+

+g2
2

[

1

2
f2(φ2

1 + φ2
2) + (1 − f)(φ1 − φ2)

2

]}

. (5.6)

We see that the effective world sheet theory for the string orientational zero mode

is given by an O(3) sigma model. The symmetry group of this sigma model is

nothing but global SU(2)C+F whose 3-dimensional representation acts as the group

of orientation preserving isometries on the target space, CP1. The coupling constant

of this sigma model is determined by the minimum of action (5.6) for the function f .

A numerical solution for the profile function f(r) is given in Fig. 6. Note that the

2 4 6 8 10

0.2

0.4

0.6

0.8

1

Figure 6: The profile function f(r).

function f satisfies a second order equation because, once we allow the dependence of

na on world sheet coordinates, the vortex is no longer BPS saturated. The emergence

31

+  fermionic terms 

  N=(2,2) supersymmetric  CP1   sigma model : 
  strongly coupled at low-energies
  2 vacua  ➞  kinks   = (Abelian) monopoles ! 

•

•
(Seiberg-Witten)

 Effective 2D sigma model 

•

Tong, Shifman-Yung  

Global SU(2) unbroken  (Coleman)

≡   Gauge dynamics in 4D in Coulomb phase 

• 2D - 4D duality Dorey

dt dz

Vafa, Hori  
ABEKY, Shifman-Yung 

• Allow for the dependence  U= U(z,t) : the orientation fluctuates  

• Vortex dynamically Abelianizes



Summary (up to this point):
U(N) gauge theory with Nf =N squarks fields: 

•  SU(N)xU(1) gauge group broken completely  

•  SU(N)C+F   flavor symmetry unbroken    U〈H〉U-1  =〈H〉  *

•  Each vortex breaks the SU(N)C+F   - flavor symmetry to U(N-1) 

• ∏1  (SU(N)xU(1)/ZN )=Z    ➯   vortex 

➩ The orientational zeromodes on  CPN-1    =  SU(N)/U(N-1) 

•  The orientational zeromodes may fluctuate along (z,t) :   effective 2D 
supersymmetric CPN-1    sigma model.  Dynamically Abelianize to U(1)N  

➩ •  Search for systems with non-Abelian vortices of a more general types 

*)  System with “color-flavor locked phase”  appears naturally and automatically in
      N =2   supersymmetric Quantum Chromodynamics (SQCD), in the equal mass case

•  The moduli-matrix formalism:  tool for studying the vortex Moduli Space

topological 
stability

exact symmetry

symmetry broken 
by soliton and 
vortex moduli   

Higgs mechanism

techniques

supersymmetry 

vortex quantum dynamics 



Generalizations   (‘04-’09)

• Higher-winding vortices (k>1), the vortex moduli space

• Nf > N  systems: semi-local vortices; the vortex moduli space
• Systems with a non BPS (non self-dual) term :  vortex interactions

• Stability of non BPS (non self-dual) semi-local vortices

• Non-Abelian vortices in Chern-Simons  and Chern-Simons-YM
   systems in 2+1 D      (S.B.Gudnason, 2009, 2010)

• Non-Abelian vortices in U(N) gauge theory, 
   with product moduli space e.g.,   CPn  x CPr  ,   N= n+r  

• Non-Abelian vortices in more general class of gauge theory, 
    G= G’  x U(1),    G’  = SO(N), USp(2N), ...

• Fractional vortices

}

}

}
below

no time

next lecture

Relevance to the non-Abelian monopoles  } below



Generalizations       ‘06-’07

•  Semilocal vortices (U(N) with N   <  N   )

• Non-BPS vortices 

Tong,  Shifman-Yung,  
Eto-Evslin-KK-Marmorini-Nitta-Ohashi-Vinci-Yokoi f

• Vortices in SO(N)xU(1) theories 

Shifman-Yung; 
Auzzi-Eto-Vinci;

Gudnason-Bolognesi 

Nontrivial interactions among the vortices 

GNO duality :          
                        SO(2N+1)  ⇔   USp(2N);     

                        SO(2N)  ⇔  SO(2N),  etc

Ferretti-Gudnason-KK
‘07  

∼

New (Seiberg-like) duality

 Nf=3,Nc=2

and so the determinant vanishes at the point {b̃ = c̃ = 0} ∈ C2. The diamond diagram is

WCP 2[1, 1,−1]

!!!!!!!!!!!!!!

""""""""""""""

C̃2

g2→∞ !!!!!!!!!!!!!!
Seiberg duality ##$$ C2

g̃2→∞""""""""""""""

(C2)∗

• NC, NF = NC + 1 dual to NC = 1, NF

This is a generalization of the previous two examples. The parent space is M̂NC,NC+1;1 =
WCP NC[1NC,−1]. On one side we have MNC,NC+1;1 = WCP NC[1NC,−1] = C̃NC , which
is CNC with the origin blown up into a CP NC−1, while on the other side the dual moduli
space is simply M1,NC+1;1 = WCP NC[1NC,−1] = CNC . In the lump limit we are left with
Mlump

NC,NC+1;1 = (CNC)∗ since in the original theory

H0 =

(
1NC−1 b 0

0 z − z0 c

)
⇔

{
Z,Ψ, Ψ̃

}
=

{
z0,

(
−b
1

)
, c

}
, (5.12)

det Ω|z=z0 = |c|2(1 + |b|2) (5.13)

and so the small lump singularity is the blown-up CP NC−1 at c = 0 in the vortex moduli
space. Here b is a column (NC − 1)-vector. For the dual theory

H0 = (z − z̃0, b̃) ⇔
{
Z,Ψ, Ψ̃

}
=

{
z̃0, 1, b̃

}
, (5.14)

Ω|z=z̃0 = |b̃|2 (5.15)

which identifies the small lump singularity with the point |b̃| = 0 ∈ CNC. Here b̃ is a row
NC-vector. These moduli spaces are summarized by the diamond diagram

WCP NC[1NC ,−1]

%%############

&&$$$$$$$$$$$$

C̃NC

g2→∞ %%############
Seiberg duality ##$$ CNC

g̃2→∞&&$$$$$$$$$$$$

(CNC)∗

• NC = 2, NF = 4

This theory is again self-dual. The parent space is M̂2,4;1 = WCP 3[1, 1,−1,−1], which
yields M2,4;1 = O(−1) ⊕ O(−1) → CP 1, namely the resolved conifold [37] (see Ap-
pendix A.5). The moduli space of lumps is Mlump

2,4;1 = (C2)∗ ! CP 1. Indeed

H0 =

(
1 b 0 0
0 z − z0 c d

)
⇔

{
Z,Ψ, Ψ̃

}
=

{
z0,

(
−b
1

)
, (c, d)

}
, (5.16)
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 Nf=3,Nc=1

EAH model 
Vachaspati-Achucarro,

Hindmarsh

Type III vortices

Eto-Fujimori-Gudnason-KK-
Nagashima-Nitta-Ohashi

‘08



Further generalizations:       ’08-’09

• Non-Abelian vortices with product moduli  (no dynamical Abelianization)

• General gauge groups

Vortex for G= G’ x U(1):   arbitrary G’ 

 • Fractional vortices

• Non-BPS Non-Abelian vortices: stability

Dorigoni-KK-Ohashi
‘08

Auzzi-Eto-Gudnason-KK-Vinci
‘08

 15

Eto-Fujimori-Gudnason-KK-
Nagashima-Nitta-Ohashi

‘08



Detailed study of  k=2  (axially symmetric)  vortices of  U(N)  theory
1

⊗ = ⊕ under SU(N)  C+F

Hashimoto-Tong;
Auzzi-Shifman-Yung;
Pisa-TiTech  ’06-07 

Vortices with higher winding numbers  ’06 -

Vortices for generic  k  in U(N) theory
Pisa-Tokyo-Kyoto   ‘09

(preliminary) 
transform as

□⊗□⊗□⊗ … =  ∑⊕    □□ □□□□□□□□
□□︸ ﹕

k

k1

k2

kn
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It can be shown that these are equivalent to Eqs. (3.3) by use of Eq. (3.5) and analogous relation
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2 to
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2 != 1

φ =
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2z1

1 − b1 b′
2

, η =
z1 − z2

1 − b1 b′
2

b1, φ̃ =
z1 − b1 b′

2 z2

1 − b1 b′
2

, η̃ = −
z1 − z2

1 − b1 b′
2

b′
2. (3.7)

It can be seen that the representation Eq. (3.5) implies that U (0,2) and U (2,0) are suitable for
describing the situation when two orientational moduli are parallel or nearby. On the other hand,
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2): the moduli space for the composite vortices in this

case is given by [14, 15]

Mseparated
k=2,N=2 #

(
C × CP 1

)2
/S2, (3.8)

where S2 permutes the centers and orientations of the two vortices.

2) We now focus on coincident (co-axial) vortices (z1 = z2), with the moduli space denoted
by

M̃N=2,k=2 ≡ MN=2,k=2

∣∣
z1=z2

. (3.9)

As an overall translational moduli is trivial, we set z1 = z2 = 0 without loss of generality.
According to Eqs. (3.5) and Eq. (3.7), all points in the moduli space tend to the origin of U (1,1)

in the limit of z2 → z1, as long as b1 and b2 take different values. A more careful treatment
is needed in this case. In terms of the moduli matrix, the condition of coincidence is given by
det H0(z) = z2. We have
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{

φ̃ = −φ, φ φ̃ − η η̃ = 0
}

and {α′ = 0, β′ = 0} , (3.10)

in U (2,0), U (1,1) and U (0,2), respectively. M̃N=2,k=2 is covered by the reduced patches Ũ (2,0),
Ũ (1,1) and Ũ (0,2), defined by the moduli matrices

H(2,0)
0 =

(
z2 0

−a′ z − b′ 1

)
, H(1,1)

0 =

(
z − φ −η
−η̃ z + φ

)
, H(0,2)

0 =

(
1 −a z − b
0 z2

)
.(3.11)

The following constraint exists among the coordinates in Ũ (1,1):

φ2 + η η̃ = 0. (3.12)

The transition functions between Ũ (0,2) and Ũ (1,1) are given by

a =
1

η̃
, b =

φ

η̃
= −

η

φ
, (3.13)

and those between Ũ (0,2) and Ũ (2,0) by

a = −
a′

b′2
, b =

1

b′
. (3.14)
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All the patches defined by Eq. (3.11) are parameterized by two independent complex parame-
ters. The reduced patches Ũ (2,0) and Ũ (0,2) are locally isomorphic to C2 with a, b or a′, b′ being
good coordinates. However, Ũ (1,1) suffers from the constraint Eq. (3.12) which gives the A1-type
(Z2) orbifold singularity at the origin and therefore Ũ (1,1) ! C2/Z2 locally (See Eq. (3.17), be-
low). Note that the moduli matrix H0(z) is proportional to the unit matrix at the singularity:
H0(z) = z 12. This implies that configurations of the physical fields (H and F12) are also
proportional to the unit matrix where the global symmetry SU(2)G+F is fully recovered at that
singularity. The full gauge symmetry is also recovered at the core of coincident vortices.

Remark: A brief comment on the orientational vectors. We could extract a part of moduli in the
moduli matrix as the orientational vector at z = 0, as in the case of separated vortices discussed above:

!φ ∼
(

1
b′

)
∼

(
η

−φ

)
∼

(
φ
η̃

)
∼

(
b
1

)
. (3.15)

From the identification !φ ∼ λ !φ (λ ∈ C∗) with the transition functions given in Eqs. (3.13) and
Eq. (3.14), we find that the orientational moduli again parameterizes CP 1. However, the orientational
vectors in Eq. (3.15) are not sufficient to pick up all the moduli parameters in the moduli matrix H0. For
instance a is lost in the Ũ(0,2) patch. It is even ill-defined at the singular point, as H

(1,1)
0 (z = 0) = 0.

(a, b) (a′, b′) (X, Y )

(a, b) = ** (−a′/b′2, 1/b′) (−1/Y 2, X/Y )

(a′, b′) = (−a/b2, 1/b) ** (1/X2, Y/X)

(X, Y ) = (±ib/
√

a, ±i1/
√

a) (±1/
√

a′, ±b′/
√

a′) **

Table 1: Transition functions between the three patches Ũ(2,0), Ũ(1,1) and Ũ(0,2).

To clarify the whole structure of the space M̃N=2,k=2, let us define new coordinates, solving
the constraint Eq. (3.12)

X Y ≡ −φ, X2 ≡ η, Y 2 ≡ −η̃. (3.16)

This clarifies the structure of the singularity at the origin. The coordinates (X, Y ) describe the
patch Ũ (1,1) correctly modulo Z2 identification

(X, Y ) ! (−X, −Y ). (3.17)

Using the transition functions Eq. (3.13) and Eq. (3.14), the three local domains are patched
together as in Table 1. In terms of the new coordinates (X, Y ), the orientational vector defined
at z = 0 is given by

!φ ∼
(

1
b′

)
∼

(
X
Y

)
∼

(
b
1

)
(3.18)

with !φ ∼ λ !φ (λ ∈ C∗). This equivalence relation recovers the transition functions between
b, b′ and (X, Y ) in the Table 1. These are coordinates on the CP 1 as was mentioned above.
But this CP 1 is only a subspace of the moduli space M̃N=2,k=2.
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The full space M̃N=2,k=2 can be made visible by attaching the remaining parameters a, a′

to CP 1. We arrange the moduli parameters in the three patches Ũ (2,0), Ũ (1,1) and Ũ (0,2) as




a′

1
b′



 ∼




1
X
Y



 ∼




−a
b
1



 , (3.19)

respectively, with the equivalence relation “∼”, defined by




φ0

φ1

φ2



 ∼




λ2 φ0

λ φ1

λ φ2



 with λ ∈ C∗. (3.20)

All the transition functions in Table 1 are then nicely reproduced. The equivalence relation
Eq. (3.20) defines a weighted complex projective space with the weights (2, 1, 1). We thus conclude
that the moduli space for the coincident (coaxial) k = 2 non-Abelian vortices is a weighted
projective space,

M̃N=2,k=2 $ WCP 2
(2,1,1). (3.21)

While the complex projective spaces with common weights, CP n, are smooth, weighted
projective spaces have singularities. In fact, we have shown that Ũ (1,1) $ C2/Z2, and it
has a conical singularity at the origin by (1, X, Y ) $ (1, −X, −Y ), whose existence was
first pointed out by ASY [16]. The origin of the conical singularity can be seen clearly from
the equivalence relation Eq. (3.20). As mentioned above the transition functions in Table 1
are reproduced via the equivalence relation Eq. (3.20). In fact, one finds that λ = 1

X
gives

(λ2, λ X, λ Y ) = (a′, 1, b′) and λ = 1
Y

gives (λ2, λ X, λ Y ) = (−a, b, 1). Note that λ in

the equivalence relation Eq. (3.20) is completely fixed in the patches Ũ (2,0) and Ũ (0,2) given in
Eq. (3.19). However, in the middle patch (1, X, Y ) we still have a freedom λ = −1 which
leaves the first component 1 untouched, but changes (1, X, Y ) → (1, −X, −Y ).

The relation between our result and that in [16] becomes clear by defining ξ2 ≡ φ0 (ξ =
±

√
φ0). Now the parameters (ξ, φ1, φ2) have a common weight λ, so they can be regarded as

the homogeneous coordinates of CP 2. But one must identify ξ $ −ξ clearly, and this leads to
the Z2 quotient (ξ, φ1, φ2) $ (ξ, −φ1, −φ2). Therefore our moduli space can also be rewritten
as

M̃N=2,k=2 $ CP 2/Z2 (3.22)

reproducing the result of [16]. Such a Z2 equivalence, however, does not change the topology
of MN=2,k=2: it remains CP 2 [14]. This is analogous to an (x, y) ∼ (−x, −y) equivalence
relation (with real x, y) introduced in one local coordinate system of CP 1 (a sphere), which
leads to a sphere with two conic singularities (a rugby ball, or a lemon) instead of the original
smooth sphere. 3 See Appendices A and B for more details.

3For instance, it is easily seen that MN=2,k=2 $ CP 2/Z2 remains simply connected. The higher homotopy
groups cannot change by a discrete fibration [23].
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


a′

1
b′



 ∼




1
X
Y



 ∼




−a
b
1



 , (3.19)

respectively, with the equivalence relation “∼”, defined by




φ0

φ1

φ2



 ∼




λ2 φ0

λ φ1

λ φ2



 with λ ∈ C∗. (3.20)

All the transition functions in Table 1 are then nicely reproduced. The equivalence relation
Eq. (3.20) defines a weighted complex projective space with the weights (2, 1, 1). We thus conclude
that the moduli space for the coincident (coaxial) k = 2 non-Abelian vortices is a weighted
projective space,

M̃N=2,k=2 $ WCP 2
(2,1,1). (3.21)

While the complex projective spaces with common weights, CP n, are smooth, weighted
projective spaces have singularities. In fact, we have shown that Ũ (1,1) $ C2/Z2, and it
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to CP 1. We arrange the moduli parameters in the three patches Ũ (2,0), Ũ (1,1) and Ũ (0,2) as




a′

1
b′



 ∼




1
X
Y



 ∼




−a
b
1



 , (3.19)

respectively, with the equivalence relation “∼”, defined by




φ0

φ1

φ2



 ∼




λ2 φ0

λ φ1

λ φ2



 with λ ∈ C∗. (3.20)

All the transition functions in Table 1 are then nicely reproduced. The equivalence relation
Eq. (3.20) defines a weighted complex projective space with the weights (2, 1, 1). We thus conclude
that the moduli space for the coincident (coaxial) k = 2 non-Abelian vortices is a weighted
projective space,

M̃N=2,k=2 $ WCP 2
(2,1,1). (3.21)

While the complex projective spaces with common weights, CP n, are smooth, weighted
projective spaces have singularities. In fact, we have shown that Ũ (1,1) $ C2/Z2, and it
has a conical singularity at the origin by (1, X, Y ) $ (1, −X, −Y ), whose existence was
first pointed out by ASY [16]. The origin of the conical singularity can be seen clearly from
the equivalence relation Eq. (3.20). As mentioned above the transition functions in Table 1
are reproduced via the equivalence relation Eq. (3.20). In fact, one finds that λ = 1

X
gives

(λ2, λ X, λ Y ) = (a′, 1, b′) and λ = 1
Y

gives (λ2, λ X, λ Y ) = (−a, b, 1). Note that λ in

the equivalence relation Eq. (3.20) is completely fixed in the patches Ũ (2,0) and Ũ (0,2) given in
Eq. (3.19). However, in the middle patch (1, X, Y ) we still have a freedom λ = −1 which
leaves the first component 1 untouched, but changes (1, X, Y ) → (1, −X, −Y ).

The relation between our result and that in [16] becomes clear by defining ξ2 ≡ φ0 (ξ =
±

√
φ0). Now the parameters (ξ, φ1, φ2) have a common weight λ, so they can be regarded as

the homogeneous coordinates of CP 2. But one must identify ξ $ −ξ clearly, and this leads to
the Z2 quotient (ξ, φ1, φ2) $ (ξ, −φ1, −φ2). Therefore our moduli space can also be rewritten
as

M̃N=2,k=2 $ CP 2/Z2 (3.22)

reproducing the result of [16]. Such a Z2 equivalence, however, does not change the topology
of MN=2,k=2: it remains CP 2 [14]. This is analogous to an (x, y) ∼ (−x, −y) equivalence
relation (with real x, y) introduced in one local coordinate system of CP 1 (a sphere), which
leads to a sphere with two conic singularities (a rugby ball, or a lemon) instead of the original
smooth sphere. 3 See Appendices A and B for more details.

3For instance, it is easily seen that MN=2,k=2 $ CP 2/Z2 remains simply connected. The higher homotopy
groups cannot change by a discrete fibration [23].
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Moduli matrix in three local patches (related by V transf.) 

is associated with each component vortex at z = zi. An overall constant of !φi cannot be
determined from Eq. (2.4) so we should introduce an equivalence relation “∼”, given by

!φi ∼ λ !φi, with λ ∈ C∗. (2.5)

Thus, each vector !φi takes a value in the projective space CP N−1 = SU(N)/[SU(N − 1) ×
U(1)]. This space can be understood as a space parameterized by Nambu-Goldstone modes
associated with the symmetry breaking,

SU(N)G+F → U(1) × SU(N − 1), (2.6)

caused by the presence of a vortex [3, 4, 10, 15, 22]. We call φi the orientational vector.

The solutions Eq. (2.3) are invariant under

(H0, S) → (V (z)H0, V (z)S) (2.7)

with V (z) ∈ GL(N, C) being holomorphic with respect to z. We call this V -transformation
or V -equivalence relation. The moduli space of the vortex equations Eq. (2.2) is obtained as
the quotient space Mtotal = {H0(z)}/GL(N, C). This space is infinite dimensional and can
be decomposed into topological sectors according to the vortex number k. The k-th topological
sector MN,k, the moduli space of k vortices, is determined by the condition that det H0(z) is
of order zk:

MN,k &
{

H0(z)
∣∣∣ det H0(z) = O(zk)

}
/{V (z)}. (2.8)

2.2 Fundamental (k = 1) vortices

Let us first discuss a single non-Abelian vortex in U(2) gauge theory. The condition on the
moduli matrix H0 is det H0 = O(z). Modulo V -equivalence relation Eq. (2.7), the moduli
matrix can be brought to one of the following two forms [10]:

H(1,0)
0 (z) =

(
z − z0 0
−b′ 1

)
, H(0,1)

0 (z) =

(
1 −b
0 z − z0

)
(2.9)

with b, b′ and z0 complex parameters. Here z0 gives the position moduli whereas b and b′

give the orientational moduli as we see below. The two matrices in Eq. (2.9) describe the same
single vortex configuration but in two different patches of the moduli space. Let us denote them
U (1,0) = {z0, b′} and U (0,1) = {z0, b}. The transition function between these patches is given,
except for the point b′ = 0 in the patch U (1,0) and b = 0 in U (0,1), by the V -transformation
Eq. (2.7) of the form [10]

V =

(
0 −1/b′

b′ z − z0

)
∈ GL(2, C). (2.10)

This yields the transition function

b =
1

b′
, (b, b′ '= 0). (2.11)
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CP   1
k=1 vortexSome SU(2) action sends the points in the patch Ũ (0,2) to where a better description is in

the patch Ũ (2,0), and vice versa. Compare Eq. (3.27) with u = 0, v = i, with Eq. (3.14). This
shows indeed that

Ũ (0,2) ∪ Ũ (2,0) " TCP 1. (3.29)

Next consider the patch Ũ (1,1) with

H(1,1)
0 =

(
z − φ −η
−η̃ z + φ

)
, φ2 + η η̃ = 0. (3.30)

It is convenient to rewrite this as

H(1,1)
0 = z 12 − #X · #σ (3.31)

where #σ are the Pauli matrices and

φ ≡ X3, η ≡ X1 − iX2, η̃ ≡ X1 + iX2. (3.32)

X1, X2, X3 are then complex coordinates with a constraint X2
1 + X2

2 + X2
3 = 0. To keep the

form Eq. (3.31) under SU(2)F transformation, we perform the V -transformation Eq. (2.7) with

V = U†: H(1,1)
0 → U† H(1,1)

0 U . Equivalently, we study the transformation property of the
vortex under SU(2)G+F. We find

#X · #σ → U†
(

#X · #σ
)

U, (3.33)

that is, the vector #X transforms as an adjoint (triplet) representation, except at #X = 0. This
last point - singular point of WCP 2

(2,1,1) - or the origin of the patch Ũ (1,1), is a fixed point of

SU(2) (a singlet). Note also that the transition functions between the patches Ũ (0,2) and Ũ (1,1)

are given by

X3 =
b

a
, X1 − iX2 = −

b2

a
, X1 + iX2 =

1

a
. (3.34)

The patch U (1,1) does not cover points at “infinity”, namely the subspace defined by a = 0 in
the patch U (0,2). That submanifold is nothing but CP 1 parameterized by b which is an edge of
WCP 2

(2,1,1). See Fig. 1. One can verify that the transformation law for a, b in Eq. (3.27) and
that for φ, η, η̃ in Eq. (3.33) are consistent through the transition function Eq. (3.34). These
results confirm those in [16].

4 k = 2 Vortices in U(N) Gauge Theory

In this section the composition of two non-Abelian vortices in a U(N) gauge theory is system-
atically investigated. Up to now we made use of the direct form of the moduli matrix H0(z) for
studying the moduli space structure. Another method for studying the latter will be developed
and used to determine the moduli space below.
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det H  = z2
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co-axial

(z = x + i y)

Hashimoto-Tong, 
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k=2 vortex moduli

 SO(5) ⇒ U(2) ⇒ 1     :  k=2 vortices  are in  3 + 1 of   SU(2)  ⇒   

Monopoles (E.Weinberg) ∼ 3 or 1  of SU(2)!  

It can be shown that these are equivalent to Eqs. (3.3) by use of Eq. (3.5) and analogous relation
for the primed parameters. The coordinates in U (1,1) are also the orientational moduli. If we take
{b1, b′2, z1, z2} as a set of independent moduli and substitute Eq. (3.5) and b2 = 1/b′2 to Eq. (3.2),
then we obtain, for b1 b′2 != 1

φ =
z2 − b1 b′2z1

1 − b1 b′2
, η =

z1 − z2

1 − b1 b′2
b1, φ̃ =

z1 − b1 b′2 z2

1 − b1 b′2
, η̃ = −

z1 − z2

1 − b1 b′2
b′2. (3.7)

It can be seen that the representation Eq. (3.5) implies that U (0,2) and U (2,0) are suitable for
describing the situation when two orientational moduli are parallel or nearby. On the other hand,
Eq. (3.7) implies that U (1,1) is suitable to describe the situation when orientational moduli are
orthogonal or close to such a situation, while not adequate for describing a parallel set. Therefore,
the moduli space for two separated vortices are completely described by the positions and the
two orientational moduli b1, b2, (b′1, b

′
2): the moduli space for the composite vortices in this case

is given by [14, 15]

Mseparated
k=2,N=2 #

(

C ×CP 1
)2

/S2, (3.8)

where S2 permutes the centers and orientations of the two vortices.

2) We now focus on coincident (co-axial) vortices (z1 = z2), with the moduli space denoted
by

M̃N=2,k=2 ≡ MN=2,k=2

∣
∣
z1=z2

. (3.9)

As an overall translational moduli is trivial, we set z1 = z2 = 0 without loss of generality.
According to Eqs. (3.5) and Eq. (3.7), all points in the moduli space tend to the origin of U (1,1)

in the limit of z2 → z1, as long as b1 and b2 take different values. A more careful treatment
is needed in this case. In terms of the moduli matrix, the condition of coincidence is given by
det H0(z) = z2. We have

{α = 0, β = 0} ,
{

φ̃ = −φ, φ φ̃ − η η̃ = 0
}

and {α′ = 0, β ′ = 0} , (3.10)

in U (2,0), U (1,1) and U (0,2), respectively. M̃N=2,k=2 is covered by the reduced patches Ũ (2,0), Ũ (1,1)

and Ũ (0,2), defined by the moduli matrices

H(2,0)
0 =

(

z2 0
−a′ z − b′ 1

)

, H(1,1)
0 =

(

z − φ −η
−η̃ z + φ

)

, H(0,2)
0 =

(

1 −a z − b
0 z2

)

. (3.11)

The following constraint exists among the coordinates in Ũ (1,1):

φ2 + η η̃ = 0. (3.12)

The transition functions between Ũ (0,2) and Ũ (1,1) are given by

a =
1

η̃
, b =

φ

η̃
= −

η

φ
, (3.13)

and those between Ũ (0,2) and Ũ (2,0) by

a = −
a′

b′2
, b =

1

b′
. (3.14)
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WCP(2,1,1)  :    (z1,  z2,  z3) ∼ (λ2 z1,  λ z2,  λ z3 ),   λ∈ C∗
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Figure 5: Moduli space of k = 2 vortices of U(2) theory. See [35] for more details.

detailed properties of the moduli spaces for monopoles and vortices are different14, this could
be related to the fact that one should ultimately consider a smooth monopole-vortex mixed
configurations in the full theory, not each of them separately. Also, related to this point, there
remains the fact that the dual group which is exact and under which monopoles transform, is
not the original SU(2) subgroup but involves the flavor group essentially.

Note that our conclusion is based on the exact symmetry, and should be reliable. However, the
degeneracy among all the vortices (or the monopoles) lying in the entire moduli space CP 2/Z2

found in the BPS limits, is an artifact of the lowest-order approximation. Only the degeneracy
among the vortices (or among the monopoles) belonging to the same multiplet is expected to
survive quantum mechanically. 1 and 3 vortex tensions (monopole masses) will split. Which of
the multiplets (1 or 3) will remain stable, after quantum corrections are taken into account, is a
question just lying beyond the power of semiclassical considerations.

In the context of asymptotically-free N = 2 supersymmetric models, there are no indications
that the triplet monopoles of SO(5) → U(2) theory survive quantum mechanically. This result
can be actually understood by a simple renormalization-group argument:

• In a SO(2N + 1) theories with N = 2, 1 supersymmetries, the condition for the original
theory to be asymptotic-free (Nf less than 2N−1, 3(2N−2)

2 , respectively)15 is not compatible
with the low-energy SU(N) theory being non-asymptotic-free (Nf ≥ 2N and Nf ≥ 3N ,

14The first is known to be hyper-Kähler and the second Kähler – indeed CP 2/Z2 does not admit hyper-Kähler
structure.

15The counting is made for the appropriate supersymmetry multiplets, Nf hypermultiplets for N = 2; Nf chiral
multiplets for N = 1 supersymmetric SO(N) theory.
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 Monopole-vortex connection   

1 Introduction

Nonabelian monopoles in spontaneously broken gauge theories have remained

somewhat obscure objects for a long time in spite of many investigations [1]-[10].

Apart from the often discussed applications in conformally invariant N = 4 the-

ories, few field theory models were known where such objects play an important

dynamical role. Although many N = 1 gauge theories, such as SQCD with appro-

priate numbers of flavors, are believed to possess Seiberg duals [11], the origin of the

“dual quarks” appearing in these models remains mysterious.

A series of papers on softly broken N = 2 gauge theories with gauge groups

SU(N), USp(2N) and SO(N) and various numbers of flavors of fundamental

matter have, however, changed the situation [12, 13, 14]. In particular, it was pointed

out [15] that the “dual quarks” appearing as the low-energy degrees of freedom of the

G = SU(N), USp(2N) or SO(N) theory, which carry the nonabelian SU(r) ⊂
G charges, can be identified with the “semiclassical” nonabelian monopoles studied

earlier by Goddard, Nuyts, Olive [4] and by E. Weinberg [7]. Also, all of the confining

vacua in strongly coupled USp(2N) and SO(N) theories with flavors and with zero

bare quark masses, involve these objects in a deformed SCFT.

Very recently, with A. Yung, we have proven the existence of nonabelian vortices

in the same class of models [16]. The analysis was done semiclassicaly, in the region

of large bare quark masses (and so large adjoint scalar VEVS), but the presence of an

appropriate number of fermions makes the results quantum mechanically correct. In

particular, a continuous family of degenerate vortex solution have been constructed,

showing the truely nonabelian nature of these vortices 1.

In this paper, we discuss some aspects relating nonabelian vortices and monopoles

appearing in the softly broken N = 2 G = SU(N) theories with Nf flavors. The

gauge group is broken at two very different mass scales, v1 " v2,

G
v1−→ H

v2−→ (1.1)

1Deceptively similar, though different, vortex configurations have been studied independently by
Hanany and Tong [17, 18].

1

vortexmonopole

[14]. Actually, the latter can be interpreted as the GNOW monopoles becoming light due to the
dynamics, at least in SU(N) theories [15]. For SO(N) or in USp(2N) theories the relation
between Seiberg’s duals and GNOW monopoles are less clear [15]. For instructive discussions on
the relation between Seiberg’s duals and semiclassical monopoles in a class of N = 1, SO(N)
models with matter fields in vector and spinor representations, see Strassler [16].

Dynamics of the system is thus a crucial ingredient: if the dual group were in Higgs phase,
the multiplet structure among the monopoles would get lost, generally. Therefore one must study
the dual (H̃) system in confinement phase.2 But then, according to the standard electromagnetic
duality argument, one must analyse the electric system in Higgs phase. The monopoles will
appear confined by the confining strings which are nothing but the vortices in the H system in
Higgs phase.

We are thus led to study the system with a hierarchical symmetry breaking,

G
v1−→ H

v2−→ ∅, (1.7)

where

v1 $ v2, (1.8)

instead of the original system (1.1). The smaller VEV breaks H completely. Also, in order for
the degeneracy among the monopoles not to be broken by the breaking at the scale |〈φ2〉|, we
assume that some global color-flavor diagnonal group

HC+F ⊂ Hcolor ⊗ GF (1.9)

remains unbroken.

It is hardly possible to emphasize the importance of the role of the massless flavors too much.
This manifests in several different aspects.

(i) In order that H must be non-asymptotically free, there must be sufficient number of massless
flavors: otherwise, H interactions would become strong at low energies and H group can
break itself dynamically;

(ii) The physics of the r vacua [9, 11] indeed shows that the non-abelian dual group SU(r)
appear only for r ≤ Nf

2
. This limit can be understood from the renormalization group: in

order for a nontrivial r vacuum to exist, there must be at least 2 r massless flavors in the
fundamental theory;

(iii) Non-abelian vortices [17, 18], which as we shall see are closely related to the concept of non-
abelian monopoles, require a flavor group. The non-abelian flux moduli arise as a result
of an exact, unbroken color-flavor diagonal symmetry of the system, broken by individual
soliton vortex.

The idea that the dual group transformations among the monopoles at the end of the vortices
follow from those among the vortices (monopole-vortex flux matching, etc.), has been discussed
in several occasions, in particular in [19]. The main aim of the present paper is to make this

2The non-abelian monopoles in the Coulomb phase suffer from the difficulties already discussed.

3

• Topology and symmetry
  connect monopoles and vortices

• Apparent paradox  (no monopoles, no vortices)  ➯
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quark confinement
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Figure 1: A pictorial representation of the exact homotopy sequence, (3.1), with the leftmost figure
corresponding to π2(G/H).

taken into account, having mass large but not infinite (Fig. 2). The low-energy vortices become
unstable also through heavy monopole pair productions which break the vortices in the middle
(albeit with small, tunneling rates [40]), which is really the same thing. Note that, even if the
effect of such string breaking is neglected, a monopole-vortex-antimonopole configuration is not
topologically stable anyway: its energy would become smaller if the string becomes shorter (so
such a composite, generally, will get shorter and shorter and eventually disappear).

However, this does not mean that such a monopole-vortex-antimonopole configuration cannot
be dynamically stabilized, or that they are not relevant as physical configurations. A rotation
can stabilize easily such a monopole-vortex-antimonopole configuration dynamically. After all,
we believe that the real-world mesons are quark-string-antiquark bound states of this sort, the
endpoints rotating almost with a speed of light! An excited meson can and indeed do decay
through a quark pair production into states made of two lighter mesons. Only the lightest mesons
are truly stable. The same occurs with our monopole-vortex-antimonopole configurations. The
lightest such systems, after the rotation modes are appropriately quantized, are truly stable
bound states of solitons, even though they cannot be simply described as static, semiclassical
configurations.

Our model is thus a reasonably faithful (dual) model of the quark confinement in QCD.

It is crucial in our argument that the monopoles of high-energy theory and the vortices of
low-energy theory are both BPS only approximately; in other words, they are almost BPS but
not exactly.6 They are unstable in the full theory. But the fact that there exists a limit (of a
large ratio of the mass scales, v1

v2
→ ∞) in which these solitons become exactly BPS and stable,

means that the magnetic flux through the surface of a small sphere surrounding the monopole
and the vortex magnetic flux through a plane perpendicular to the vortex axis, must match
exactly. These questions (the flux matching) have been discussed extensively already in [19].

Our argument, applied to the simplest case, G = SO(3), and H = U(1), is precisely
the one adopted by ’t Hooft [1] in his pioneering paper, to argue that there must be a regular
monopole of charge two (with respect to the Dirac’s minimum unit): as the vortex of winding
number k = 2 must be trivial in the full theory (with π1(SO(3)) = Z2), such a vortex must
end at a regular monopole. What is new here, as compared to the case discussed by ’t Hooft [1] is
that now the unbroken group H is non-abelian and that the low-energy vortices carry continuous,

6The importance of non-BPS soliton configurations have also been emphasized by Strassler [16].
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Homotopy-group exact sequence:

The gauge field equations take a slightly more complicated form than in the U(N) model
(2.1):

∂z (Ω−1∂z̄ Ω) = −
g2

N

2
Tr ( ta Ω−1 q q†) ta −

e2

4N
Tr ( Ω−1q q† − 1), Ω = S S†.(2.33)

The last equation reduces to the master equation Eq. (2.10) in the U(N) limit, gN = e.

The advantage of the moduli matrix formalism is that all the moduli parameters appear in
the holomorphic, moduli matrix H0(z). Especially, the transformation property of the vortices
under the color-flavor diagonal group can be studied by studying the behavior of the moduli
matrix.

3 Topological stability, vortex-monopole complex and con-
finement

The fact that there must be a continuous set of monopoles, which transform under the color-flavor
SU(N) group follows from the following exact homotopy sequence

· · · → π2(G) → π2(G/H) → π1(H) → π1(G) → · · · (3.1)

where π2(G) = π1(G) = ∅, in the system under consideration, G = SU(N + 1), H =
SU(N)×U(1)

ZN
∼ U(N). (Fig. 1). The nontrivial configuration of the scalar field can be inter-

preted as representing π2(G/H) while the gauge field consfiguration can be classified according
to π1(H) [42]. It follows that

π2

(
SU(N + 1)

U(N)

)
= π2(CP N) ∼ π1(U(N)) = Z : (3.2)

each nontrivial element of π1(U(N)) is associated with a nontrivial element of π2(
SU(N+1)

U(N)
).

Recalling that the latter represents the topological classification of gauge and scalar fields, this
result is consistent as the theory does not admit Dirac monopoles: all monopoles are regular ’t
Hooft-Polyakov monopoles.

However, there is something of a puzzle: when the small VEV’s are taken into account, which
break the “unbroken” gauge group completely, these monopoles must disappear somehow. A
related puzzle is this: the low-energy theory develops vortices since H is completely broken. The
vortex flux is quantized by (in our case, with H = SU(N)×U(1)

ZN
)

π1(H) = Z. (3.3)

Again, when the massive monopoles associated with the breaking G → H are taken into
account, ı.e., in the full theory, the vortices visible and stable in the low-energy approximation
must disappear, as π1(G) = ∅.

Actually, these two apparent puzzles are the two faces of a medal. The solution is that the
massive monopoles are confined by the vortices and disappear from the spectrum; on the other
hand, the vortices of the low-energy theory end at the heavy monopoles once the latter are

9

• π (G) = 1  ⇒  Regular monopoles confined by vortices

•  π (G) = 1  ⇒  All vortices  “end” at regular monopoles
2

1
‘t Hooft

SO(3)/U(1)•  π (G) = Z  ⇒   k=2 vortices  “end” at regular monopoles!
1 2

k=1 vortices are there:  confine Dirac monopoles

{
e.g.  SU(N)

cfr., SO(N)

Homotopy-group map

Vortex ! (but also 
monopole)



 Non-Abelian monopole moduli from vortex moduli
  in the system  

Flux matching
(Auzzi-Bolognesi-Evslin-KK; Kneipp)

1 Introduction

Nonabelian monopoles in spontaneously broken gauge theories have remained

somewhat obscure objects for a long time in spite of many investigations [1]-[10].

Apart from the often discussed applications in conformally invariant N = 4 the-

ories, few field theory models were known where such objects play an important

dynamical role. Although many N = 1 gauge theories, such as SQCD with appro-

priate numbers of flavors, are believed to possess Seiberg duals [11], the origin of the

“dual quarks” appearing in these models remains mysterious.

A series of papers on softly broken N = 2 gauge theories with gauge groups

SU(N), USp(2N) and SO(N) and various numbers of flavors of fundamental

matter have, however, changed the situation [12, 13, 14]. In particular, it was pointed

out [15] that the “dual quarks” appearing as the low-energy degrees of freedom of the

G = SU(N), USp(2N) or SO(N) theory, which carry the nonabelian SU(r) ⊂
G charges, can be identified with the “semiclassical” nonabelian monopoles studied

earlier by Goddard, Nuyts, Olive [4] and by E. Weinberg [7]. Also, all of the confining

vacua in strongly coupled USp(2N) and SO(N) theories with flavors and with zero

bare quark masses, involve these objects in a deformed SCFT.

Very recently, with A. Yung, we have proven the existence of nonabelian vortices

in the same class of models [16]. The analysis was done semiclassicaly, in the region

of large bare quark masses (and so large adjoint scalar VEVS), but the presence of an

appropriate number of fermions makes the results quantum mechanically correct. In

particular, a continuous family of degenerate vortex solution have been constructed,

showing the truely nonabelian nature of these vortices 1.

In this paper, we discuss some aspects relating nonabelian vortices and monopoles

appearing in the softly broken N = 2 G = SU(N) theories with Nf flavors. The

gauge group is broken at two very different mass scales, v1 " v2,

G
v1−→ H

v2−→ (1.1)

1Deceptively similar, though different, vortex configurations have been studied independently by
Hanany and Tong [17, 18].

1

Exact HC+F   induces
continuous transformation of
     vortex --
and monopole
   

Study in more detail this! 

I(H
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Figura 4.3: Il vortice sta alla sinistra del monopolo.

4.1.2 Equazioni di raccordo
La lagrangiana che descrive il complesso ad energie intermedie tra le due scale
m e µm deve contenere soltanto i campi che non diventano massivi a seguito
della rottura di simmetria ad alta energia. Dobbiamo tenere conto, però,
anche di una fluttuazione del campo scalare φ attorno al suo VEV. Dunque
la teoria non è più BPS, ma descrive la dinamica dei campi nell’intervallo di
distanze peculiare della giunzione. In più dobbiamo introdurre per i campi
anche la dipendenza da z. Quindi prendiamo:

φ =

(
v 0
0 −v

)
+ λ(ρ, z) , λ(ρ, z) =

σ3

2
λ3(ρ, z) , (4.15a)

q = w(ρ, z) . (4.15b)

La lagrangiana, in questo regime energetico, risulta:

L =

∫
d3x

[
1

4g2

(
F 3

ij

)2
+

1

g2
|∂iλ3|2 + |Diq|2

+ g2

∣∣∣∣−
√

2µm + µλ3 +
1

2
√

2
|q|2

∣∣∣∣
2

+
1

4
|q|2λ2

3

]
(4.16)

dove Diq = ∂iq −
i
2
A3

i q. Dalla (4.16) si ottengono le equazioni del moto
seguenti:

1

ρ
∂ρ

(
ρ ∂ρA

3
ϕ

)
− 1

ρ2
A3

ϕ + ∂zzA
3
ϕ =

1

4
g2w2A3

ϕ (4.17a)

SU(N+1) ⇒  SU(N) x U(1)
         ⇒ 1



A tricky point  
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1

vortexmonopole

[14]. Actually, the latter can be interpreted as the GNOW monopoles becoming light due to the
dynamics, at least in SU(N) theories [15]. For SO(N) or in USp(2N) theories the relation
between Seiberg’s duals and GNOW monopoles are less clear [15]. For instructive discussions on
the relation between Seiberg’s duals and semiclassical monopoles in a class of N = 1, SO(N)
models with matter fields in vector and spinor representations, see Strassler [16].

Dynamics of the system is thus a crucial ingredient: if the dual group were in Higgs phase,
the multiplet structure among the monopoles would get lost, generally. Therefore one must study
the dual (H̃) system in confinement phase.2 But then, according to the standard electromagnetic
duality argument, one must analyse the electric system in Higgs phase. The monopoles will
appear confined by the confining strings which are nothing but the vortices in the H system in
Higgs phase.

We are thus led to study the system with a hierarchical symmetry breaking,

G
v1−→ H

v2−→ ∅, (1.7)

where

v1 $ v2, (1.8)

instead of the original system (1.1). The smaller VEV breaks H completely. Also, in order for
the degeneracy among the monopoles not to be broken by the breaking at the scale |〈φ2〉|, we
assume that some global color-flavor diagnonal group

HC+F ⊂ Hcolor ⊗ GF (1.9)

remains unbroken.

It is hardly possible to emphasize the importance of the role of the massless flavors too much.
This manifests in several different aspects.

(i) In order that H must be non-asymptotically free, there must be sufficient number of massless
flavors: otherwise, H interactions would become strong at low energies and H group can
break itself dynamically;

(ii) The physics of the r vacua [9, 11] indeed shows that the non-abelian dual group SU(r)
appear only for r ≤ Nf

2
. This limit can be understood from the renormalization group: in

order for a nontrivial r vacuum to exist, there must be at least 2 r massless flavors in the
fundamental theory;

(iii) Non-abelian vortices [17, 18], which as we shall see are closely related to the concept of non-
abelian monopoles, require a flavor group. The non-abelian flux moduli arise as a result
of an exact, unbroken color-flavor diagonal symmetry of the system, broken by individual
soliton vortex.

The idea that the dual group transformations among the monopoles at the end of the vortices
follow from those among the vortices (monopole-vortex flux matching, etc.), has been discussed
in several occasions, in particular in [19]. The main aim of the present paper is to make this

2The non-abelian monopoles in the Coulomb phase suffer from the difficulties already discussed.
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• Monopoles of the high-energy theory (v2 =0) are stable by ∏2 (G/H)  

• Vortices of the low-energy theory (v1 = ∞) are BPS 

 - bad:  the monopole-vortex complex is not a solution (not stable)
 - good:  Non-Abelian vortices ➯  non-Abelian monopoles;    good: real mesons   

• Together, they are not BPS, only approximately BPS

3.1 Abelian monopoles

A system in which the gauge symmetry is spontaneously broken

G
〈φ1〉#=0−→ H (9)

where H is some non-Abelian subgroup of G, possesses a set of regular
magnetic monopole solutions in the semi-classical approximation. They are
natural generalizations of the Abelian ’t Hooft-Polyakov monopoles [2], found
originally in the G = SO(3) theory broken to H = U(1) by a Higgs
mechanism. In that theory, the field content is just the SU(2) gauge fields
and a scalar field in the adjoint representation of the gauge group; the energy
of a static field configuration has an expression

E =

∫

d3x[
1

4
F a2

ij +
1

2
(Diφ

a)2 +
λ

8
(φa2 − F 2)2 ] (10)

where
F a

ij = ∂i Aj − ∂j Ai − g εabc Ab
i Ac

j;

while Diφa is a covariant derivative,

Diφ
a = ∂iφ

a − g εabcAb
i φc.

Now the static finite energy solution of the equation of motion must behave
asymptotically as

φa → na(x) F, na(x)2 = 1, (11)

where the vector field na(x) clearly label the winding of the map S2 → S2,
the first sphere being the space sphere surrounding the monopole, the second
sphere representing the vacuum orientation in the group space. One possi-
bility is na has a fixed orientation, such as na(x) = (0, 0, 1) everywhere:
this represents a vacuum. Another possibility is that na makes a nontrivial
winding in the group space as xi goes around the sphere, e.g.

na(x) = (sin θ cos mφ, sin θ sin mφ, cos θ), m = ±1, ±2, . . . .

This integer labels the homotopy classes

π2(SU(2)/U(1)) ∼ π2(S
2) ∼ Z

6

of the scalar field configurations. The gauge fields must reduce to the pure
gauge,

Aa
i →

1

g
εabc nb(x) ∂i nc(x)

in order for the energy to be finite.
The solution of the equation of motion in the nontrivial sectors can be

found by rewriting Eq. (10) as

E =

∫

d3x[
1

4
(F a

ij−εijk Dkφa)2+
1

2
εijk F a

ij Dk φa+
λ

8
(φa2−F 2)2 (12)

The crucial observation is that while the first and third terms are semi-
positive definite, the second term is a total derivative,

1

2
εijk F a

ij Dk φa = ∂k Bk, Bk =
1

2
εijk F a

ij φa.

We used above a useful identity for the derivatives for gauge invariant prod-
ucts

∂k Tr(A B . . .) = Tr(DkA B . . .) + Tr(A DkB . . .) + . . . .

Thus the second term of Eq. (12) represents F times the “magnetic” charge

∫

dv ∇ · B =

∫

dS · B = 4 πgm, B ∼
gm

r3
r.

If λ = 0, |φa2| → F 2 (BPS limit) the mass is proportional to the magnetic
charge, 4 π gm F = 〈φ〉

g
, while the field configuration satisfies the linear BPS

equation
F a

ij − εijk Dkφa = 0,

with an explicit (BPS) solution [2]

Aa
i = εaijrj

1 − K(r)

g r2
, K(r) =

gFr

sinh gFr
, (13)

φa = ra H(r)

g r2
, H(r) = gFr coth gFr − 1. (14)
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F a
ij = εijkDkφa,



Non-Abelian monopoles

H:   non-Abelian

 2 m· e ∈ Z

“Monopoles are multiplets of H  (GNOW)”  

cfr.

∼

<Φ> = v = h · T

(Dirac)

significantly relaxed in cases in which the unbroken group is smaller. In this way one

finds that the only real restriction is that the number of flavors be at least equal to

2r if the monopole transforms in the fundamental representation of SU(r). (See

e.g., Eq.(3.2).)

3 Quantum Nonabelian Monopoles

The above example of the SU(N + 1) model nicely illustrates the fact that

a semiclassical treatment alone is not enough to ensure that the set of apparently

degenerate monopoles associated with the symmetry breaking G
〈φ〉#=0−→ H are truly

nonabelian. The reason is that the “unbroken” gauge group H may well dynamically

break down to an abelian subgroup. If this occurs, one has only an approximately

degenerate set of monopoles whose masses differ by e.g., O( Λ2

〈φ〉). For this reason, the

very concept of nonabelian monopoles is never really semi-classical, in sharp contrast

to the case of abelian monopoles. Only if the “unbroken” gauge group H is not further

broken dynamically do the unconfined (topologically stable) nonabelian monopoles

and dual gauge bosons appear in the quantum theory.

Another subtlety is that it is in general not justified to study the system G
〈φ〉#=0−→ H

with a nonabelian subgroup H as a limiting situation of a maximal breaking, -

G
〈φ〉#=0−→ U(1)R, where R is the rank of the group G, by letting some of the eigen-

values of 〈φ〉 to coincide, as is sometimes done in the literature. To do so would

introduce fictitious degrees of freedom corresponding to massless, infinitely extended

“solitons”. In this limit all fields tend to constant values and so in fact these are not

solitons at all. Indeed, in the case G = SU(N), such “massless monopoles” do not

represent any topological invariant as the fundamental group of any restored SU(N)

is trivial.2

It is hardly possible to overemphasize the importance of the fact [4, 6, 19] that

nonabelian monopoles, if they exist quantum mechanically, transform as irreducible

multiplets of the dual group H̃ , not under H itself. Monopoles transforming under

2This is analogous to what would happen to the ’t Hooft - Polyakov monopole of the spontaneously

broken SU(2)
v−→U(1) theory, if one were to apply the semi-classical formulae näıvely in the limit

v → 0. We believe that this fact, together with the fact that the magnetic monopoles are multiplets

of the dual of H (see the following paragraph), are responsible for some difficulties found in such an

approach [10].
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The normalization of the generators can be chosen [?] so that the metric of the

root vector space is10

gij =
∑

roots

αiαj = δij. (A.4)

The Higgs field vacuum expectation value (VEV) is taken to be of the form

φ0 = h · T, (A.5)

where h = (h1, . . . , hrank(G)) is a constant vector representing the VEV. The root

vectors orthogonal to h belong to the unbroken subgroup H .

The monopole solutions are constructed from various SU(2) subgroups of G that

do not commute with H ,

S1 =
1

√
2α2

(Eα + E−α); S2 = −
i

√
2α2

(Eα − E−α); S3 = α∗ · T, (A.6)

where α is a root vector associated with a pair of broken generators E±α. α∗ is a

dual root vector defined by

α∗ ≡
α

α · α
. (A.7)

The symmetry breaking (??) induces the Higgs mechanism in such an SU(2) sub-

group, SU(2) → U(1). By embedding the known ’t Hooft-Polyakov monopole [?, ?]

lying in this subgroup and adding a constant term to φ so that it behaves correctly

asymptotically, one easily constructs a solution of the equation of motion [?, ?]:

Ai(r) = Aa
i (r, h · α) Sa; φ(r) = χa(r, h · α) Sa + [ h − (h · α) α∗] · T, (A.8)

where

Aa
i (r) = εaij

rj

r2
A(r); χa(r) =

ra

r
χ(r), χ(∞) = h · α (A.9)

is the standard ’t Hooft-Polyakov-BPS solution. Note that φ(r = (0, 0, ∞)) = φ0.

The mass of a BPS monopole is then given by

M =

∫
dS · Tr φ B, B =

ri(S · r)

r4
. (A.10)

10In the Cartan basis the Lie algebra of the group G takes the form

[Hi, Hk] = 0, (i, k = 1, 2, . . . , r); [Hi, Eα] = αi Eα; [Eα, E−α] = αi Hi;

(A.2)

[Eα, Eβ] = Nαβ Eα+β (α + β &= 0). (A.3)

αi = (α1, α2, . . .) are the root vectors.
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1

H   generated by 
∼ H H

U(N) U(N)

SU(N) SU(N)/Z

SO(2N)/Z2 SO(2N)

SO(2N+1) USp(2N)

∼

N

For the cases SO(N +2) → SO(N)×U(1) and USp(2N +2) → USp(2N)×
U(1), where TrHi Hj = C δij, one finds

M =
4π C h · α∗

g
=

4 π v

g
, (A.14)

while for SO(2N) → SU(N) × U(1), SO(2N + 1) → SU(N) × U(1), and

USp(2N) → SU(N) × U(1), the mass is

M =
8π C h · α∗

g
=

8 π v

g
. (A.15)

In order to get the U(1) magnetic charge11 (the last column of Table 3), we first

divide by an appropriate normalization factor in the mass formula Eq.(A.10)

Fm =

∫
dS ·

Tr φ B

Nφ

=

∫
dS · B(0), B =

ri(S · r)

r4
, (A.16)

as was done in Eq.(2.14). The result, which is equal to 4πgm by definition, gives the

magnetic charge. The latter must then be expressed as a function of the minimum

U(1) electric charge present in the given theory, which can be easily found from the

normalized (such that Tr T (a) T (a) = 1
2
) form of the relevant U(1) generator.

For example, in the case of the symmetry breaking, SO(2N) → U(N), the

adjoint VEV is of the form, φ =
√

4N v T (0), where T (0) is a 2N × 2N block-

diagonal matrix with N nonzero submatrices i√
4N

(
0 1

−1 0

)
. Dividing the mass

(A.15) by
√

N v and identifying the flux with 4πgm one gets gm = 2√
N g

. Finally,

in terms of the minimum electric charge of the theory e0 = g√
4N

( which follows from

the normalized form of T (0) above) one finds

gm =
2

√
N g

=
2

N
·

1

2 e0

. (A.17)

The calculation is similar in other cases.

The asymptotic gauge field can be written as

Fij = εijk

rk

r3
(β · T), 2 β · α ∈ Z (A.18)

11In this calculation it is necessary to use the generators normalized as Tr T (a) T (b) = 1
2
δab, such

that B = B(0) T (0) + . . . .
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Goddard-Nuyts-Olive, E.Weinberg, Lee,Yi,  
Bais, Schroer, .... ‘77-80

∼

β= weight 
vector of the group



Difficulties

➀ Topological obstructions 

e.g.,  SU(3) ➝ SU(2)×U(1),
∄ monopoles ∼ (2, 1   )  ∗

“No colored dyons exist” (Coleman, et.al. ’84)

② Non-normalizable gauge zero modes:   

 Monopoles not multiplets of H 

The real issue: 
how do they transform under  H ?    

∼

cfr.
Jackiw-Rebbi

Flavor Q.N. of monopoles
via 

fermion zeromodes

• H and H relatively nonlocal  
∼

Φ = diag(v,v,-2v)

↵
(Abouelsaad et.al. ’83)

(Dorey, et.al. ’96)

• H theory in confinement phase ⇔ H theory in Higgs phase　∼



Light non-Abelian monopoles (’94-’00)

   Fully quantum-mechanical non-Abelian monopoles  in N=2      
      supersymmetric theories    (also  N=1, N=4 )

   •  Non-Abelian dual groups (monopoles) only in theories with flavors

Seiberg-Witten ‘94
Argyres,Plesser,Seiberg,’96
Hanany-Oz, ’96
Carlino-KK-Murayama ‘00

-    Renomalization-Group effect:  the dual SU(r) group    
     only for   r < Nf /2          

-    Only Abelian monopoles in pure N=2  YM or with SU(2) group 

• Colored dyon ∼ (2, 1 ) in  SU(3) ➝ SU(2)×U(1)  do exist !
∗∗

Table



G=SU(N+1);  H=U(N) 

  

understood: this will provide us with a nontrivial check of our results. Another motivation is
purely of convenience: it gives a definite potential with desired properties.3

The underlying theory is thus

L =
1

8π
Im Scl

[∫
d4θ Φ†eV Φ +

∫
d2θ

1

2
WW

]
+ L(quarks) +

∫
d2θ µ Tr Φ2; (2.13)

L(quarks) =
∑

i

[∫
d4θ {Q†

ie
V Qi + Q̃ie

−V Q̃†
i} +

∫
d2θ {

√
2Q̃iΦQi + mi Q̃i Qi}

]
(2.14)

where m is the bare mass of the quarks and we have defined the complex coupling constant

Scl ≡
θ0

π
+

8πi

g2
0

. (2.15)

We also added the parameter µ, the mass of the adjoint chiral multiplet, which breaks the
supersymmetry to N = 1. The bosonic sector of this model is described, after elimination of
the auxiliary fields, by

L =
1

4g2
F 2

µν +
1

g2
|DµΦ|2 + |DµQ|2 +

∣∣∣Dµ
¯̃Q
∣∣∣
2

− V1 − V2, (2.16)

where

V1 =
1

8

∑

A

(
tA
ij [

1

g2
(−2) [Φ†, Φ]ji + Q†

jQi − Q̃jQ̃
†
i]

2

)2

; (2.17)

V2 = g2|µ ΦA +
√

2 Q̃ tAQ|2 + Q̃ [m +
√

2Φ] [m +
√

2Φ]† Q̃†

+ Q† [m +
√

2Φ]† [m +
√

2Φ] Q. (2.18)

In the construction of the approximate monopole and vortex solutions we shall consider only the
VEVs and fluctuations around them which satisfy

[Φ†, Φ] = 0, Qi = Q̃†
i, (2.19)

and hence the D-term potential V1 can be set identically to zero throughout. In order to keep
the hierarchy of the gauge symmetry breaking scales, (1.8), we choose the masses such that

m1 = . . . = mNf = m, (2.20)

m $ µ $ Λ. (2.21)

3Recent developments [32, 33] allow us actually to consider systems of this sort within a much wider class of
N = 1 supersymmetric models, whose infrared properties are very much under control. We stick ourselves to
the standard N = 2 SQCD, however, for concreteness.
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Although the theory described by the above Lagrangian has many degenerate vacua, we are
interested in the vacuum where (see [11] for the detail)

〈Φ〉 = −
1

√
2





m 0 0 0

0
. . .

...
...

0 . . . m 0
0 . . . 0 −N m




; (2.22)

Q = Q̃† =





d 0 0 0 0 . . .

0
. . . 0

...
... . . .

0 0 d 0 0 . . .
0 . . . 0 −N d 0 . . .




, d =

√
(N + 1) µ m % m. (2.23)

This is a particular case of the so-called r vacuum, with r = N . Although such a vacuum
certainly exists classically, the existence of the quantum r = N vacuum in this theory requires
Nf ≥ 2 N , which we shall assume.4

To start with, ignore the smaller squark VEV, (2.23). As π2(G/H) ∼ π1(H) = π1(U(1)) =
Z, the symmetry breaking (2.22) gives rise to regular magnetic monopoles with mass of order of
O(v1

g
), whose continuous transformation property is our main concern here. The semiclassical

formulas for their mass and fluxes are well known [4, 34] and will not be repeated here.

2.3 Low-energy approximation

At scales much lower than v1 = m but still neglecting the smaller squark VEV v2 = d =√
(N + 1) µ m % v1, the theory reduces to an SU(N) × U(1) gauge theory with Nf light

quarks qi, q̃i (the first N components of the original quark multiplets Qi, Q̃i). By integrating
out the massive fields, the effective Lagrangian valid between the two mass scales has the form,

L =
1

4g2
N

(F a
µν)

2 +
1

4g2
1

(F 0
µν)

2 +
1

g2
N

|Dµφa|2 +
1

g2
1

|Dµφ0|2 + |Dµq|2 +
∣∣Dµ

¯̃q
∣∣2

− g2
1

∣∣∣∣ −
µ m
√

2
+

1
√

N(N + 1)
q̃ q

∣∣∣∣
2

− g2
N|

√
2 q̃ taq |2 + . . . (2.24)

where a = 1, 2, . . . N2 − 1 labels the SU(N) generators, ta; the index 0 refers to the U(1)
generator t0 = 1√

2N(N+1)
diag(1, . . . , 1, −N). We have taken into account the fact that the

SU(N) and U(1) coupling constants (gN and g1) get renormalized differently towards the
infrared.

4This might appear to be a rather tight condition as the original theory loses asymptotic freedom for Nf ≥
2 N + 2. This is not so. An analogous discussion can be made by starting from a larger gauge group and
by considering the breaking SU(M) → SU(N) × U(1)M−N . In this case the condition for the quantum
non-abelian vacuum is 2 M ≥ Nf ≥ 2 N , which is a much looser condition. Also, although the corresponding
U(N) theory (2.1) with such a number of flavor has semilocal strings [35, 27, 23], these moduli are not directly
related to the derivation of the dual gauge symmetry, which is our interest in this paper. We shall come back to
these questions elsewhere.
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v  = m           
v   =  √μm
1

2

m ≫ μ ≫ Λ :        

SU(N+1) ⇒ U(N) 

2.2 Embedding the System in N = 2

The fact that the monopoles associated with the symmetry breaking G
〈φ〉#=0−→ H

semiclassically form a degenerate multiplet, however, does not in itself prove that

they are nonabelian monopoles. The main problem is that the “unbroken” gauge

group H (in the case just considered, U(N)) can dynamically break down to an

abelian subgroup. Whether such a dynamical breaking occurs depends on the details

of the quantum system and it is in general difficult to decide what actually takes

place.

In N = 2 supersymmetric models a definite answer can be given. If the model

above is embedded in the pure N = 2 theory

L =
1

8π
Im τcl

[∫
d4θ Φ†eV Φ +

∫
d2θ

1

2
WW

]
, (2.19)

(τcl ≡ θ0

π
+ 8πi

g2
0

), the SU(N) sector left “unbroken” by the adjoint scalar VEV

(2.2) describes a pure N = 2 SU(N) theory, which becomes strongly coupled at

low energies and is dynamically broken to the maximal Abelian subgroup U(1)N−1

[14, 15, 29].

In order to preserve an unbroken subgroup H we couple the theory to Nf hyper-

multiplets (quarks). The Lagrangian of this theory has the structure

L =
1

8π
Im Scl

[∫
d4θ Φ†eV Φ +

∫
d2θ

1

2
WW

]
+ L(quarks) +

∫
d2θ µ TrΦ2;

(2.20)

L(quarks) =
∑

i

[

∫
d4θ {Q†

ie
V Qi + Q̃ie

−V Q̃†
i} +

∫
d2θ {

√
2Q̃iΦQi + mQ̃iQ

i}

(2.21)

where m is the (common) bare mass of the quarks and we have defined the complex

coupling constant

Scl ≡
θ0

π
+

8πi

g2
0

. (2.22)

The parameter µ is the mass of the adjoint chiral multiplet, which breaks the super-

symmetry to N = 1.

In order to discuss unconfined monopoles, however, one must set µ = 0 and so

preserve the full N = 2 supersymmetry. After eliminating the auxiliary fields the

bosonic Lagrangian becomes

L =
1

4g2
F 2

µν +
1

g2
|Dµφ|2 + |DµQ|2 +

∣∣∣Dµ
¯̃Q

∣∣∣
2

+ L1 + L2, (2.23)
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1 Introduction

Nonabelian monopoles in spontaneously broken gauge theories have remained

somewhat obscure objects for a long time in spite of many investigations [1]-[10].

Apart from the often discussed applications in conformally invariant N = 4 the-

ories, few field theory models were known where such objects play an important

dynamical role. Although many N = 1 gauge theories, such as SQCD with appro-

priate numbers of flavors, are believed to possess Seiberg duals [11], the origin of the

“dual quarks” appearing in these models remains mysterious.

A series of papers on softly broken N = 2 gauge theories with gauge groups

SU(N), USp(2N) and SO(N) and various numbers of flavors of fundamental

matter have, however, changed the situation [12, 13, 14]. In particular, it was pointed

out [15] that the “dual quarks” appearing as the low-energy degrees of freedom of the

G = SU(N), USp(2N) or SO(N) theory, which carry the nonabelian SU(r) ⊂
G charges, can be identified with the “semiclassical” nonabelian monopoles studied

earlier by Goddard, Nuyts, Olive [4] and by E. Weinberg [7]. Also, all of the confining

vacua in strongly coupled USp(2N) and SO(N) theories with flavors and with zero

bare quark masses, involve these objects in a deformed SCFT.

Very recently, with A. Yung, we have proven the existence of nonabelian vortices

in the same class of models [16]. The analysis was done semiclassicaly, in the region

of large bare quark masses (and so large adjoint scalar VEVS), but the presence of an

appropriate number of fermions makes the results quantum mechanically correct. In

particular, a continuous family of degenerate vortex solution have been constructed,

showing the truely nonabelian nature of these vortices 1.

In this paper, we discuss some aspects relating nonabelian vortices and monopoles

appearing in the softly broken N = 2 G = SU(N) theories with Nf flavors. The

gauge group is broken at two very different mass scales, v1 " v2,

G
v1−→ H

v2−→ (1.1)

1Deceptively similar, though different, vortex configurations have been studied independently by
Hanany and Tong [17, 18].

1

[14]. Actually, the latter can be interpreted as the GNOW monopoles becoming light due to the
dynamics, at least in SU(N) theories [15]. For SO(N) or in USp(2N) theories the relation
between Seiberg’s duals and GNOW monopoles are less clear [15]. For instructive discussions on
the relation between Seiberg’s duals and semiclassical monopoles in a class of N = 1, SO(N)
models with matter fields in vector and spinor representations, see Strassler [16].

Dynamics of the system is thus a crucial ingredient: if the dual group were in Higgs phase,
the multiplet structure among the monopoles would get lost, generally. Therefore one must study
the dual (H̃) system in confinement phase.2 But then, according to the standard electromagnetic
duality argument, one must analyse the electric system in Higgs phase. The monopoles will
appear confined by the confining strings which are nothing but the vortices in the H system in
Higgs phase.

We are thus led to study the system with a hierarchical symmetry breaking,

G
v1−→ H

v2−→ ∅, (1.7)

where

v1 $ v2, (1.8)

instead of the original system (1.1). The smaller VEV breaks H completely. Also, in order for
the degeneracy among the monopoles not to be broken by the breaking at the scale |〈φ2〉|, we
assume that some global color-flavor diagnonal group

HC+F ⊂ Hcolor ⊗ GF (1.9)

remains unbroken.

It is hardly possible to emphasize the importance of the role of the massless flavors too much.
This manifests in several different aspects.

(i) In order that H must be non-asymptotically free, there must be sufficient number of massless
flavors: otherwise, H interactions would become strong at low energies and H group can
break itself dynamically;

(ii) The physics of the r vacua [9, 11] indeed shows that the non-abelian dual group SU(r)
appear only for r ≤ Nf

2
. This limit can be understood from the renormalization group: in

order for a nontrivial r vacuum to exist, there must be at least 2 r massless flavors in the
fundamental theory;

(iii) Non-abelian vortices [17, 18], which as we shall see are closely related to the concept of non-
abelian monopoles, require a flavor group. The non-abelian flux moduli arise as a result
of an exact, unbroken color-flavor diagonal symmetry of the system, broken by individual
soliton vortex.

The idea that the dual group transformations among the monopoles at the end of the vortices
follow from those among the vortices (monopole-vortex flux matching, etc.), has been discussed
in several occasions, in particular in [19]. The main aim of the present paper is to make this

2The non-abelian monopoles in the Coulomb phase suffer from the difficulties already discussed.

3

fully quant. mech.
m ∼ μ ∼ Λ :       

mass 
parameters
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Phases of Softly Broken N = 2 Gauge Theories
label (r) Deg.Freed. Eff. Gauge Group Phase Global Symmetry

0 monopoles U(1)nc−1 Confinement U(nf)
1 monopoles U(1)nc−1 Confinement U(nf − 1)× U(1)

≤ [
nf−1

2 ] NA monopoles SU(r)× U(1)nc−r Confinement U(nf − r)× U(r)
nf/2 rel. nonloc. - Confinement U(nf/2)× U(nf/2)

BR NA monopoles SU(ñc)× U(1)nc−ñc Free Magnetic U(nf)

Table 1: Phases of SU(nc) gauge theory with nf flavors. ñc ≡ nf − nc.

Deg.Freed. Eff. Gauge Group Phase Global Symmetry
1st Group rel. nonloc. - Confinement U(nf)

2nd Group dual quarks USp(2ñc)× U(1)nc−ñc Free Magnetic SO(2nf)

Table 2: Phases of USp(2nc) gauge theory with nf flavors with mi → 0.
ñc ≡ nf − nc − 2.

W(φ, Q, Q̃) = µ TrΦ2 + miQ̃iQ
i, mi → 0

Dual qualks of r vacua are GNO monopoles
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r=1

r = nf /2- - -

Non Abelian monopoles

Abelian monopoles

(Non-baryonic)
Higgs Branches

Baryonic
Higgs Branch

Coulomb
Branch

Dual
Quarks

QMS of N=2 SQCD (SU(n) with nf quarks)

r=0

<Q> 0

< >  0

N=1 Confining vacua (with   2 perturbation)

N=1 vacua (with   2 perturbation) in free magnetic phase

SCFT

Φ
Φ



Summary:  Lecture 1

• Non-Abelian vortices in  U(N) gauge theory with  Nf  =N matter fields

• Supersymmetry: marginal role classically,  but more
  important in the dynamics.  Self-dual equations

• Color-flavor locked vacuum

•  Vortex moduli in CPN-1

    • Vortices in general gauge systems
     • Vortices with product moduli space
     • Fractional vortices
     • Monopole-vortex complex

Generalization:

➯  Lecture 1I



Lecture II

     • Vortices in general gauge systems
     • Vortices with product moduli space
     • Fractional vortices
     • Monopole-vortex complex



   § 1.   Vortex in general gauge theories

•   G= U(1) x G’

•   G’= SU(N), SO(N), USp(N), ... ... 

• FI term for the U(1) factor (vortex) 

• Color-flavor locked phase with exact,  unbroken  G’ C+F    symmetry

space for vortices with a general gauge group U(1) × G′ is discussed in Appendix A.

Two issues of considerable interest seem to emerge from our study, which are only briefly
discussed here. One is the question of the Goddard-Nuyts-Olive-Weinberg(GNOW) quanti-
zation/duality of the non-Abelian vortices, which is deeply related to the original problem of
understanding non-Abelian monopoles [46]. Another is the appearance of “fractional vortices”,
which seems to be very common when one studies vortices in models other than the U(N) gauge
theories. Although the results of the present paper provide us with a concrete starting point
and important ingredients for the analysis of these questions, in order to keep the length of the
paper to a reasonable size and for the ease of reading, we reserve a more thorough discussion of
these two issues for separate, forthcoming papers.

2 Vortex equations and basics

2.1 The moduli matrix and BPS equations

In this section we study vortex solutions in four-dimensional gauge theories with an SO(N) ×
U(1) or USp(N)×U(1) gauge group1, and with NF scalars in the fundamental representation.
Sometimes the gauge group will be indicated in a more general way, as G = G′ × U(1) with
G′ being any simple group; the prescription for writing down the BPS vortex solutions in all
these cases has in fact been given in Ref. [23]. However, below we shall concentrate on the gauge
groups SO(N)×U(1) and USp(N)×U(1). An integer M will be used to indicate the gauge
group, such that N = 2M or N = 2M + 1, for even SO(N) and USp(N) or odd SO(N),
respectively.

The Lagrangian density reads

L = Trc

[

−
1

2e2
FµνF µν −

1

2g2
F̂µνF̂ µν + DµH (DµH)† −

e2

4

∣
∣X0t0 − 2ξt0

∣
∣
2 −

g2

4
|Xata|2

]

,(2.1)

with the field strength, gauge fields and covariant derivative denoted as

Fµν = F 0
µνt0 , F 0

µν = ∂µA0
ν − ∂νA0

µ , F̂µν = ∂µAν − ∂νAµ + i [Aµ, Aν] ,

Aµ = Aa
µta , Dµ = ∂µ + iA0

µt0 + iAa
µta . (2.2)

A0
µ is the gauge field associated with U(1) and Aa

µ are the gauge fields of G′. The matter scalar
fields are written as an N × NF complex color (vertical) – flavor (horizontal) mixed matrix H .
It can be expanded as

X = HH† = X0t0 + Xata + Xαtα , X0 = 2 Trc

(

HH†t0
)

, Xa = 2 Trc

(

HH†ta
)

,(2.3)

where the traces with subscript c are over the color indices. e and g are the U(1) and G′

coupling constants, respectively, while ξ is a real constant. t0 and ta stand for the U(1) and G′

generators, respectively, and finally, tα ∈ g′
⊥, where g′

⊥ is the orthogonal complement of the Lie
algebra g′ in su(N). We normalize the generators according to

t0 =
1N√
2N

, Tr(tatb) =
1

2
δab . (2.4)

1The case of local vortices with the gauge groups SO(N) × U(1) has first been considered in Ref. [21].
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We have chosen in Eq. (2.1) a particular, critical quartic scalar coupling equal to the (square
of the) gauge coupling constants, i.e. the BPS limit. Indeed such a Lagrangian can be regarded
as the truncated bosonic sector of an N = 2 supersymmetric gauge theory.2 The constant ξ
would in this case be the Fayet-Iliopoulos parameter. In order to keep the system in the Higgs
phase, we take ξ > 0. The model has a gauge symmetry acting from the left on H and a flavor
symmetry acting from the right. First we note that this theory has a continuous Higgs vacuum
which was discussed in detail in Ref. [22]. In this paper, we choose to work in a particular point
of the vacuum manifold:

〈H〉 =
v

√
N

1N , ξ =
v2

√
2N

, (2.5)

namely, in the maximally “color-flavor-locked” Higgs phase of the theory. We have set NF = N
which is the minimal number of flavors allowing such a vacuum 3. The existence of a continuous
vacuum degeneracy implies the emergence of vortices of semi-local type as we shall see shortly.

Performing the Bogomol’nyi completion, the energy (tension) reads

T =

∫

d2x Trc

[

1

e2

∣
∣
∣
∣
F12 −

e2

2

(

X0t0 − 2ξt0
)
∣
∣
∣
∣

2

+
1

g2

∣
∣
∣
∣
F̂12 −

g2

2
Xata

∣
∣
∣
∣

2

+ 4
∣
∣D̄H

∣
∣
2 − 2ξF12t

0

]

≥ −ξ

∫

d2x F 0
12 , (2.6)

where D̄ ≡ D1+iD2

2
is used along with the standard complex coordinates z = x1 + ix2 and all

fields are taken to be independent of x3. When the inequality is saturated (BPS condition), the
tension is simply

T = 2
√

2Nπξν = 2πv2ν , ν = −
1

2π
√

2N

∫

d2x F 0
12 , (2.7)

where ν is the U(1) winding number of the vortex. This leads immediately to the BPS equations
for the vortex

D̄H = ∂̄H + iĀH = 0 , (2.8)

F 0
12 = e2

[

Trc

(

HH†t0
)

− ξ
]

, (2.9)

F a
12 = g2 Trc

(

HH†ta
)

. (2.10)

The matter BPS equation (2.8) can be solved [9, 10, 11] by the Ansatz

H = S−1(z, z̄)H0(z) , Ā = −iS−1(z, z̄)∂̄S(z, z̄) , (2.11)

2 The full supersymmetric bosonic sector contains an additional set of squarks in the anti-fundamental rep-
resentation of the gauge group, and an adjoint scalar field. We can consistently forget about them, as they are
trivial on the BPS vortices. Although we shall not make explicit use of any of the consequences of N = 2
supersymmetry (the missing sector is truly relevant at the quantum level), this way of regarding our system is
useful for providing a convenient choice of the potential and its stability against radiative corrections.

3Notice that this not the minimal choice for the existence of a vacuum which supports BPS vortices. In fact,
such a minimal number is NF = 1 in the SO case and NF = 2 in the USp case. However, in this case there is
a residual Coulomb phase. The vortices actually reduce to those appearing in theories with a lower-rank gauge
group.
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moduli matrix



the BPS equations (5), (6) can be cast into the form:

∂̄∂ψ = − e2

4N

(

tr (Ω0Ω
′−1)e−ψ − v2

)

, (13)

∂̄(Ω′∂Ω′−1) = g2

8

(

Ω0Ω
′−1 − J†(Ω0Ω

′−1)TJ
)

e−ψ,

(master equations). The boundary conditions are tr (Ω0Ω′−1)e−ψ = v2 and Ω0Ω′−1 =
J†(Ω0Ω′−1)TJ . We assume the existence and uniqueness for the solutions to these
equations. There are at least two justifications for this. One is the fact that in the strong
coupling limit (e, g → ∞) these can be algebraically and uniquely solved. The other
relies on the index theorem: the number of the moduli parameters encoded in H0 coincide
with that obtained from the index theorem [17].

The tension of the BPS vortices can be written as

T = − v2

√
2N

∫

d2x F 0
12 = 2v2

∫

d2x ∂̄∂ ψ = 2πv2ν, (14)

as can be seen from the asymptotic behavior

Se ∼ |z|ν for |z| → ∞, (15)

with a rational number ν(> 0) being the U(1) winding number. ν will be found to be
quantized in half-integers (ν = k/2) for the groups G′ = SO(2M), USp(2M) with
k ∈ Z+; ν = k (integers) for G′ = SO(2M + 1); finally ν = k/N for G′ = SU(N),
as is well known. The integer k denotes the vortex number: k = 1 corresponds to the
minimal vortex in all cases.

The key idea of this Letter, which enables us to extend the moduli-matrix formalism
to general gauge groups, is to consider the holomorphic invariants Ii

G′(H) made of H ,
which are invariant under G′C, with i labeling them. If the U(1) charge of the i-th
invariant Ii

G′(H) is ni, the following relation

Ii
G′(H) = Ii

G′

(

S−1
e S′−1H0

)

= S−ni
e Ii

G′(H0(z)) (16)

holds. If the boundary condition is given by

Ii
G′(H)

∣

∣

∣

|z|→∞
= Ii

vev eiνniθ, (17)

where ν ni is the number of zeros of Ii
G′ , it follows that

Ii
G′(H0) = Sni

e Ii
G′(H) ∼ Ii

vev zν ni , |z| → ∞. (18)

As Ii
G′(H0(z)) are holomorphic, the above condition implies that Ii

G′(H0(z)) are poly-
nomials in z. We find that ν ni must be a positive integer for all i:

ν ni ∈ Z+ → ν = k/n0, k ∈ Z+, (19)

where (GCD = the greatest common divisor)

n0 ≡ GCD{ni | Ii
vev '= 0}. (20)
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where DµH = (∂µ + iWµ)H , e and g are the gauge coupling constants for U(1) and
G′, respectively, and A is the flavor index. The flavor symmetry of the model is SU(N)F.
Though our discussion concerns mainly the bosonic system, (2), the model is really to be
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Define now

Gauge-field equations
become (master eq.) 
given  H0 (z),

1 Introduction

Vortices play important roles in various areas of physics from condensed matter physics
such as superconductors, superfluids, quantum Hall effects to particle physics [1] and
cosmology [2]. In the theory of fundamental strong forces (quantum chromodynamics)
they are believed to be essential in the quark confinement mechanism. Recently there has
been a significant progress in the understanding of non-Abelian vortices in the color-flavor
locked vacuum of SU(N) × U(1) gauge theories [3, 4]. Unlike Abelian vortices [5],
they carry orientational moduli in the internal space, in addition to the usual position
moduli. The most general Bogomol’nyi-Prasad-Sommerfield (BPS) vortex solutions and
their moduli space have been found [6, 7] and the dynamics of two colliding vortices
studied [8]. Moduli spaces have been crucial in calculations on solitons and in particular
in the understanding of the role of instantons and monopoles in the non-perturbative
dynamics of Yang-Mills theories. Though these and many other interesting features have
been extensively explored [6]-[15], most studies so far have been restricted to the gauge
group SU(N) × U(1), with few but notable exceptions [11],[16].

We present here a simple framework for writing the most general non-Abelian BPS
vortex solutions in theories with an arbitrary gauge group of the type G = G′ × U(1).
For concreteness we take G′ to be a simple Lie group, but the method can easily be
generalized to non-simple groups. The cases of classical groups G′ = SU, SO, USp will
be worked out in some detail. Exceptional groups arise naturally in grand unified theories
as well as in string theory. Various new physical results seem to follow from our study,
even though here we limit ourselves to the basic formulas. Fuller account will be given
elsewhere [17].

2 Model and BPS Vortex Equations

We focus our attention on the classical Lie groups G′ = SU(N), SO(N) and USp(2M),
leaving the exceptional groups to a short discussion at the end. For G′ = SO(N), USp(2M)
their group elements are embedded into SU(N) (N = 2M for USp) by constraints of
the form, UTJU = J , where J is the rank-2 invariant tensor

J =

(
0M 1M

ε1M 0M

)
,

(
JSO(2M) 0

0 1

)
, (1)

where ε = +1 for SO(2M), while ε = −1 for USp(2M); the second matrix is for
SO(2M +1). Apart from the gauge bosons Wµ = W 0

µt0+W a
µta the matter content of

the model consists of N flavors of Higgs scalar fields in the fundamental representation,
with a common U(1) charge, written as a color-flavor mixed N ×N matrix H . t0 and ta

denote the generators of U(1) and G′ normalized as t0 = 1N/
√

2N, tr (tatb) = δab/2.
The Lagrangian is

L = − 1
4e2F 0

µνF 0µν − 1
4g2F a

µνF aµν + (DµHA)† DµHA

−e2

2

∣∣∣H†
At0HA − v2

√
2N

∣∣∣
2

− g2

2
|H†

AtaHA|2, (2)

1

General Procedure (SO(2M), USp(2M), SO(2M+1))

(**)

(**) ε = ±1, SO(2M), USp(2M)



Holomorphic Invariants 

where S belongs to the complexification of the gauge group, S ∈ C∗×G′C. H0(z), holomorphic
in z, is called the moduli matrix [?], which contains all moduli parameters of the vortices as will
be seen below.

A gauge invariant object can be constructed as Ω = SS†. It will, however, prove convenient
to split this into the U(1) part and the G′ part, such that S = s S′ and analogously Ω = ω Ω′,
ω = |s|2, Ω′ = S′S′†. In terms of ω the tension (??) can be rewritten as

T = 2πv2ν = 2v2

∫

d2x ∂∂̄ log ω , ν =
1

π

∫

d2x ∂∂̄ log ω , (2.12)

and ν determines the asymptotic behavior of the Abelian field as

ω = ss† ∼ |z|2ν , for |z| → ∞ . (2.13)

The minimal vortex solutions can be written down [?] by making use of the holomorphic
invariants for the gauge group G′ made of H , which we denote Ii

G′(H). If the U(1) charge of
the i-th invariant is denoted by ni, Ii

G′(H) satisfies

Ii
G′(H) = Ii

G′

(

s−1S′−1H0

)

= s−niIi
G′(H0(z)) , (2.14)

while the boundary condition is

Ii
G′(H)

∣
∣
∣
∣
|z|→∞

= Ii
vev eiνniθ , (2.15)

where ν ni is the number of zeros of Ii
G′ . This leads then to the following asymptotic behavior

Ii
G′(H0) = sniIi

G′(H)
|z|→∞−→ Ii

vevz
νni . (2.16)

It implies that Ii
G′(H0(z)), being holomorphic in z, are actually polynomials. Therefore ν ni

must be positive integers for all i:
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I(H)= det  H
for U(N)

= 2   ( SO(2N), USp(2N))
= 1  SO(2N+1) ;    = N   for SU(N)

U(1) winding  #

   ➔  H0 (z) 

Note that a U(1) gauge transformation e2πi/n0 leaves invariant Ii
G′(H):

Ii
G′(H

′) = e2πini/n0Ii
G′(H) = Ii

G′(H) : (21)

the phase rotation e2πi/n0 ∈ Zn0 changes no physics, and the true gauge group is thus

G = U(1) × G′/Zn0 , (22)

where Zn0 is the center of G′. A simple homotopy argument tells us that 1/n0 is the
U(1) winding for the minimal (k = 1) vortex configuration. Finally, for a given k the
following important relations hold

Ii
G′(H0) = Ii

vevz
kni/n0 + O(zkni/n0−1), (23)

which imply nontrivial constraints on H0(z).
The explicit form of the constraints follows from this general discussion. For G′ =

SU(N) (with N flavors), there exists only one invariant

ISU = det(H), (24)

with charge N . Thus the minimal winding (1/n0) is equal to 1/N and the condition for
k vortices is given by:

AN−1 : det H0(z) = zk + O(zk−1), ν = k/N. (25)

For G′ = SO(N), USp(2M), there are N(N ± 1)/2 invariants

(ISO,USp)
r
s = (HTJH)r

s, 1 ≤ r ≤ s ≤ N, (26)

in addition to (24). The constraints are:

CM, DM : HT
0 (z)JH0(z) = zkJ + O(zk−1), ν = k/2,

BM : HT
0 (z)JH0(z) = z2kJ + O(z2k−1), ν = k, (27)

for G′ = SO(2M), USp(2M) and SO(2M +1), respectively. As anticipated, vortices
in the SO(2M + 1) model have integer U(1) windings [11].

Explicitly, the minimal vortices in SU(N) and SO(2M) or USp(2M) theories are
given respectively by the moduli matrices:

H0 =

(
z − a 0

b 1N−1

)
,

(
z1M − A CS/A

BA/S 1M

)
. (28)

The moduli parameters are all complex. For SU(N), a is just a number; b is a column
vector. For SO(2M) or USp(2M), the matrix CS/A for instance is symmetric or
antisymmetric, respectively. And vice versa for B. Moduli matrices for SO(2M + 1) as
well as those for k = 2 vortices in SU, SO, USp theories, will be given explicitly [17].

The index theorem gives the complex dimension of the moduli space

dimC (MG′,k) = k N2/n0 . (29)

4

1 Introduction

Vortices play important roles in various areas of physics from condensed matter physics
such as superconductors, superfluids, quantum Hall effects to particle physics [1] and
cosmology [2]. In the theory of fundamental strong forces (quantum chromodynamics)
they are believed to be essential in the quark confinement mechanism. Recently there has
been a significant progress in the understanding of non-Abelian vortices in the color-flavor
locked vacuum of SU(N) × U(1) gauge theories [3, 4]. Unlike Abelian vortices [5],
they carry orientational moduli in the internal space, in addition to the usual position
moduli. The most general Bogomol’nyi-Prasad-Sommerfield (BPS) vortex solutions and
their moduli space have been found [6, 7] and the dynamics of two colliding vortices
studied [8]. Moduli spaces have been crucial in calculations on solitons and in particular
in the understanding of the role of instantons and monopoles in the non-perturbative
dynamics of Yang-Mills theories. Though these and many other interesting features have
been extensively explored [6]-[15], most studies so far have been restricted to the gauge
group SU(N) × U(1), with few but notable exceptions [11],[16].

We present here a simple framework for writing the most general non-Abelian BPS
vortex solutions in theories with an arbitrary gauge group of the type G = G′ × U(1).
For concreteness we take G′ to be a simple Lie group, but the method can easily be
generalized to non-simple groups. The cases of classical groups G′ = SU, SO, USp will
be worked out in some detail. Exceptional groups arise naturally in grand unified theories
as well as in string theory. Various new physical results seem to follow from our study,
even though here we limit ourselves to the basic formulas. Fuller account will be given
elsewhere [17].

2 Model and BPS Vortex Equations

We focus our attention on the classical Lie groups G′ = SU(N), SO(N) and USp(2M),
leaving the exceptional groups to a short discussion at the end. For G′ = SO(N), USp(2M)
their group elements are embedded into SU(N) (N = 2M for USp) by constraints of
the form, UTJU = J , where J is the rank-2 invariant tensor

J =

(
0M 1M

ε1M 0M

)
,

(
JSO(2M) 0

0 1

)
, (1)

where ε = +1 for SO(2M), while ε = −1 for USp(2M); the second matrix is for
SO(2M +1). Apart from the gauge bosons Wµ = W 0

µt0+W a
µta the matter content of

the model consists of N flavors of Higgs scalar fields in the fundamental representation,
with a common U(1) charge, written as a color-flavor mixed N ×N matrix H . t0 and ta

denote the generators of U(1) and G′ normalized as t0 = 1N/
√

2N, tr (tatb) = δab/2.
The Lagrangian is

L = − 1
4e2F 0

µνF 0µν − 1
4g2F a

µνF aµν + (DµHA)† DµHA

−e2

2

∣∣∣H†
At0HA − v2

√
2N

∣∣∣
2

− g2

2
|H†

AtaHA|2, (2)

1

for SO(2M), USp(2M)

Also I(H)=



GNOW (Goddard-Nuyts-Olive-E. Weinberg)  quantization

Here the leading contribution Ω∞ = ω∞Ω′
∞ is given as the unique solution to the D-term

conditions X0 = Xa = 0 with a given H0(z). They are obtained by the Kähler quotient
method and are found for the gauge groups G′ = SO(N), USp(N) in Ref. [22] to be:

Ω′
∞ = H0(z)

1N
√

I†
G′IG′

H0(z)†, ω∞ =
1

v2
Tr

[√

I†
G′IG′

]

, (2.28)

where the G′-invariant IG′ = IG′(H0) = HT
0 (z)JH0(z). With this boundary condition, the

master equations are expected to have a unique (and smooth) solution with a given H0(z).
Namely, we expect that vortex configurations are completely characterized by H0(z). The
validity of this expectation will be discussed in Sec 4.1.
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where ν = k/n0 is the U(1) winding number and Ha are the generators of the Cartan subalge-
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Suppose that we now consider scalar fields in an r-representation of G′. The constraint is
equivalent to
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a (i = 1, 2, · · · , dim(r)) are the weight vectors for the r-representation of G′.

Subtracting pairs of adjacent weight vectors, one arrives at the quantization condition

#ν · #α ∈ Z , (2.32)

for every root vector α of G′.

Eq. (2.32) is formally identical to the well-known Goddard-Nuyts-Olive-Weinberg (GNOW)
quantization condition [46] for the monopoles, and to the vortex flux quantization rule found
in Ref. [47]. There is however a crucial difference here, as compared to the case of [46] or [47].
Because of an exact flavor (color-flavor diagonal GC+F) symmetry present here, which is broken
by individual vortex solutions, our vortices possess continuous moduli. As will be seen later, at
least in the local case these moduli are normalizable, and there are no conceptual problems in
their quantization. On the contrary, vortices in Ref. [47] do not have any continuous modulus,
while in the case of “non-Abelian monopoles” [46] these interpolating modes suffer from the

6

Representative (vortex) solutions

Here the leading contribution Ω∞ = ω∞Ω′
∞ is given as the unique solution to the D-term

conditions X0 = Xa = 0 with a given H0(z). They are obtained by the Kähler quotient
method and are found for the gauge groups G′ = SO(N), USp(N) in Ref. [22] to be:

Ω′
∞ = H0(z)

1N
√

I†
G′IG′

H0(z)†, ω∞ =
1

v2
Tr

[√

I†
G′IG′

]

, (2.28)

where the G′-invariant IG′ = IG′(H0) = HT
0 (z)JH0(z). With this boundary condition, the

master equations are expected to have a unique (and smooth) solution with a given H0(z).
Namely, we expect that vortex configurations are completely characterized by H0(z). The
validity of this expectation will be discussed in Sec 4.1.

2.2 GNOW quantization for non-Abelian vortices

Our task is to find all possible moduli matrices which satisfy the weak condition (2.22). In general
this is not easy. But certain special solutions can be found readily, and each such solution is
characterized by a weight vector of the dual group, and are labelled by a set of integers νa

(a = 1, · · · , rank(G′))

H0(z) = zν1N +νaHa ∈ U(1)C × G′C , (2.29)

where ν = k/n0 is the U(1) winding number and Ha are the generators of the Cartan subalge-
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in Ref. [47]. There is however a crucial difference here, as compared to the case of [46] or [47].
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by individual vortex solutions, our vortices possess continuous moduli. As will be seen later, at
least in the local case these moduli are normalizable, and there are no conceptual problems in
their quantization. On the contrary, vortices in Ref. [47] do not have any continuous modulus,
while in the case of “non-Abelian monopoles” [46] these interpolating modes suffer from the
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where the G′-invariant IG′ = IG′(H0) = HT
0 (z)JH0(z). With this boundary condition, the

master equations are expected to have a unique (and smooth) solution with a given H0(z).
Namely, we expect that vortex configurations are completely characterized by H0(z). The
validity of this expectation will be discussed in Sec 4.1.
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Suppose that we now consider scalar fields in an r-representation of G′. The constraint is
equivalent to

ν + νaµ(i)
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Eq. (2.32) is formally identical to the well-known Goddard-Nuyts-Olive-Weinberg (GNOW)
quantization condition [46] for the monopoles, and to the vortex flux quantization rule found
in Ref. [47]. There is however a crucial difference here, as compared to the case of [46] or [47].
Because of an exact flavor (color-flavor diagonal GC+F) symmetry present here, which is broken
by individual vortex solutions, our vortices possess continuous moduli. As will be seen later, at
least in the local case these moduli are normalizable, and there are no conceptual problems in
their quantization. On the contrary, vortices in Ref. [47] do not have any continuous modulus,
while in the case of “non-Abelian monopoles” [46] these interpolating modes suffer from the
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master equations are expected to have a unique (and smooth) solution with a given H0(z).
Namely, we expect that vortex configurations are completely characterized by H0(z). The
validity of this expectation will be discussed in Sec 4.1.

2.2 GNOW quantization for non-Abelian vortices

Our task is to find all possible moduli matrices which satisfy the weak condition (2.22). In general
this is not easy. But certain special solutions can be found readily, and each such solution is
characterized by a weight vector of the dual group, and are labelled by a set of integers νa

(a = 1, · · · , rank(G′))

H0(z) = zν1N +νaHa ∈ U(1)C × G′C , (2.29)

where ν = k/n0 is the U(1) winding number and Ha are the generators of the Cartan subalge-
bra of g′. These special solutions satisfy the strong condition (2.64), given below, with zi = 0.
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Suppose that we now consider scalar fields in an r-representation of G′. The constraint is
equivalent to

ν + νaµ(i)
a ∈ Z≥0 ∀ i , (2.31)

where #µ(i) = µ(i)
a (i = 1, 2, · · · , dim(r)) are the weight vectors for the r-representation of G′.

Subtracting pairs of adjacent weight vectors, one arrives at the quantization condition

#ν · #α ∈ Z , (2.32)

for every root vector α of G′.

Eq. (2.32) is formally identical to the well-known Goddard-Nuyts-Olive-Weinberg (GNOW)
quantization condition [46] for the monopoles, and to the vortex flux quantization rule found
in Ref. [47]. There is however a crucial difference here, as compared to the case of [46] or [47].
Because of an exact flavor (color-flavor diagonal GC+F) symmetry present here, which is broken
by individual vortex solutions, our vortices possess continuous moduli. As will be seen later, at
least in the local case these moduli are normalizable, and there are no conceptual problems in
their quantization. On the contrary, vortices in Ref. [47] do not have any continuous modulus,
while in the case of “non-Abelian monopoles” [46] these interpolating modes suffer from the
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where the G′-invariant IG′ = IG′(H0) = HT
0 (z)JH0(z). With this boundary condition, the

master equations are expected to have a unique (and smooth) solution with a given H0(z).
Namely, we expect that vortex configurations are completely characterized by H0(z). The
validity of this expectation will be discussed in Sec 4.1.

2.2 GNOW quantization for non-Abelian vortices

Our task is to find all possible moduli matrices which satisfy the weak condition (2.22). In general
this is not easy. But certain special solutions can be found readily, and each such solution is
characterized by a weight vector of the dual group, and are labelled by a set of integers νa

(a = 1, · · · , rank(G′))

H0(z) = zν1N +νaHa ∈ U(1)C × G′C , (2.29)

where ν = k/n0 is the U(1) winding number and Ha are the generators of the Cartan subalge-
bra of g′. These special solutions satisfy the strong condition (2.64), given below, with zi = 0.
H0 must be holomorphic in z and single-valued, which gives the constraints for a set of integers
νa

(ν1N + νaHa)ll ∈ Z≥0 ∀ l . (2.30)

Suppose that we now consider scalar fields in an r-representation of G′. The constraint is
equivalent to

ν + νaµ(i)
a ∈ Z≥0 ∀ i , (2.31)

where #µ(i) = µ(i)
a (i = 1, 2, · · · , dim(r)) are the weight vectors for the r-representation of G′.

Subtracting pairs of adjacent weight vectors, one arrives at the quantization condition

#ν · #α ∈ Z , (2.32)

for every root vector α of G′.

Eq. (2.32) is formally identical to the well-known Goddard-Nuyts-Olive-Weinberg (GNOW)
quantization condition [46] for the monopoles, and to the vortex flux quantization rule found
in Ref. [47]. There is however a crucial difference here, as compared to the case of [46] or [47].
Because of an exact flavor (color-flavor diagonal GC+F) symmetry present here, which is broken
by individual vortex solutions, our vortices possess continuous moduli. As will be seen later, at
least in the local case these moduli are normalizable, and there are no conceptual problems in
their quantization. On the contrary, vortices in Ref. [47] do not have any continuous modulus,
while in the case of “non-Abelian monopoles” [46] these interpolating modes suffer from the
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where the G′-invariant IG′ = IG′(H0) = HT
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master equations are expected to have a unique (and smooth) solution with a given H0(z).
Namely, we expect that vortex configurations are completely characterized by H0(z). The
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in Ref. [47]. There is however a crucial difference here, as compared to the case of [46] or [47].
Because of an exact flavor (color-flavor diagonal GC+F) symmetry present here, which is broken
by individual vortex solutions, our vortices possess continuous moduli. As will be seen later, at
least in the local case these moduli are normalizable, and there are no conceptual problems in
their quantization. On the contrary, vortices in Ref. [47] do not have any continuous modulus,
while in the case of “non-Abelian monopoles” [46] these interpolating modes suffer from the
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Solution:

G′ G̃′

SU(N) SU(N)/ZN

U(N) U(N)
SO(2M) SO(2M)
USp(2M) SO(2M + 1)

SO(2M + 1) USp(2M)

Table 2: Some pairs of dual groups

well-known problems of non-normalizability. Another way the latter difficulty manifests itself is
that the näıve “unbroken” group cannot be defined globally due to a topological obstruction [48]
in the monopole backgrounds.

The solution of the quantization condition (2.32) is that

!̃µ ≡ !ν/2 , (2.33)

is any of the weight vectors of the dual group of G′. The dual group, denoted as G̃′, is defined
by the dual root vectors [46]

!α∗ =
!α

!α · !α
. (2.34)

We show examples of dual pairs of groups G′, G̃′ in Table 2. Note that (2.31) is stronger than
(2.32), it has to be zero or a positive integer. This positive quantization condition allows for
only a few weight vectors. For concreteness, let us consider scalar fields in the fundamental
representation, and choose a basis where the Cartan generators of G′ = SO(2M), SO(2M +
1), USp(2M) are given by

Ha = diag
(

0, · · · , 0
︸ ︷︷ ︸

a−1

,
1

2
, 0, · · · , 0
︸ ︷︷ ︸

M−1

, −
1

2
, 0, · · · , 0

)

, (2.35)

with a = 1, · · · , M . In this basis, special solutions H0 have the form6 for G′ = SO(2M) and
USp(2M)

H(µ̃1,··· ,µ̃M )
0 = diag

(

zk+
1 , · · · , zk+

M , zk−
1 , · · · , zk−

M

)

, (2.36)

while for SO(2M + 1)

H(µ̃1,··· ,µ̃M )
0 = diag

(

zk+
1 , · · · , zk+

M , zk−
1 , · · · , zk−

M , zk
)

, (2.37)

where k±
a = ν ± µ̃a.

For example, in the cases of G′ = SO(4), USp(4) with a ν = 1/2 vortex, there are four

6The integers k±
a and k here coincide with n±

a and n(0), respectively, of Ref. [21].
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• (❣) formally identical to the GNOW “quantization” for the monopoles (Goddard-
Nuyts-Olive, E. Weinberg)  

• (❣)  formally identical to that found for “non-Abelian vortices” for YM (Spanu-Konishi)  

• The latter are actually ZN vortices 

• The former has the well-known difficulties

• Our vortices have continuous (orientational) moduli      

• Their transformation ~  various irred. representations of  the dual  G’   group,        

Remarks :
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• Explicitly checked with  G’= SU(N), SO(2N);  Other groups under study



Vortex in SO(2N)xU(1)/Z2  models

Gudnason-Ferretti-KK

3.2 Vortex moduli space

To study the space of solutions of the BPS equations we have obtained above, it is convenient to
rewrite the ansatz (3.22) for the squark fields in the original basis:

q(r, ϑ) =





M1(r, ϑ) 0 0 · · ·
0 M2(r, ϑ) 0 · · ·
0 0 M3(r, ϑ) · · ·
...

...
...

. . .




, (3.37)

Ma(r, ϑ) =
1

2




ein+

a ϑϕ+
a (r) + ein−

a ϑϕ−
a (r) −i

(
ein+

a ϑϕ+
a (r) − ein−

a ϑϕ−
a (r)

)

i
(
ein+

a ϑϕ+
a (r) − ein−

a ϑϕ−
a (r)

)
ein+

a ϑϕ+
a (r) + ein−

a ϑϕ−
a (r)



 .

In this basis the action of the SO(2N)C+F transformations on squark fields is simply q′ = O q OT .
The first observation is that if q̂(r, ϑ) is a solution to the BPS equations, O q̂(r, ϑ) OT is also
a solution. Note also that these solutions are physically distinct because they are related by a
global symmetry. In this way, from a single solution of the form (3.22), we can obtain a whole
continuous SO(2N) orbit of solutions. Any given vortex solution is a point in the moduli space and
SO(2N)C+F acts as an isometry on this space.

From Eqs. (3.24) and (3.36), we see that regular solutions are described by a set of 2N + 1
integers N0,n±

a which satisfy the following conditions:

n+
a + n−

a = N0 , ∀a , (3.38)

sign(n+
a ) = sign(n−

a ) = sign(N0) , ∀a , (3.39)

where N0 ∈ Z is related to the winding around the U(1) and is the only parameter of the solution
which enters the tension T = 2πξ|N0|.

Let us study the solutions with the minimum tension. Minimal vortices have N0 = ±1 and
T = 2πξ. Note that solutions with N0 < 0 can be obtained by taking the complex conjugate of
solutions with N0 > 0, so from now on we will consider only solutions with positive N0. These
vortices can be divided into two groups, the first has 2N−1 representative (basis) vortices which are

N0 = 1,





n+
1 n−

1

n+
2 n−

2
...

...
n+

N−1 n−
N−1

n+
N n−

N




=





1 0
1 0
...

...
1 0
1 0




,





0 1
0 1
1 0
...

...
1 0




, . . . , (3.40)

which all have an even number of n−
i ’s equal to 1; and the second set is represented by 2N−1 vortices,

characterized by the integers

N0 = 1,





n+
1 n−

1

n+
2 n−

2
...

...
n+

N−1 n−
N−1

n+
N n−

N




=





1 0
1 0
...

...
1 0
0 1




,





1 0
...

...
1 0
0 1
1 0




, . . . , (3.41)

with an odd number of n−
i ’s equal to 1.
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Squark fields at large r   =    SO(2N)xU(1)/Z2 
closed (non-contractible)  gauge orbits 

 
Minimum vortices  classified by  the 

U0(1) and Cartan U(1) charges

Each of them leaves an U(N) ⊂ 
SO(2N)C+F unbroken 

V   ~   SO(2N)/U(N)

~   2N-1  dim  spinor representations
of an SO(2N)

Vortex moduli space  ~   quantum states of a particle in 
2N-1  dim  spinor repr. 

q(ϕ) ∼ ei[ 12 T0+
P

i(±
1
2 )Ti]ϕ

 25

Mi ~ 2x2 matrices

where the dots denote higher orders in µ/m and terms involving δφ = φ − 〈φ〉. Note that to this
order, the only modification is a Fayet-Iliopoulos term which does not break N = 2 SUSY. The
covariant derivative acts as

DµqA = ∂µqA − iA0
µ qA − iAb

µtbqA , (3.2)

where ta is normalized as
Tr (ta)2 = 1 , (3.3)

and

ta =
1

√
2

H(a) =
1

√
2

(
0 −i
i 0

)

2a+1,2a+2

, (3.4)

where H(a) is the a-th Cartan generator of SO(2N), a = 1, 2, . . . , N , which we take simply as

H(a) =

(
0 −i
i 0

)

2a+1,2a+2

. (3.5)

As we have seen already, each light field carries unit charge with respect to H(0); the pair (QA,j, Q̂A,j),
j = 3, 5, 7, . . ., furthermore carries the charge ±1 with respect to H(a) (a = (j − 1)/2) and zero
charge with respect to other Cartan generators.

Let us define
ξ =

µ m

2
, (3.6)

which is the only relevant dimensional parameter in the Lagrangian. We set Nf = 2N , which is
enough for our purposes§. By writing qiA, q̃Ai as color-flavor mixed matrices q, q̃, the vacuum
equations are now cast into the form

Tr
(
qq†) = Tr

(
q̃†q̃

)
, (3.7)

qq† −
(
qq†)T

= q̃†q̃ −
(
q̃†q̃

)T
, (3.8)

Tr
(
qq̃

)
= ξ , (3.9)

Tr
(
tbqq̃

)
= 0 . (3.10)

The vacuum we choose to study is characterized by the color-flavor locked phase

〈qA,j〉 =
〈
q̃†

A,j

〉
= δA,j v2 , v2 =

√
ξ

2N
, (3.11)

or

〈q〉 =
〈
q̃†〉 = v2 = v2





1 0 0 0
0 1 0 0

0 0
. . . 0

0 0 0 1




, (3.12)

which clearly satisfies all the equations above. The gauge (O) and flavor (U) transformations act on
them as

q → O q UT , q̃ → U∗ q̃ OT O ∈ SO(2N) × U(1) , U ∈ U(2N) : (3.13)

the gauge group is completely broken, while a global SO(2N)C+F × U(1)C+F group (U = O) is
left unbroken.

§Higher Nf are interesting because of semilocal vortex configurations arising in these theories. These solutions will
be discussed elsewhere.
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Examples: k=1 vortices for G’ = SO(2N) and USp(2N) 
Moduli matrices

H0(z) =
(

z 1N×N 0
B 1N×N

)

 Complex matrix B,  are symmetric or antisymetric  
   BT  = B,  - B    for  USp(2N), SO(2N), respectively

Complex matrix B  contain

skew-diagonal basis 
QT J Q = inv,

J= 

 

N(N + 1)
2

N(N − 1)
2

free (complex) parameters labeling the coset  USp(2N)/U(N) 

free (complex) parameters labeling the coset  SO(2N)/U(N)

(
0 1
±1 0

)

Elements of B are the local coordinates



SO(2)

1
2−1

2 1−1

SO(3)

0

USp(2)

1
2−1

2

SO(4)

(1
2 ,

1
2)

SO(5)

(1, 1)

USp(4)

(1
2 ,

1
2)

(1, 0)

(0, 0)

SO(6)

(1
2 ,

1
2 ,

1
2)

USp(6)

(1
2 ,

1
2 ,

1
2)

Figure 1: The special points for the k = 1 vortex.

the case of SO(4). The dual weight vectors are listed in Table 3. Let us compare two states:
namely (µ̃1, µ̃2) = (1/2, 1/2) and (µ̃1, µ̃2) = (1/2, −1/2). The difference between them is
δ(µ̃1, µ̃2) = (0, 1): thus one of them can be obtained from the other by a 2π rotation in the
(24)-plane in SO(4). As a path from unity to a 2π rotation is a non-contractible loop, they
have different Z2 charges.

On the other hand, the difference between (µ̃1, µ̃2) = (1/2, 1/2) and (µ̃1, µ̃2) = (−1/2, −1/2)
is δ(µ̃1, µ̃2) = (1, 1), hence this is homotopic to the trivial element of Z2. Therefore, the vor-
tices can be classified by the Z2-parity, QZ2 = ±1. In Figs. 1 and 4, the dark points correspond
to vortices with QZ2 = +1 while the empty circles correspond to those with QZ2 = −1.

µ̃1 µ̃2 QZ2
1
2

1
2

+1
1
2

−1
2

−1
−1

2
1
2

−1
−1

2
−1

2
+1

µ̃1 µ̃2 QZ2

0 0 +1
±{1 0} −1
±{1 ±1} +1

Table 3: k = 1 SO(4) vortices (left), k = 1 SO(5) or k = 2 SO(4) (right).
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k=1
vortices

(↔ USp(4))(↔ S̃O(5))

(↔ S̃O(7))(↔ S̃O(6))

(↔ S̃O(4) ∼ SU(2)× SU(2))



§ 2.   Vortex with product moduli

• The non-Abelian vortex in U(N) theory with Nf = N (*) dynamically 
Abelianizes  

• Correspondence classical-quantum r vacua in fact suggests that the orignal 
“non-Abelian vortex”  (*)  is related to the quantum r=0 vacuum (with 
Abelian monopoles)   

• In 4D  N =2  Supersymmetric QCD, there are vacua with light non-Abelian 
monopoles  

• There must be, in semi-classical region,  corresponding vortices which do 
not completely Abelianize    

Dorigoni-Ohashi-Konishi ‘09



4D:      • U(N) low-energy model from  SU(N+1) ⇒ SU(N) × U(1)/Z 
Although the theory described by the above Lagrangian has many degenerate vacua, we are
interested in the vacuum where (see [11] for the detail)

〈Φ〉 = −
1

√
2





m 0 0 0

0
. . .

...
...

0 . . . m 0
0 . . . 0 −N m




; (2.22)

Q = Q̃† =





d 0 0 0 0 . . .

0
. . . 0

...
... . . .

0 0 d 0 0 . . .
0 . . . 0 −N d 0 . . .




, d =

√
(N + 1) µ m % m. (2.23)

This is a particular case of the so-called r vacuum, with r = N . Although such a vacuum
certainly exists classically, the existence of the quantum r = N vacuum in this theory requires
Nf ≥ 2 N , which we shall assume.4

To start with, ignore the smaller squark VEV, (2.23). As π2(G/H) ∼ π1(H) = π1(U(1)) =
Z, the symmetry breaking (2.22) gives rise to regular magnetic monopoles with mass of order of
O(v1

g
), whose continuous transformation property is our main concern here. The semiclassical

formulas for their mass and fluxes are well known [4, 34] and will not be repeated here.

2.3 Low-energy approximation

At scales much lower than v1 = m but still neglecting the smaller squark VEV v2 = d =√
(N + 1) µ m % v1, the theory reduces to an SU(N) × U(1) gauge theory with Nf light

quarks qi, q̃i (the first N components of the original quark multiplets Qi, Q̃i). By integrating
out the massive fields, the effective Lagrangian valid between the two mass scales has the form,

L =
1

4g2
N

(F a
µν)

2 +
1

4g2
1

(F 0
µν)

2 +
1

g2
N

|Dµφa|2 +
1

g2
1

|Dµφ0|2 + |Dµq|2 +
∣∣Dµ

¯̃q
∣∣2

− g2
1

∣∣∣∣ −
µ m
√

2
+

1
√

N(N + 1)
q̃ q

∣∣∣∣
2

− g2
N|

√
2 q̃ taq |2 + . . . (2.24)

where a = 1, 2, . . . N2 − 1 labels the SU(N) generators, ta; the index 0 refers to the U(1)
generator t0 = 1√

2N(N+1)
diag(1, . . . , 1, −N). We have taken into account the fact that the

SU(N) and U(1) coupling constants (gN and g1) get renormalized differently towards the
infrared.

4This might appear to be a rather tight condition as the original theory loses asymptotic freedom for Nf ≥
2 N + 2. This is not so. An analogous discussion can be made by starting from a larger gauge group and
by considering the breaking SU(M) → SU(N) × U(1)M−N . In this case the condition for the quantum
non-abelian vacuum is 2 M ≥ Nf ≥ 2 N , which is a much looser condition. Also, although the corresponding
U(N) theory (2.1) with such a number of flavor has semilocal strings [35, 27, 23], these moduli are not directly
related to the derivation of the dual gauge symmetry, which is our interest in this paper. We shall come back to
these questions elsewhere.
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• r= N    vacuum (classical)

• quantum mechanically only  r < N  / 2    

• classical (r)      ⇔   quantum (N  - r)  vacua 

m ≫ μ ≫ Λ :        m ∼ μ ∼ Λ :       ⇔
• U(N) model :  quantum  r =0 vacua !  (Abelian monopoles only)

(which occurs when the adjoint scalar masses µ Φ2 are added in the theory) does not

break SU(Nf) symmetry, consistently with the finding from the vortex dynamics.2

On the other hand, one knows [36, 32] that in four dimensional N = 2 su-

persymmetric QCD there appear light monopoloes carrying non-Abelian charges (r

vacua with 2 ≤ r ≤ Nf/2 in Table 1), and one wonders whether such truly non-

Abelian vortices which do not Abelianize dynamically can be found in some appropri-

ate regime, through which one can identify a semi-classical origin of the non-Abelian

monopoles and the associated vortices.

We shall show below that such a system can indeed be found. The underlying

model is the same as the one discussed in [2, 32]: an N = 2 supersymmetric SU(N)

gauge theory with Nf = N flavors. But the gauge group is broken partially down

to SU(n) × SU(r) × U(1) gauge symmetry (N = n + r) by the adjoint scalar

VEV.

r Deg. Freed. Eff. Gauge Group Phase Global Symmetry

0 monopoles U(1)N−1 Confinement U(nf)

1 monopoles U(1)N−1 Confinement U(Nf − 1) × U(1)

2, .., [Nf −1
2 ] NA monopoles SU(r) × U(1)N−r Confinement U(Nf − r) × U(r)

Nf/2 rel. nonloc. - Almost SCFT U(Nf/2) × U(Nf/2)

Table 1: Confining vacua of SU(N) gauge theory with Nf flavors. In the superconformal r =

Nf/2 vacuum, relatively nonlocal monopoles and dyons appear both as the low-energy effective

degrees of freedom. “Almost SCFT” means that the theory is a non-trivial superconformal theory

when µ = 0 but confines upon µ $= 0 perturbation. In the theory with Nf = N considered

here, the vacua at the “baryonic root”, in free magnetic phase, are absent. They appear only for

Nf > N , with an effective gauge group, SU(Nf − N).

2The authors thank R. Auzzi and G. Marmorini for discussions on this point.

3

Q: Non-Abelian vortices which do not dynamically Abelianize ? 

(Vacuum counting; symmetry)

f

f

N.B.

f



(&) U(N) model (with Nf  =N “flavors” of complex scalar fields  --  squarks )

in several occasions, in particular in [18]. The main aim of the present paper is to enforce this
argument, by showing that the degenerate monopoles do indeed transform as a definite multiplet
under a group transformation, which is non-local in the original, electric variables, and involves
flavor non-trivially, even though this is not too obvious in the usual semiclassical treatment. The
flavor dependence enters through the infrared regulator. The resulting, exact transformation
group is defined to be the dual group of the monopoles.

2 SU(N +1) model with hierarchical symmetry breaking

Our aim is to show that all the difficulties about the non-Abelian monopole moduli discussed in
the Introduction are eliminated by reducing the problem to that of the vortex moduli, related to
the former by the topology and symmetry argument.

2.1 U(N) model with Fayet-Iliopoulos term
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 breaks  U(N) ➔ U(1)N 

U(1), s broken by the squark
vac. exp. value  ➔  ANO vortex
nothing really new 

*)



The Model:   the same SU(N), N =Nf, softly broken 
N=2 SQCD  (&)  but with appropriately tuned masses   

2. Non-Abelian vortices which do not dynamically reduce to

ANO vortices

The model on which we shall base our consideration is the softly broken N = 2

supersymmetric QCD with SU(N) and Nf = N flavors of quark multiplets,

L =
1

8π
Im τcl

[
∫

d4θ Tr (Φ†eV Φe−V ) +

∫

d2θ
1

2
Tr (WW )

]

+L(quarks)+

∫

d2θ µ Tr Φ2;

(2.1)

L(quarks) =
∑

i

[
∫

d4θ (Q†
i eV Qi + Q̃i e−V Q̃†

i) +

∫

d2θ (
√

2 Q̃i Φ Qi + mi Q̃i Qi) .

]

(2.2)

where τcl ≡ θ0/π+8πi/g2
0 contains the coupling constant and the theta parameter,

µ is the adjoint scalar mass, breaking softly N = 2 supersymmetry to N = 1. We

tune the bare quark masses as

m1 = . . . = mn = m(1); mn+1 = mn+2 = . . . = mn+r = m(2) , N = n+r ;

n m(1) + r m(2) = 0 , (2.3)

or

m(1) =
r m0√
r2 + n2

, m(2) = −
n m0√
r2 + n2

, (2.4)

and their magnitude is taken as

|m0| $ |µ| $ Λ . (2.5)

The adjoint scalar VEV can be taken to be

〈Φ〉 = −
1

√
2

(

m(1)
n×n 0

0 m(2)
r×r

)

(2.6)

Below the mass scale v1 ∼ |mi| the system thus reduces to a gauge theory with

gauge group

G =
SU(n) × SU(r) × U(1)

K

, K = LCM {n, r} (2.7)

where K is the least common multiple of n and r. The higher n color components

of the first n flavors (with the bare mass m(1)) remain massless, as well as the lower
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(2.1)
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∫
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i) +

∫

d2θ (
√

2 Q̃i Φ Qi + mi Q̃i Qi) .
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(2.2)

where τcl ≡ θ0/π+8πi/g2
0 contains the coupling constant and the theta parameter,

µ is the adjoint scalar mass, breaking softly N = 2 supersymmetry to N = 1. We

tune the bare quark masses as

m1 = . . . = mn = m(1); mn+1 = mn+2 = . . . = mn+r = m(2) , N = n+r ;

n m(1) + r m(2) = 0 , (2.3)

or

m(1) =
r m0√
r2 + n2

, m(2) = −
n m0√
r2 + n2

, (2.4)

and their magnitude is taken as

|m0| $ |µ| $ Λ . (2.5)

The adjoint scalar VEV can be taken to be

〈Φ〉 = −
1

√
2

(

m(1)
n×n 0

0 m(2)
r×r

)

(2.6)

Below the mass scale v1 ∼ |mi| the system thus reduces to a gauge theory with

gauge group

G =
SU(n) × SU(r) × U(1)
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, K = LCM {n, r} (2.7)
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Adjoint scalar VEV 

SU(N)|C+F ⇒ 

fields U(1) SU(n) SU(r)

q(1) λ1 n 1

q̃(1) −λ1 n∗ 1

q(2) −λ2 1 r

q̃(2) λ2 1 r∗

Table 2:

where

M =

(

m(1)
n×n 0

0 m(2)
r×r

)

is the mass matrix and the (massless) squark fields have the form,

Q(x) =

(

q(1)(x)n×n 0

0 q(2)(x)r×r

)

, Q̃(x) =

(

q̃(1)(x)n×n 0

0 q̃(2)(x)r×r

)

,

(2.14)

if written in a color-flavor mixed matrix notation. The light squarks (supersymmet-

ric partners of the left-handed quarks in supersymmetric model) are summarized in

Table 2.

We set VD to zero identically, in the vacuum and in the vortex configurations, by

keeping

q̃(1) = (q(1))†, q(2) = −(q̃(2))† ; (2.15)

the redefinition

q(1) →
1

√
2

q(1), q̃(2) →
1

√
2

q̃(2) (2.16)

brings the kinetic terms for these fields back to the original form.

The VEVs of the adjoint scalars are given by

〈Φ(0)〉 = −m0, 〈Φ(a)〉 = 〈Φ(b)〉 = 0, (2.17)

while the squark VEVs are given (from the vanishing of the first line of Eq. (2.13))

by

〈Q〉 =

(

v(1)
n×n 0

0 −v(2) ∗
r×r

)

, 〈Q̃〉 =

(

v(1) ∗
n×n 0

0 v(2)
r×r

)

,

(2.18)
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N=1 SQCD

QMS  ⇔ mi , 
mi ⇒ 0
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r color components of the last r flavors (with the bare mass m(2)): they will be

denoted as q(1) and q(2), respectively. They carry the charges λ1, −λ2,

λ1 ≡
r

√

2 n r (r + n)
; λ2 ≡

n
√

2 n r (r + n)
. (2.8)

with respect to the U(1) gauge symmetry generated by

t(0) =

(

λ1 n×n 0

0 −λ2 r×r

)

, Tr t(0) 2 =
1

2
. (2.9)

Non-Abelian gauge groups are generated by the standard SU generators

ta
su(n) =

(

(ta)n×n 0

0 0r×r

)

; tb
su(r) =

(

0n×n 0

0 (tb)r×r

)

; (2.10)

a = 1, 2, . . . , n2 − 1; b = 1, 2, . . . , r2 − 1, with the normalization

Trn (ta ta′

) =
δaa′

2
, Trr (tb tb′

) =
δbb′

2
.

Our model for studying the vortices then is: 3

L = −
1

4g2
0

F 0 2
µν −

1

4g2
n

F n2
µν −

1

4g2
r

F r 2
µν +

1

g2
0

|DµΦ(0)|2 +
1

g2
n

|DµΦ(n)|2 +
1

g2
r

|DµΦ(r)|2

+
∣

∣Dµq(1)
∣

∣

2
+

∣

∣

∣
Dµ

¯̃q
(1)

∣

∣

∣

2

+
∣

∣Dµq(2)
∣

∣

2
+

∣

∣

∣
Dµ

¯̃q
(2)

∣

∣

∣

2

− VD − VF , (2.11)

plus fermionic terms, where VD and VF are the D-term and F -term potentials. The

D−term potential VD has the form,

VD =
1

8

∑

A

(

Tr tA [
2

g2
[Φ, Φ†] +

∑

i

(QiQ
†
i − Q̃†

iQ̃i) ]

)2

; (2.12)

where the generators A takes the values 0 for U(1), a = 1, 2, . . . , n2−1 for SU(n)

and b = 1, 2, . . . r2 − 1 for SU(r). VF is of the form

g2
0 |µ Φ(0) +

√
2 Q̃ t(0) Q|2 + g2

n |µ Φ(a) +
√

2 Q̃ t(a)
su(n) Q|2 + g2

r |µ Φ(b) +
√

2 Q̃ t(b)su(r) Q|2

+Q̃ [ M +
√

2Φ] [ M +
√

2 Φ]† Q̃† + Q† [ M +
√

2 Φ]† [ M +
√

2 Φ] Q , (2.13)

3One could very well start with a model of this sort directly. The squark VEVs can be induced

by a Fayet-Iliopoulos term introduced by hand. By an SUR(2) rotation, which rotates (q, q̃†) as a

doublet, such a model can be seen to be equivalent to the one being considered here.
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vortex Ansatz:
V  =0 {D

with

|v(1)|2 + |v(2)|2 =

√

n + r

n r
µ m0 . (2.19)

There is a continuous vacuum degeneracy; we assume that

v(1) != 0; v(2) != 0 ,

in the following. The presence of the flat direction implies the existence of the so-

called semi-local vortex moduli; but we shall not be concerned with these here.

“Non-Abelian” vortices exist in this theory as the vacuum breaks the gauge group

G (Eq. (2.7)) completely, leaving at the same time a color-flavor diagonal symmetry

[SU(n) × SU(r) × U(1)]C+F (2.20)

unbroken. The full global symmetry, including the overall global U(1) is given by

U(n) × U(r) . (2.21)

The minimal vortex in this system corresponds to the smallest nontrivial loop in the

G group space, Eq. (2.7). It is the path in the U(1) space
(

eiαr
n×n 0

0 eiαn
r×r

)

, α : 0 →
2π

n r
, (2.22)

that is,

N×N → , =

(

e2πi/n
n×n 0

0 e2πi/r
r×r

)

, (2.23)

followed by a path in the SU(n) × SU(r) manifold

n×n → n = e−2πi
n n×n; r×r → r = e−2πi

r r×r; (2.24)

back to the unit element. For instance one may choose (β : 0 → 2π; γ : 0 → 2π)
(

eiβ(n−1)/n 0

0 e−iβ/n
(n−1)×(n−1)

)

;

(

eiγ(r−1)/r 0

0 e−iγ/r
(r−1)×(r−1)

)

.

As
K = N×N, K = LCM {n, r} (2.25)

it follows that the tension (and the winding) with respect to the U(1) is 1
K

of that

in the standard ANO vortex.

7
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There is a continuous vacuum degeneracy; we assume that

v(1) != 0; v(2) != 0 ,

in the following. The presence of the flat direction implies the existence of the so-

called semi-local vortex moduli; but we shall not be concerned with these here.

“Non-Abelian” vortices exist in this theory as the vacuum breaks the gauge group

G (Eq. (??)) completely, leaving at the same time a color-flavor diagonal symmetry

[SU(n) × SU(r) × U(1)]C+F (2.20)

unbroken. The full global symmetry, including the overall global U(1) is given by

U(n) × U(r) . (2.21)

The minimal vortex in this system corresponds to the smallest nontrivial loop in the

G group space, Eq. (??). It is the path in the U(1) space
(

eiαr
n×n 0

0 eiαn
r×r

)

, α : 0 →
2π

n r
, (2.22)

that is,

N×N → , =

(

e2πi/n
n×n 0

0 e2πi/r
r×r

)

, (2.23)

followed by a path in the SU(n) × SU(r) manifold

n×n → n = e−2πi
n n×n; r×r → r = e−2πi

r r×r; (2.24)

back to the unit element. For instance one may choose (β : 0 → 2π; γ : 0 → 2π)
(

eiβ(n−1)/n 0

0 e−iβ/n
(n−1)×(n−1)

)

;

(

eiγ(r−1)/r 0

0 e−iγ/r
(r−1)×(r−1)

)

.

As
K = N×N, K = LCM {n, r} (2.25)

it follows that the tension (and the winding) with respect to the U(1) is 1
K

of that

in the standard ANO vortex.

The squark fields trace such a path asymptotically, i.e., far from the vortex core,

as one goes around the vortex; at finite radius the vortex has, for instance, the form,

q(1) =

(

eiφ f1(ρ) 0

0 f2(ρ) (n−1)×(n−1)

)

, q̃(2) =

(

eiφ g1(ρ) 0

0 g2(ρ) (r−1)×(r−1)

)

,
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2. Non-Abelian vortices which do not dynamically reduce to

ANO vortices

The model on which we shall base our consideration is the softly broken N = 2

supersymmetric QCD with SU(N) and Nf = N flavors of quark multiplets,

L =
1

8π
Im τcl

[
∫

d4θ Tr (Φ†eV Φe−V ) +

∫

d2θ
1

2
Tr (WW )

]

+L(quarks)+

∫

d2θ µ Tr Φ2;

(2.1)

L(quarks) =
∑

i

[
∫

d4θ (Q†
i eV Qi + Q̃i e−V Q̃†

i) +

∫

d2θ (
√

2 Q̃i Φ Qi + mi Q̃i Qi) .

]

(2.2)

where τcl ≡ θ0/π+8πi/g2
0 contains the coupling constant and the theta parameter,

µ is the adjoint scalar mass, breaking softly N = 2 supersymmetry to N = 1. We

tune the bare quark masses as

m1 = . . . = mn = m(1); mn+1 = mn+2 = . . . = mn+r = m(2) , N = n+r ;

n m(1) + r m(2) = 0 , (2.3)

or

m(1) =
r m0√
r2 + n2

, m(2) = −
n m0√
r2 + n2

, (2.4)

and their magnitude is taken as

|m0| $ |µ| $ Λ . (2.5)
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√
2

(

m(1)
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gauge group
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K

, K = LCM {n, r} (2.7)
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Figure 1: Numerical result for the profile functions f1,2, g1,2 as functions of the radius ρ, for

SU(3) × SU(2) × U(1) theory. The coupling constants and the ratio of the VEVs are taken to

be g0 = 0.1, g3 = 10, g2 = 1, |v2|/|v1| = 3.

where ρ and φ stand for the polar coordinates in the plane perpendicular to the

vortex axis, f1,2, g1,2 are profile functions. The adjoint scalar fields Φ are taken to

be equal to their VEVs, Eq. (??). They are accompanied by the appropriate gauge

fields so that the tension is finite. The BPS equations for the squark and gauge fields,

and the properties of their solutions are discussed in Appendix A. The behavior of

numerically integrated vortex profile functions f1,2, g1,2 is illustrated in Fig. ??.

We note here only that the necessary boundary conditions on the squark profile

functions have the form,

f1(∞) = f2(∞) = v(1), g1(∞) = g2(∞) = v(2),

while at the vortex core,

f1(0) = 0, g1(0) = 0, f2(0) #= 0, g2(0) #= 0, (2.26)

The most important fact about these minimum vortices is that one of the q(1)

and one of the q̃(2) fields must necessarily wind at infinity, simultaneously. As the

individual vortex breaks the (global) symmetry of the vacuum as

[SU(n) × SU(r) × U(1)]C+F → SU(n − 1) × SU(r − 1) × U(1)3, (2.27)

the vortex acquires Nambu-Goldstone modes parametrizing

CP n−1 × CP r−1 : (2.28)

they transform under the exact color-flavor symmetry SU(n) × SU(r) as the bi-

fundamental representation, (n, r). Allowing the vortex orientation to fluctuate along
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For  n > r,   CPn-1  interactions become strong and 
 Abelianize, but   CPr-1  fluctuate still weakly

Monopoles at the end of the vortex carry 
  SU(r) x U(1) quantum number 

the various broken SU(n)C+F × SU(r)C+F generators,











0 † 0 0

0(n−1)×(n−1) 0 0

0 0 0 †

0 0 0(r−1)×(r−1)











, (3.1)

with complex n − 1 component vector and r − 1 component vector . They are

precisely the inhomogeneous coordinates of CP n−1 and CP r−1, respectively, which

are the non-Abelian vortex flux orientation moduli.4

In our opinion, the true reason for the exact 2D-4D correspondence is in the

consistency of being able to consider the model for the vortex, such as Eq. (??)

or similar models with U(n) gauge symmetry, as a low-energy approximation of

(e.g.) an SU(N) gauge theory, N > n. The fact that Π2(SU(N)) = means

that any regular ’t Hooft-Polyakov monopoles arising from a partial breaking such as

SU(N) → SU(n)×SU(r)×U(1) at an intermediate mass scale, must eventually

all disappear from the spectrum, confined by the vortices developing at the lower

energies, when much smaller squark VEVs are taken into account. Vice versa, no

vortex appearing in the low-energy SU(n)×SU(r)×U(1) theory in Higgs phase can

be there in the underlying SU(N) theory: they are meta-stable and must end at the

massive monopoles. Consistency requires that the vortex with each orientation must

have its counterpart – a monopole with the corresponding orientation. Symmetry-

based vortex moduli space implies an associated monopole moduli space.

Note that the color-flavor diagonal symmetry SU(Nf) is an exact symmetry of

the full system. When the low-energy vortex orientation is rotated in the quotient

space CP n−1×CP r−1, a corresponding rotation must be performed on the monopole

at the extrema, to keep the energy of the configuration invariant. Although the origin

of such fluctuation modes is color-flavor global symmetry, the vortex can end (or

originate) anywhere and at any instant of time into (from) a monopole. (Fig. ??).

4In the strictly low-energy approximation, Eq. (??), where small terms arising from the symmetry

breaking at high energies are neglected, the vortices are BPS saturated: their moduli space turns

out to be considerably larger and shows a richer structure. Here we restrict ourselves to the vortex

moduli arising form the global symmetry alone. The latter is an exact symmetry of the system, valid

in the full theory, while most of the moduli in the BPS approximation will be absent in the exact

theory. As emphasized in [?, ?] the fact that the high-energy monopoles and low-energy vortices

are both approximately BPS but not exactly so, is fundamental in the monopole-vortex matching

argument.
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the vortex acquires Nambu-Goldstone modes parametrizing

CP n−1 × CP r−1 : (2.29)

they transform under the exact color-flavor symmetry SU(n) × SU(r) as the bi-

fundamental representation, (n, r). Allowing the vortex orientation to fluctuate along

the vortex length and in time, we get a CP n−1 × CP r−1 two-dimensional sigma

model as an effective Lagrangian describing them. The details have been worked out

in [4, 5] and need not be repeated here.

The main idea of the present paper is this. Let us assume without losing generality

that n > r, excluding the special case of r = n for the moment. As has been shown

in [4, 5] the coupling constant of the CP n−1 sigma models grows precisely as the

coupling constant of the 4D SU(n) gauge theory. At the point the CP n−1 vortex

moduli fluctuations become strong and the dynamical scale Λ gets generated, with

vortex kinks (Abelian monopoles) acquiring mass of the order of Λ, the vortex still

carries the unbroken SU(r) fluctuation modes (CP r−1), as the SU(r) interactions

are still weak. See Fig. 2. Such a vortex will carry one of the U(1) flux arising

from the dynamical breaking of SU(n) × U(1) → U(1)n, as well as an SU(r)

flux. As these vortices end at a massive monopole (arising from the high-energy gauge

symmetry breaking, Eq. (2.6)), the latter necessarily carries a non-Abelian continuous

moduli, whose points transform as in the fundamental representation of SU(r). This

can be interpreted as the (electric description of) dual gauge SU(r) system observed

in the infrared limit of the 4D SQCD [36, 32].

The special case r = 1 corresponds to the U(N) model [2, 4, 5, 15], mentioned

9

(r < n < Nf /2)





4D-2D duality  

Vortex dynamics in 2D in 4D  (H) theory in Higgs phase 
          ⇔
4D gauge dynamics in G/H theory in Coulomb phase (no H
breaking) 

“Ans : H gauge group restored in the vortex center” ?  

No.1 Introduction

q = U





eiφ φ(r) 0 . . . 0

0 χ(r) 0
...

... 0 χ(r) 0

0 . . . 0
. . .




U† U





0 0 . . . 0

0 w 0
...

0 0
. . . 0

0 . . . 0 w




U†

〈Φ〉 =





m1 0 . . . 0

0 m2 0
...

... 0
. . . 0

0 . . . 0 mN





Recently, considerable efforts have been devoted to the investigation of non-Abelian vor-
tices in the context of supersymmetric gauge theories. Typically, systems have been found in
which the ground state breaks completely the gauge symmetry (for instance, H = U(N))
leaving however a color-flavor diagonal symmetry (such as SUC+F(N)) intact. The soliton
vortex carrying the minimum unit of U(1) magnetic flux, breaks such a global symmetry to a
subgroup, SU(N)/U(N − 1), acquiring a non-Abelian flux moduli (continuous degeneracy),
SU(N)/U(N − 1) ∼ CP N−1. When the orientation in CP N−1 is allowed to fluctuated along
the length of the vortex, such modes are described by an effective two-dimensional CP N−1 sigma
model. Descending

It appears to us that in the literature there are some contradictory remarks on whether or
not the SU(N) system under investigation undergoes a dynamical Abelianization or dynamical
symmetry breaking. Although some of the confusion may be a question of terminology, and may
have been caused by a not-sufficiently-careful use of certain words, it is the present author’s
opinion that a small but important issue was missing in the debate. It is the purpose of this
short note to close that gap.

Let us briefly review the model most frequently used in discussing the non-Abelian vortices
and their dynamics [19]-[27]:

L = Tr

[
−

1

2g2
FµνF µν −

2

g2
Dµ φ† Dµφ − Dµ H DµH† − λ

(
c 1N − H H†)2

]

+ Tr [ (H†φ − M H†)(φ H − H M) ] (1.1)

where Fµν = ∂µWν−∂νWµ+i [Wµ, Wν] and DµH = (∂µ + i [Wµ, ) H . φ is a scalar field in
the adjoint representation of SU(N), H are the squark fields in the fundamental representation
of SU(N), written in a color-flavor N × N matrix form,

(H)i
α ≡ qi

α, (1.2)

and M is a N ×N mass matrix. g is the U(N)G gauge coupling, λ = g2

4
is the scalar coupling.

Actually, the model must be regarded as the bosonic sector of the N = 2 supersymmetric U(N)
gauge theory with the Fayet-Ilioupos term for the U(1) part (c), with Nf = N flavors of quark
hypermultiplets, in which half of squark fields are set to zero,

q̃α
i ≡ 0. (1.3)
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1

⇒
ρ=0

Why ? 

Actually, gauge group restored only partially to U(1) in the core 

On the other hand, global group smaller inside the vortex 
NG modes propagating inside the vortex core  



§ 3.  Fractional Vortices

• Various Abelian and non-Abelian generalizations of Abelian Higgs model 

Def.  (here): Vortices with minimum vorticity  but with non-trivial tension substructures 

(Known examples in EAH;  also torons, calorons .... ) 

(’09)  M. Eto,  M. Nitta,  S.B. Gudnason, W.  Vinci, 
K.K.   T. Fujimori,  T. Nagashima,  K.Ohashi
                   (Pisa, Tokyo, Cambridge)
B. Collie,  D. Tong         (Cambridge)
E. Babaev 

• BPS (self-dual) nature  
•  Vacuum degeneracy  (     )

• All vortices V  defined at various points of            simultaneously

2 Semi-local vortex in the Extended Abelian-Higgs model

Something quite non-trivial occurs already in the Abelian-Higgs model, if the number of charged

fields is greater than one [6, 7]. The model is

L = −
1

4e2
FµνF µν + Dµq (Dµq)† −

λ

2

(

qq† − ξ
)2

, (2.1)

where Dµ = ∂µ − iAµ is the standard covariant derivative, q = (q1, q2, . . . , qNf ) represents

a set of complex scalar matter fields of the equal charge. This model is sometimes called the

semi-local model since not all global symmetries, i.e. G = U(Nf) here, are gauged. Even if

we restrict to the minimum vorticity, the vortex profile turns out to depend on the particular

solution considered.

In order to have a finite-energy (the energy per unit length—the tension) configuration, the

complex scalar fields must asymptotically approach a vacuum configuration,

M ≡ {qi},

Nf
∑

i=1

|qi|2 = ξ , (2.2)

far from the vortex center. By the SU(NF) global and U(1) local symmetry they can be chosen

to be

〈q〉 = (q0, 0, . . . , 0), q0 =
√

ξ, (2.3)

breaking the global symmetry to SU(Nf − 1) × U(1). In other words, the vacuum moduli

space is

M = CP Nf−1 = SU(Nf)/[SU(Nf − 1) × U(1)] . (2.4)

As the U(1) ⊂ U(Nf) part is gauged its breaking does not lead to any further vacuum de-

generacy. Since the first homotopy group of M is trivial for Nf > 1, vortex solutions may not

necessarily be stable.

Indeed, for β ≡ λ/e2 > 1 (i.e. type II superconductors), an ANO vortex solution embedded

in the first flavor is found to be unstable against fluctuations of the extra fields (i = 2, 3, . . . , Nf)

which increase its size; the vortex flux spreads out all over the transverse space.

For β < 1 (i.e. type I superconductors), instead, an ANO vortex [1, 2] embedded in one of the

flavors is found to be stable. The origin of the stability of such a vortex can be traced to the fact

that the asymptotic scalar field must be actually the vacuum configuration (2.3) modulo gauge
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necessarily be stable.
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For β < 1 (i.e. type I superconductors), instead, an ANO vortex [1, 2] embedded in one of the

flavors is found to be stable. The origin of the stability of such a vortex can be traced to the fact

that the asymptotic scalar field must be actually the vacuum configuration (2.3) modulo gauge
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Fig. 1: Vacuum moduli M, fiber F over it, and possible singularities

Ansatz, as is well known [15, 16], see Eqs. (A.5), (A.6). The other equations (the gauge field

equations) reduce, in the strong coupling limit or anyway sufficiently far from the vortex center,

to the vacuum equations for the scalar fields. In other words, the vortex solutions tend to sigma

model lumps.

3.1 Structures of the vacuum moduli

Let us first consider what we regard as the global aspect of our vortices. More precisely, our first

concern is the vacuum moduli M on each point of which the vortex solutions are defined. Let

the symmetry group of the underlying system be

K = L ⊗ GF , (3.1)

where L is the local gauge group, while GF is the global symmetry group. Let M be the manifold

of the minima of the scalar potential, the vacuum configuration M = {qi | q†T Iq = ξI}. The

vacuum moduli M is given by the points

p ∈ M = M/F , (3.2)

where the fiber F is the sum of the gauge orbits of a point in M

f ∈ F = {qg | qg = gq} , g ∈ L/L0 , (3.3)
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Fig. 2:

Given the points f, p and the space M, the vortex solution is still not unique. Any exact sym-

metry of the system (internal symmetry G̃{q} as well as spacetime symmetries such as Poincaré

invariance) broken by an individual vortex solution gives rise to vortex zero modes (moduli), V.

The vortex-center position moduli V ∼ C, for instance, arise as a result of the breaking of the

translation invariance in R2. The breaking of the internal symmetry G̃{q} (Eq. (3.5)) by the

individual vortex solution gives rise to orientational zeromodes in the U(N) models extensively

studied in last several years. See [32, 33, 34] for more recent results on this issue.

Our main interest here, however, is the vortex moduli which arises from the non-trivial vacuum

moduli M itself. Due to the BPS nature of our vortices, the gauge field equation (see Eq. (A.3))6

F I
12 = g2

I

(

q†T Iq − ξI
)

, (3.9)

reduces, in the strong-coupling limit (or in any case, sufficiently far from the vortex center), to

the vacuum equation defining M . This means that a vortex configuration can be approximately

seen as a non-linear σ-model (NLσM) lump with target space M (for non-trivial element of

π2(M)). Various distinct maps

S2 #→ M , (3.10)

of the same homotopy class correspond to physically inequivalent solutions; each of these corre-

sponds to a vortex with the equal tension

Tmin = −ξI

∫

d2x F I
12 > 0 , (3.11)

6The index I denotes generally all the generators of the gauge group considered. A non-vanishing (FI) param-

eter ξ is assumed only for U(1) factor(s).
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Exact sequences of fiber bundles

where we have taken into account the possibility that a given vacuum configuration might leave

a subgroup L0 ⊂ L unbroken:

L{q}
0 = {!0 ∈ L | !0q = q} . (3.4)

In other words the vacuum moduli are made of the points of M in which gauge-equivalent points

are identified.

A subgroup of the global group

G̃{q} ⊂ GF , such that G̃{q} = {gf ∈ GF | gfq = !q}, ! ∈ L , (3.5)

represents the unbroken global symmetry group of the system4.

A vortex solution is defined on each point of M, in the sense that the scalar configuration

along a sufficiently large circle (S1) surrounding it traces a non-trivial orbit in F (hence a point

in M). The existence of a vortex solution requires that

π1 (F, f) #= ; (3.6)

a vortex corresponds to a non-trivial element of π1(F, f). The field configuration on a disk

D2 encircled by S1 traces M, apart from points at finite radius where it goes off M (hence

from M). In other words it represents an element of π2(M, p) 5, where p is the gauge orbit

containing f , or

p = π(f) : (3.7)

π is the projection of the fiber onto a point of the basis M. The exact sequence of homotopy

groups for the fiber bundle reads

· · · → π2 (M, f) → π2 (M, p) → π1 (F, f) → π1 (M, f) → π1 (M, p) → · · · (3.8)

where π2(M/F, f) ∼ π2(M, p). Note that in our application of such a sequence to the

physical, vortex solutions, the reference point f or p appearing in the definition of the homotopy

groups, corresponds to the field configurations along the large circle S1 encircling the given

solution, see Fig. 2.

4In other words, G̃{q} is the subgroup of GF i.e. transformations which can be “undone” by—or equivalent

to—a local gauge transformation.
5This notion can be made more precise by considering the strong-coupling limit of our systems where the gauge

field equations reduce to the vacuum condition, see Eq. (3.9) below. In the presence of an ANO like sub-peaks,

however, this correspondence leads to a singular lump, as will be seen in several examples below.
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   EAH model :

because of their BPS nature. They thus represent non-trivial vortex moduli.

The semi-local vortices of the extended-Abelian Higgs (EAH) model reviewed in the previous

section arise precisely this way. In the EAH model with N flavors of (scalar) electrons,

M = S2N−1 , F = S1 , M = S2N−1/S = CP N−1 , (3.12)

and the homotopy sequence reads

· · · → π2

(

S2N−1
)

‖
→ π2

(

CP N−1
)

‖
Z

→ π1

(

S1
)

‖
Z

→ π1

(

S2N−1
)

‖
→ · · · (3.13)

The usual argument tells us then that π2(CP N−1) and π1(S1) are isomorphic: each (i.e. min-

imum) vortex solution corresponds to a minimal σ-model lump solution. As in this model the

vacuum moduli M is a (smooth) manifold, the above relations do not depend on the reference

point f (or p).

In most cases discussed below, however, the base space M will be various kinds of singular

manifolds: a manifold with singularities. The nature of the singularity depends on the system

and on the particular point(s) of M. Some of them are simple conic (orbifold) singularities, due

to the fact that some discrete (e.g. ZN) symmetry is restored at that point. The fiber (the gauge

orbits) is smaller by some discrete quotient, with respect to F at neighbouring points. Other

singularities at isolated points, or along some submanifold, reflect an even more drastic change of

F such as a different unbroken gauge group at those points, as compared to that in surrounding

regular (or less singular) points of M. The fiber itself goes through a discrete change in its

dimension and in the type, at or along the singularity(ies). Our BPS degenerate vortices thus

represent (generalized) fiber bundles with the singular manifolds M as the base space.

3.2 Vortex substructures

There are basically two distinct causes or mechanisms leading to the appearance of multiple

peaks in the energy density even if the vortex under consideration has a minimum vorticity

required by the topological stability. The first is related to the presence of orbifold singularities

in M. For example, let us consider a 2 point p0 such as the one appearing in a simple U(1)

model with two scalars (Section 4.1). At this singularity, both π2 (M, p) and π1 (F, f) make a

discontinuous change. The minimum element of π1 (F0, f0) is half of that of π1 (F, f) defined

off the singularity, and similarly for π2 (M, p0) with respect to π2 (M, p), p #= p0. Even
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  The minimum vortex corresponds to a minimum CPN-1  lump

where we have taken into account the possibility that a given vacuum configuration might leave

a subgroup L0 ⊂ L unbroken:

L{q}
0 = {!0 ∈ L | !0q = q} . (3.4)

In other words the vacuum moduli are made of the points of M in which gauge-equivalent points

are identified.

A subgroup of the global group
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represents the unbroken global symmetry group of the system4.
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along a sufficiently large circle (S1) surrounding it traces a non-trivial orbit in F (hence a point

in M). The existence of a vortex solution requires that

π1 (F, f) #= ; (3.6)

a vortex corresponds to a non-trivial element of π1(F, f). The field configuration on a disk

D2 encircled by S1 traces M, apart from points at finite radius where it goes off M (hence

from M). In other words it represents an element of π2(M, p) 5, where p is the gauge orbit

containing f , or

p = π(f) : (3.7)

π is the projection of the fiber onto a point of the basis M. The exact sequence of homotopy

groups for the fiber bundle reads

· · · → π2 (M, f) → π2 (M, p) → π1 (F, f) → π1 (M, f) → π1 (M, p) → · · · (3.8)

where π2(M/F, f) ∼ π2(M, p). Note that in our application of such a sequence to the

physical, vortex solutions, the reference point f or p appearing in the definition of the homotopy

groups, corresponds to the field configurations along the large circle S1 encircling the given

solution, see Fig. 2.

4In other words, G̃{q} is the subgroup of GF i.e. transformations which can be “undone” by—or equivalent

to—a local gauge transformation.
5This notion can be made more precise by considering the strong-coupling limit of our systems where the gauge

field equations reduce to the vacuum condition, see Eq. (3.9) below. In the presence of an ANO like sub-peaks,

however, this correspondence leads to a singular lump, as will be seen in several examples below.
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f, p = point of F,  ℳ
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moduli 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M/F

∑ i |ϕi|2  ~ v2



Two types of fractional vortices (lumps) 

(I)  When p =p0  (a ZN  orbifold point) both                and                        
                        make a discontinuous change.

because of their BPS nature. They thus represent non-trivial vortex moduli.

The semi-local vortices of the extended-Abelian Higgs (EAH) model reviewed in the previous

section arise precisely this way. In the EAH model with N flavors of (scalar) electrons,
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The usual argument tells us then that π2(CP N−1) and π1(S1) are isomorphic: each (i.e. min-

imum) vortex solution corresponds to a minimal σ-model lump solution. As in this model the

vacuum moduli M is a (smooth) manifold, the above relations do not depend on the reference

point f (or p).

In most cases discussed below, however, the base space M will be various kinds of singular

manifolds: a manifold with singularities. The nature of the singularity depends on the system

and on the particular point(s) of M. Some of them are simple conic (orbifold) singularities, due

to the fact that some discrete (e.g. ZN) symmetry is restored at that point. The fiber (the gauge

orbits) is smaller by some discrete quotient, with respect to F at neighbouring points. Other

singularities at isolated points, or along some submanifold, reflect an even more drastic change of

F such as a different unbroken gauge group at those points, as compared to that in surrounding

regular (or less singular) points of M. The fiber itself goes through a discrete change in its

dimension and in the type, at or along the singularity(ies). Our BPS degenerate vortices thus

represent (generalized) fiber bundles with the singular manifolds M as the base space.

3.2 Vortex substructures

There are basically two distinct causes or mechanisms leading to the appearance of multiple

peaks in the energy density even if the vortex under consideration has a minimum vorticity

required by the topological stability. The first is related to the presence of orbifold singularities

in M. For example, let us consider a 2 point p0 such as the one appearing in a simple U(1)

model with two scalars (Section 4.1). At this singularity, both π2 (M, p) and π1 (F, f) make a

discontinuous change. The minimum element of π1 (F0, f0) is half of that of π1 (F, f) defined
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Vortex defined near p =p0  feels the presence of  p0 

and look like a k=N vortex

(II)  Even when p is a regular point (not near any singularity),  
  the fields {q}  inside S1 (a disk D2 )  ~        :  may hit
  either one of the singularities or simply pass the region  
  of a large scalar curvature. (Deformed geometry of the 
sigma model) 

though the exact sequence such as Eq. (3.8) continues to hold on and off the orbifold point,

the vortex defined near such a point will look like a doubly-wound vortex, with two centers (if

the vortex moduli parameters are chosen appropriately). Analogous multi-peak vortex solution

occurs near a N orbifold point of M.

Another cause for the appearance of fractional peaks is best understood by considering the

strong coupling limit where the vortex reduces to a sigma-model lump, as already noted. Even

if the base point p is a perfectly generic, regular point of M, not close to any singularity, the

field configurations in the transverse plane (S2) trace the whole vacuum moduli space M. The

energy distribution reflects the nontrivial structure of M as the volume of the target space is

mapped into the transverse plane, C

E = 2

∫

C

∂2K

∂φI∂φ†J̄
∂φI∂̄φ†J̄ = 2

∫

C

∂̄∂K . (3.14)

The field configuration may hit for instance one of the singularities (conic or not), or simply the

regions of large scalar curvature. At such points the energy density will show a peak, in addition

to the standard peak representing the vortex center. Even at finite coupling, the vortex tension

density will exhibit a similar substructure.

4 Models based on CP 1

Several concrete models will be studied below. The fractional vortices appearing in these systems

are caused by one or the other of the above mechanisms, or by collaboration of the two. The

actual manifestation of these singularities could sometimes look quite complicated. We first

discuss in this section models where the base space (vacuum manifold) is a CP 1 with one or two

singularities.

4.1 Abelian Higgs model with two fields of different charges

The first model is a simple extension of the Abelian-Higgs model with Nf = 2 flavors H =

(A, B) but with unequal charges. We assign the U(1) charges ({m, n}) to the fields A and

B, respectively. The gauge transformations take the form,

H = (A, B) → (eimα(x)A, einα(x)B) . (4.1)

For simplicity, we assume that the charges are relatively prime, i.e., g.c.d({m, n}) = 1. The

vacuum manifold (D-flatness condition) is topologically equivalent to S3 and the vacuum moduli
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 Fractional vortex substructures caused either by one of these or by a 
collaboration of the two  ➔  examples

cfr.  Collie-Tong



Models based on CP1       (1)

  Abelian Higgs model with (A,B), with charges (2,1)

➔   

Gauge transf:
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Fig. 3: The energy density of a multi-center vortex (lump) in the U(1) (“2-1”)-model in the strong coupling

limit e → ∞. The position moduli are z1 = −1 + i, z2 = −1 − i, z3 = 1. The vevs are chosen as (a) :

v2 = 0.2, ξ = 1, (b) : v2 = 0.7, ξ = 1, (c) : v2 = 0.99, ξ = 1.

by the gauge identification,

A ∼ e2iα(x)A, B ∼ eiα(x)B. (4.15)

Because of unequal charges of the two fields, the resulting space M turns out to be a weighted

projective space,

M = W CP 1
2,1 ∼

CP 1

Z2

. (4.16)

The master equation (4.8) can approximately be solved in the strong gauge coupling limit e → ∞
(or in any case, far from the vortex center), by

|η|2 =
|B0|2

2ξ

(
1 +

√

1 + 2ξ
4|A0|2
|B0|4

)
, (4.17)

corresponding to a lump solution in the non-linear σ model with target space M. The approxi-

mate results for the vortex energy profile of Fig. 3 have been obtained by substituting this into

Eq. (4.9). The lump solution corresponding to the generic [1, 1] vacua, and two special points

[0, 1] and [1, 0] are

ϕ[1,1] =
v2

1

2v2

(z − z1)(z − z2)

(z − z3)2
, ϕ[0,1] =

ζ1z − ζ2

ξ (z − z3)2
, ϕ[1,0] =

√
ξ (z − z1)

ζ2
1

. (4.18)

In the context of a supersymmetric model, the Kähler potential can be found [37] by elimi-

nating V from

K = |A|2e−2V + |B|2e−V + ξV = 0 , (4.19)
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where gcd is the greatest common divisor of the Abelian charges ni of the holomorphic invariant

Ii(z).

At generic points of the vacuum moduli, v1 != 0, v2 != 0, where

|〈A〉| =
v1√
2
, |〈B〉| = v2, v2

1 + v2
2 = ξ,

the asymptotic behavior of the moduli matrix is

A0(z) =
v1√
2
z2k + O(z2k−1) , B0(z) = v2z

k + O(zk−1). (4.11)

The k = 1 (minimal winding) solution can be parametrized concretely as

H [11]
0 =

(
v1√
2
(z − z1)(z − z2) 0

0 v2(z − z3)

)
, v2

1 + v2
2 = ξ . (4.12)

We denote these generic points on M as [1, 1] vacua.

Consider now special points v1 = 0, v2 != 0, or v1 != 0, v2 = 0, denoted as [01] or [10],

respectively. The moduli matrix takes the form (for k = 1)

H [01]
0 =

(
ζ1z − ζ2 0

0
√

ξ(z − z3)

)
, H [10]

0 =

(√
ξ(z − z1) 0

0 ζ1

)
, (4.13)

where ζ1, ζ2 are the “size” moduli parameters. The vortex described by the moduli matrix H [01]
0

is similar to a concentric semi-local vortex k = 2. The vortex with H [10]
0 on the other hand is

a single semi-local vortex k = 1 with size ζ1.5

The vortex (energy-) profile can be approximately determined from the strong-coupling limit

consideration. A numerical result is shown in Fig. 3. We observe that, depending on the values

of the vacuum parameters v1, v2 and on the vortex moduli parameters, z1, z2, z3, the tension

density gets various substructures. In particular, observe the fractional vortices in Fig. 3 (a).

As discussed in Section 3, these characteristics of the vortex energy profile are deeply rooted

in the property of the vacuum moduli M itself and to its singularity structure. In the present

model, the vacuum moduli is determined from the vacuum configurations M ∼ S3 (the D-term

condition)

2|A|2 + |B|2 = ξ , (4.14)

5The symbols such as H [01]
0 (z), H [11]

0 (z), etc. used here to indicate the vortex solutions in different parts

of the vacuum moduli (i.e., in different theories), should be confused with somewhat similar symbols used in

[18, 25, 17] to indicate the vortex solutions in different patches of the vortex moduli V , arising in the same theory

(i.e., in the same, given vacuum).
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Fig. 3: The energy density of a multi-center vortex (lump) in the U(1) (“2-1”)-model in the strong coupling

limit e → ∞. The position moduli are z1 = −1 + i, z2 = −1 − i, z3 = 1. The vevs are chosen as (a) :

v2 = 0.2, ξ = 1, (b) : v2 = 0.7, ξ = 1, (c) : v2 = 0.99, ξ = 1.
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with the charges

c = diag(cA, cB) =

(
2 0

0 1

)

and scalar fields

H =

(
A 0

0 B

)
. (4.3)

The Bologmol’nyi completion reads
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C
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4e2

∣∣∣
√

2F12 − e2
(
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)∣∣∣
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+ 4Tr |D̄H|2 −
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√
2
F12
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, (4.4)

yielding the BPS-equations

D̄H = 0 , F12 =
e2

√
2

(
Tr HH† − ξ
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, (4.5)

with the tension
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2
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C
d2x F12 > 0 . (4.6)
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,
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√
2 given by
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√

2
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. (4.7)

The second BPS equation (4.5) leads to the master equation

∂̄∂ log |η|2 = −
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4
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(
2|η|−2|A0|2 + |B0|2

)
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]
, (4.8)

where the tension of this vortex is

T = 2ξ

∫

C
d2x ∂̄∂ log |η|2 = 2πξk . (4.9)

The vortex solution can be studied in more detail by following the general construction of [35],

i.e., using the holomorphic “G′” invariants

Ii(z) = Ii
vevz

nik/n0 + O(znik/n0−1) , with n0 = gcd{ni|Ii
vev $= 0} , (4.10)
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where gcd is the greatest common divisor of the Abelian charges ni of the holomorphic invariant

Ii(z).

At generic points of the vacuum moduli, v1 != 0, v2 != 0, where
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v1√
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, |〈B〉| = v2, v2

1 + v2
2 = ξ,

the asymptotic behavior of the moduli matrix is

A0(z) =
v1√
2
z2k + O(z2k−1) , B0(z) = v2z

k + O(zk−1). (4.11)

The k = 1 (minimal winding) solution can be parametrized concretely as
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0 =
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(z − z1)(z − z2) 0

0 v2(z − z3)

)
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2 = ξ . (4.12)

We denote these generic points on M as [1, 1] vacua.

Consider now special points v1 = 0, v2 != 0, or v1 != 0, v2 = 0, denoted as [01] or [10],

respectively. The moduli matrix takes the form (for k = 1)

H [01]
0 =

(
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ξ(z − z3)

)
, H [10]

0 =
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ξ(z − z1) 0
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where ζ1, ζ2 are the “size” moduli parameters. The vortex described by the moduli matrix H [01]
0

is similar to a concentric semi-local vortex k = 2. The vortex with H [10]
0 on the other hand is

a single semi-local vortex k = 1 with size ζ1.5

The vortex (energy-) profile can be approximately determined from the strong-coupling limit

consideration. A numerical result is shown in Fig. 3. We observe that, depending on the values

of the vacuum parameters v1, v2 and on the vortex moduli parameters, z1, z2, z3, the tension

density gets various substructures. In particular, observe the fractional vortices in Fig. 3 (a).

As discussed in Section 3, these characteristics of the vortex energy profile are deeply rooted

in the property of the vacuum moduli M itself and to its singularity structure. In the present

model, the vacuum moduli is determined from the vacuum configurations M ∼ S3 (the D-term

condition)

2|A|2 + |B|2 = ξ , (4.14)

5The symbols such as H [01]
0 (z), H [11]

0 (z), etc. used here to indicate the vortex solutions in different parts

of the vacuum moduli (i.e., in different theories), should be confused with somewhat similar symbols used in

[18, 25, 17] to indicate the vortex solutions in different patches of the vortex moduli V , arising in the same theory

(i.e., in the same, given vacuum).
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p generic

p=
(B=0)

|Bvev| = 0. If the vacuum is chosen at Bvev != 0 the solution touches the singularity at a finite

point in the z-plane and would get singular there. To remove such a singularity, the solution

must wrap twice around the vacuum moduli. On the other hand, if one is at exactly the Z2

point the solution never touches it and a regular solution can be constructed with just a single

winding.

As discussed in Section 3, these characteristics of the vortex-energy profile are thus deeply

rooted in the property of the vacuum moduli M itself and to its singularity structure. In

understanding the qualitative features of the vortex tension distribution and their dependence

on p = ϕvev = Avev/B2
vev just described, the crucial fact is that the homotopy groups appearing

in the sequence (3.8) make a discontinous jump at p = ϕ = ∞ (Bvev = 0). In fact

π2 (M, p)

π2 (M, ∞)
= Z2 ,

π1 (F, f)

π1 (F, f0)
= Z2 , p != ∞ . (4.22)

The fiber itself reduces to half at the orbifold singularity

f = π−1(p) = S1 , f0 = π−1(∞) = S1/Z2 . (4.23)

Thus even though π2(M) = and π1(M) = , just as in the case of the EAH model Eq. (3.13),

each minimum element of π2(M, p) is a double cover of the minimum element of π2(M, ∞),

just as the fiber at the generic p (S1: α = 0 → 2π in Eq. (4.1)) is a double cover of the fiber

at B = 0 (α = 0 → π in Eq. (4.1)). This is the (global) reason for the double peaks observed

in Fig. 4.

The argument here can be easily extended to more general cases with the multiple flavors

H = (A, B, C, D, · · · ) with generic U(1) charges Q = (m, n, o, q, · · · ), which are all

relatively prime. The moduli manifold is then M = CP Nf−1/(Zm × Zn × · · · ). Near a

Zm singular point, (|Avev|, |Bvev|, |Cvev|, · · · ) = (
√

ξ/m, 0, 0, · · · , ) m peaks appear in the

energy distribution.

4.2 An Abelian U(1) × U(1) Higgs model

The next system we consider, which has the same target space as in the previous model, is a

U1(1)× U2(1) gauge theory with three flavors of scalar electrons H = (A, B, C) with charges

Q1 = (2, 1, 1) for U(1)1 and Q2 = (0, 1, −1) for U(1)2. The gauge transformations act as

(A, B, C) →
(

ei2α(x)A, eiα(x)+iβ(x)B, eiα(x)−iβ(x)C
)

. (4.24)
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where a, b are the moduli parameters. Comparing this with Eq. (4.16) with Bvev = 0, one

immediately sees that the latter is not a minimal-energy solution.

The vortex (energy, and magnetic flux) profiles can be approximately determined from the

strong-coupling limit consideration. The gauge theory reduces to the non-linear sigma model

whose target space is the vacuum moduli M in Eq. (4.2). The Kähler potential is given, in the

supersymetric version of our model, by

K = |A|2e−2V + |B|2e−V + ξV . (4.19)

Integrating out the U(1) vector multiplet V , we get the following Kähler potential in terms of

an inhomogeneous coordinate: ϕ = 2A/B2

K = ξ log f(ϕ, ϕ̄) + ξf−1(ϕ, ϕ̄) , f(ϕ, ϕ̄) ≡ 1 +
√

1 + 2ξ|ϕ|2 , ϕ ≡
2A

B2
. (4.20)

Note that the first term is due to the magnetic flux F12 and the second term corresponds to the

surface term ∂2
i J in Eq. (4.4). All the regular BPS solutions are analytically solved by

2ξ|s|2 = |B0|2 +
√

|B0|4 + 8ξ|A0|2 = |B0|2f(ϕ, ϕ̄) , ϕ = ϕ(z) =
2A0(z)

B0(z)2
. (4.21)

Only the solutions which have points where A and B simultaneously vanish cannot be seen

in this limit, because the U(1) gauge symmetry would remain unbroken there. Such solutions

contain small lump singularities and we should go back to the original gauge theory in order to

observe the configurations correctly. A numerical result is shown in Fig. 4.

As we move in the vacuum moduli space M by varying the VEVs Avev, Bvev and change the

vortex moduli parameters the tension density profile shows varying substructures. Since the zeros

of the fields do not imply necessarily the restoration of a U(1) gauge symmetry, the positions

of the peaks do not always coincide with the zeros of A, B. Although it is very complicated to

specify the postioins of peaks analytically, it is easy to visualize it numerically. In Fig. 4, we have

shown the zeros of A, B and the peaks. We observe that there are no direct relations between

the zeros of fields and the positions of the peaks, except at Avev = 0 or at Bvev = 0.

An axially symmetric peak appears in the limit Avev → 0 and it decomposes into two sub

peaks as Avev moves out of 0. We cannot discard one of two sub peaks pushing it to infinity.

Only when Bvev = 0, they become independent. Such a limiting configuration is no longer a

minimal energy configuration, however. The minimal configuration at exactly Bvev = 0 (with

(4.18)) has only one peak. Its tension is half of the minimal configuration for Bvev #= 0.

The reason why the minimum vortex at Bvev #= 0 must have twice the energy with respect

to the minimal object at Bvev = 0 is as follows. Our vacuum moduli has a Z2 singularity at

12

where a, b are the moduli parameters. Comparing this with Eq. (4.16) with Bvev = 0, one

immediately sees that the latter is not a minimal-energy solution.

The vortex (energy, and magnetic flux) profiles can be approximately determined from the

strong-coupling limit consideration. The gauge theory reduces to the non-linear sigma model

whose target space is the vacuum moduli M in Eq. (4.2). The Kähler potential is given, in the

supersymetric version of our model, by

K = |A|2e−2V + |B|2e−V + ξV . (4.19)

Integrating out the U(1) vector multiplet V , we get the following Kähler potential in terms of

an inhomogeneous coordinate: ϕ = 2A/B2

K = ξ log f(ϕ, ϕ̄) + ξf−1(ϕ, ϕ̄) , f(ϕ, ϕ̄) ≡ 1 +
√

1 + 2ξ|ϕ|2 , ϕ ≡
2A

B2
. (4.20)

Note that the first term is due to the magnetic flux F12 and the second term corresponds to the

surface term ∂2
i J in Eq. (4.4). All the regular BPS solutions are analytically solved by

2ξ|s|2 = |B0|2 +
√

|B0|4 + 8ξ|A0|2 = |B0|2f(ϕ, ϕ̄) , ϕ = ϕ(z) =
2A0(z)

B0(z)2
. (4.21)

Only the solutions which have points where A and B simultaneously vanish cannot be seen

in this limit, because the U(1) gauge symmetry would remain unbroken there. Such solutions

contain small lump singularities and we should go back to the original gauge theory in order to

observe the configurations correctly. A numerical result is shown in Fig. 4.

As we move in the vacuum moduli space M by varying the VEVs Avev, Bvev and change the

vortex moduli parameters the tension density profile shows varying substructures. Since the zeros

of the fields do not imply necessarily the restoration of a U(1) gauge symmetry, the positions

of the peaks do not always coincide with the zeros of A, B. Although it is very complicated to

specify the postioins of peaks analytically, it is easy to visualize it numerically. In Fig. 4, we have

shown the zeros of A, B and the peaks. We observe that there are no direct relations between

the zeros of fields and the positions of the peaks, except at Avev = 0 or at Bvev = 0.

An axially symmetric peak appears in the limit Avev → 0 and it decomposes into two sub

peaks as Avev moves out of 0. We cannot discard one of two sub peaks pushing it to infinity.

Only when Bvev = 0, they become independent. Such a limiting configuration is no longer a

minimal energy configuration, however. The minimal configuration at exactly Bvev = 0 (with

(4.18)) has only one peak. Its tension is half of the minimal configuration for Bvev #= 0.

The reason why the minimum vortex at Bvev #= 0 must have twice the energy with respect

to the minimal object at Bvev = 0 is as follows. Our vacuum moduli has a Z2 singularity at

12

The coordinate of 

is



Fig. 4: A sketch of the CP 1/Z2 which is a sphere with a conical singularity at a (i.e., north) pole. The north

pole is where B = 0 which corresponds to z3 in the configuration space, while the south pole (A = 0) which is

a regular point.

Thus even though π2(M) = 1 and π1(M) = 1, as in the sequence for the EAH model

Eq. (3.7), each minimum element of π2(M, m) is roughly a double cover of a minimum element

of π2(M, ∞), just as the fiber at the generic m (S1: α = 0 → 2π in Eq. (4.15)), is a double

cover of the fiber at B = 0 (α = 0 → π in Eq. (4.15)). This is the (global) reason for the

double peaks observed in Fig. 3 (a). The exact position of the peaks (local feature), instead,

can be understood as in the local ANO vortices. In fact, at B ≡ 0, the system near z = z1

or z = z2 is locally similar to the standard ANO vortex system: the U(1) symmetry broken

elsewhere is restored at these points.

When m is far from the orbifold singularity (Fig. 3(c)), the existence of latter is not felt and

the system produces the usual semilocal vortices similar to those in the EAH model.

4.2 An Abelian U(1)2 Higgs model

The next model, with the same target space as in Section 4.1, is a theory with U1(1) × U2(1)

gauge group and with three flavors of scalar “electrons” with charges:
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Z2 orbifold point



Fig. 4: The energy (the left-most and the 2nd left panels) and the magnetic flux (the 2nd right panels) density,

together with the boundary values (A, B) (the right-most panel) for the minimal vortex. The moduli parameters

are fixed as a1 = 0, a2 = 1, b1 = −1 in Eq. (4.16). The red dots are zeros of A and the black one is the zero of

B. ξ = 1. The last figures illustrates the minimum vortex defined at exactly the orbifold point (see Eq. (4.18))

with Avev = 1/
√

2, and with b = 0.8.
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the first mechanism  

black dots = zeros of A;

red dots = zeros of B  



Models based on CP1     (2)

---   U(1)xU(1) Higgs model with (A,B,C)  with charges:

|Bvev| = 0. If the vacuum is chosen at Bvev != 0 the solution touches the singularity at a finite

point in the z-plane and would get singular there. To remove such a singularity, the solution
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point the solution never touches it and a regular solution can be constructed with just a single

winding.
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at B = 0 (α = 0 → π in Eq. (4.1)). This is the (global) reason for the double peaks observed

in Fig. 4.
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relatively prime. The moduli manifold is then M = CP Nf−1/(Zm × Zn × · · · ). Near a
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Note that the transformation (α, β) = (π, ±π) leaves the fields invariant: the true gauge group

is

U(1)1 × U(1)2/Z2.

Some details about this model are given in the Appendix. The vacuum manifold and vacuum

moduli space are

M = {A, B, C | 2|A|2 + |B|2 + |C|2 = ξ1, |B|2 − |C|2 = ξ2} , (4.25)

M = M/ [(U(1)1 × U(1)2) /Z2] . (4.26)

Here ξ1 is the FI term for the first U(1)1 and ξ2 is that for the second U(1)2. Below we shall

mainly be interested in the case of ξ2 = 0 (in the Appendix the case with a nonvanishing ξ2 is

also discussed).

When ξ2 = 0, the vacuum manifold is the same as one in Section 4.1. In fact, the Kähler

potential of the vacuum manifold is the same as Eq. (4.20) with replacements ξ → ξ1 and

ϕ = 2A/B2 → 2A/(BC). Although the vacuum moduli manifolds are the same, there is

an important difference. The singular point in the previous section was a Z2 conical (orbifold)

singularity whereas the singular point |B| = |C| = 0 here represents a theory with a restored

U(1)2 gauge symmetry. i.e., in a Coulomb phase. Since the Z2 action has been modded out

from the beginning, the singular point is not a Z2 fixed point.

Fig. 5: A sketch of the vacuum moduli space.

BPS vortex solutions can be treated by the moduli matrix formalism. The tension is de-

termined by the U(1)1 winding number ν1 (and the U(1)2 winding number ν2 if ξ2 $= 0)
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The fiber itself reduces to half at the orbifold singularity

f = π−1(p) = S1 , f0 = π−1(∞) = S1/Z2 . (4.23)

Thus even though π2(M) = and π1(M) = , just as in the case of the EAH model Eq. (3.13),

each minimum element of π2(M, p) is a double cover of the minimum element of π2(M, ∞),

just as the fiber at the generic p (S1: α = 0 → 2π in Eq. (4.1)) is a double cover of the fiber

at B = 0 (α = 0 → π in Eq. (4.1)). This is the (global) reason for the double peaks observed

in Fig. 4.
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An extra peak at   ~  z=z0 ,  where  B( z0 ) =0



At exactly Bvev = Cvev = 0 the U(1)2 gauge symmetry is restored at infinity. The system

is in a Coulomb phase and there are no classical vortex solutions. On the contrary, at an orbifold

singularity such as those considered in the previous subsection the system remained in a Higgs

phase even though with a different property from the surrounding vacua.

Numerical solutions with various choices of Avev, Bvev and Cvev are shown in Fig. 6. When

a point |Bvev| = |Cvev| ! 0 is chosen as the boundary condition, one peak is observed near

za = −a/Avev where A(za) = 0. On the other hand, another single peak appears near

zb = −b/Bvev where B(zb) = 0, when we choose |Avev| = 0 as the boundary condition.

These two peaks are smeared in the intermediate values of (Avev, Bvev, Cvev). Although the

Fig. 6: The energy density (left-most) and the magnetic flux density F (1)
12 (2nd from the left), F (1)

12 (2nd from

the right) and the boundary condition (right-most). We have chosen ξ1 = 2, ξ2 = 0, e1 = 1, e2 = 2 and

a = −1, b = 1 in Eq. (4.34).

vacuum manifold is the same as in Section 4.1, the vortex solutions are significantly different.

The difference can be clearly seen in the winding numbers and tensions in Eqs. (4.15) and (4.33).

In the model of Section 4.1, the Z2 quotient requires us to choose ν = 1 except for at the Z2

fixed point. However, exactly in that point there are no such discrete symmetries, so there exist

solutions with ν1 = 1/2. On the contrary, in the model of this section, we cannot choose the

singular point (in the Coulomb phase) as the boundary condition.
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Coulomb singularity
( U2(1) restored )

Good example of the second 

mechanism  



Fig. 11: The energy density of three fractional vortices (lumps) in the U(1) × SO(6) model in the strong

coupling approximation. The positions are z1 = −
√

2 + i
√

2, z2 = −
√

2 − i
√

2, z3 = 2. Left panel :

the size parameters are chosen as c1 = c2 = c3 = 1/2. Right panel : the size parameters are chosen as

c1 = 0, c2 = 0.1, c3 = 0.3. Notice that one peak is singular (z1) and the other two are regularized by the finite

(non-zero) parameters c2,3.

The vortex energy profile in the strong-coupling approximation for the U(1)×SO(6) model

is shown in Figure 11. Three fractional peaks are clearly seen. The positions of the peaks can

be understood as follows. If ci = 0 one of the Û(1) ⊂ U(1) × SO(2M), constructed as the

diagonal combination of U(1) and one of the U(1) Cartan subalgebra of SO(2M), is restored

at the points z = zi (i = 1, 2, . . . M ). The sharp peak in the right panel of Fig. 11 can be

thought locally (in z) to be an ANO vortex. If ci %= 0 the situation around a fractional peak at

z = zi is more similar to the power-behaved semi-local vortex of the EAH model. The number

of peaks reflects obviously the rank of the group considered (here rank{SO(6)} = 3), but the

number of the possible fractional peaks depends on the point of the vacuum moduli (a particular

VEV) considered. For instance, if two of vi are taken to be zero, the maximum number of the

fractional peaks would be two, and so on.

In the supersymmetric version of the models based on the U(1) × SO(N) gauge groups,

the Kähler potential has been determined in Ref. [35].

If we relax the vacuum moduli to be equal (5.4), thus having the possibility of distinct {vi}’s

in Eq. (5.1). it will prove convenient to work directly with the mesons of SO(2M)

M =

(

eu(z − a) ±ia

±ia e−u(z + a)

)

, (5.18)

with a, u ∈ R. The meson VEV will be diag(eu, e−u). Using the Kähler quotient construction
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§ 4  Monopole - Vortex complex

--- Why the non-Abelian vortices imply
non-Abelian monopoles ---



Hierarchical symmetry breaking 

1 Introduction

Nonabelian monopoles in spontaneously broken gauge theories have remained

somewhat obscure objects for a long time in spite of many investigations [1]-[10].

Apart from the often discussed applications in conformally invariant N = 4 the-

ories, few field theory models were known where such objects play an important

dynamical role. Although many N = 1 gauge theories, such as SQCD with appro-

priate numbers of flavors, are believed to possess Seiberg duals [11], the origin of the

“dual quarks” appearing in these models remains mysterious.

A series of papers on softly broken N = 2 gauge theories with gauge groups

SU(N), USp(2N) and SO(N) and various numbers of flavors of fundamental

matter have, however, changed the situation [12, 13, 14]. In particular, it was pointed

out [15] that the “dual quarks” appearing as the low-energy degrees of freedom of the

G = SU(N), USp(2N) or SO(N) theory, which carry the nonabelian SU(r) ⊂
G charges, can be identified with the “semiclassical” nonabelian monopoles studied

earlier by Goddard, Nuyts, Olive [4] and by E. Weinberg [7]. Also, all of the confining

vacua in strongly coupled USp(2N) and SO(N) theories with flavors and with zero

bare quark masses, involve these objects in a deformed SCFT.

Very recently, with A. Yung, we have proven the existence of nonabelian vortices

in the same class of models [16]. The analysis was done semiclassicaly, in the region

of large bare quark masses (and so large adjoint scalar VEVS), but the presence of an

appropriate number of fermions makes the results quantum mechanically correct. In

particular, a continuous family of degenerate vortex solution have been constructed,

showing the truely nonabelian nature of these vortices 1.

In this paper, we discuss some aspects relating nonabelian vortices and monopoles

appearing in the softly broken N = 2 G = SU(N) theories with Nf flavors. The

gauge group is broken at two very different mass scales, v1 " v2,

G
v1−→ H

v2−→ (1.1)

1Deceptively similar, though different, vortex configurations have been studied independently by
Hanany and Tong [17, 18].

1

vortexmonopole

[14]. Actually, the latter can be interpreted as the GNOW monopoles becoming light due to the
dynamics, at least in SU(N) theories [15]. For SO(N) or in USp(2N) theories the relation
between Seiberg’s duals and GNOW monopoles are less clear [15]. For instructive discussions on
the relation between Seiberg’s duals and semiclassical monopoles in a class of N = 1, SO(N)
models with matter fields in vector and spinor representations, see Strassler [16].

Dynamics of the system is thus a crucial ingredient: if the dual group were in Higgs phase,
the multiplet structure among the monopoles would get lost, generally. Therefore one must study
the dual (H̃) system in confinement phase.2 But then, according to the standard electromagnetic
duality argument, one must analyse the electric system in Higgs phase. The monopoles will
appear confined by the confining strings which are nothing but the vortices in the H system in
Higgs phase.

We are thus led to study the system with a hierarchical symmetry breaking,

G
v1−→ H

v2−→ ∅, (1.7)

where

v1 $ v2, (1.8)

instead of the original system (1.1). The smaller VEV breaks H completely. Also, in order for
the degeneracy among the monopoles not to be broken by the breaking at the scale |〈φ2〉|, we
assume that some global color-flavor diagnonal group

HC+F ⊂ Hcolor ⊗ GF (1.9)

remains unbroken.

It is hardly possible to emphasize the importance of the role of the massless flavors too much.
This manifests in several different aspects.

(i) In order that H must be non-asymptotically free, there must be sufficient number of massless
flavors: otherwise, H interactions would become strong at low energies and H group can
break itself dynamically;

(ii) The physics of the r vacua [9, 11] indeed shows that the non-abelian dual group SU(r)
appear only for r ≤ Nf

2
. This limit can be understood from the renormalization group: in

order for a nontrivial r vacuum to exist, there must be at least 2 r massless flavors in the
fundamental theory;

(iii) Non-abelian vortices [17, 18], which as we shall see are closely related to the concept of non-
abelian monopoles, require a flavor group. The non-abelian flux moduli arise as a result
of an exact, unbroken color-flavor diagonal symmetry of the system, broken by individual
soliton vortex.

The idea that the dual group transformations among the monopoles at the end of the vortices
follow from those among the vortices (monopole-vortex flux matching, etc.), has been discussed
in several occasions, in particular in [19]. The main aim of the present paper is to make this

2The non-abelian monopoles in the Coulomb phase suffer from the difficulties already discussed.

3

• Topology and symmetry
  connect monopoles and vortices

• Apparent paradox  (no monopoles, no vortices)  ➯
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HC+F ⊂ Hcolor ⊗ GF (1.9)

remains unbroken.

It is hardly possible to emphasize the importance of the role of the massless flavors too much.
This manifests in several different aspects.

(i) In order that H must be non-asymptotically free, there must be sufficient number of massless
flavors: otherwise, H interactions would become strong at low energies and H group can
break itself dynamically;

(ii) The physics of the r vacua [9, 11] indeed shows that the non-abelian dual group SU(r)
appear only for r ≤ Nf

2
. This limit can be understood from the renormalization group: in

order for a nontrivial r vacuum to exist, there must be at least 2 r massless flavors in the
fundamental theory;

(iii) Non-abelian vortices [17, 18], which as we shall see are closely related to the concept of non-
abelian monopoles, require a flavor group. The non-abelian flux moduli arise as a result
of an exact, unbroken color-flavor diagonal symmetry of the system, broken by individual
soliton vortex.

The idea that the dual group transformations among the monopoles at the end of the vortices
follow from those among the vortices (monopole-vortex flux matching, etc.), has been discussed
in several occasions, in particular in [19]. The main aim of the present paper is to make this

2The non-abelian monopoles in the Coulomb phase suffer from the difficulties already discussed.

3

Figure 1: A pictorial representation of the exact homotopy sequence, (3.1), with the leftmost figure
corresponding to π2(G/H).

taken into account, having mass large but not infinite (Fig. 2). The low-energy vortices become
unstable also through heavy monopole pair productions which break the vortices in the middle
(albeit with small, tunneling rates [40]), which is really the same thing. Note that, even if the
effect of such string breaking is neglected, a monopole-vortex-antimonopole configuration is not
topologically stable anyway: its energy would become smaller if the string becomes shorter (so
such a composite, generally, will get shorter and shorter and eventually disappear).

However, this does not mean that such a monopole-vortex-antimonopole configuration cannot
be dynamically stabilized, or that they are not relevant as physical configurations. A rotation
can stabilize easily such a monopole-vortex-antimonopole configuration dynamically. After all,
we believe that the real-world mesons are quark-string-antiquark bound states of this sort, the
endpoints rotating almost with a speed of light! An excited meson can and indeed do decay
through a quark pair production into states made of two lighter mesons. Only the lightest mesons
are truly stable. The same occurs with our monopole-vortex-antimonopole configurations. The
lightest such systems, after the rotation modes are appropriately quantized, are truly stable
bound states of solitons, even though they cannot be simply described as static, semiclassical
configurations.

Our model is thus a reasonably faithful (dual) model of the quark confinement in QCD.

It is crucial in our argument that the monopoles of high-energy theory and the vortices of
low-energy theory are both BPS only approximately; in other words, they are almost BPS but
not exactly.6 They are unstable in the full theory. But the fact that there exists a limit (of a
large ratio of the mass scales, v1

v2
→ ∞) in which these solitons become exactly BPS and stable,

means that the magnetic flux through the surface of a small sphere surrounding the monopole
and the vortex magnetic flux through a plane perpendicular to the vortex axis, must match
exactly. These questions (the flux matching) have been discussed extensively already in [19].

Our argument, applied to the simplest case, G = SO(3), and H = U(1), is precisely
the one adopted by ’t Hooft [1] in his pioneering paper, to argue that there must be a regular
monopole of charge two (with respect to the Dirac’s minimum unit): as the vortex of winding
number k = 2 must be trivial in the full theory (with π1(SO(3)) = Z2), such a vortex must
end at a regular monopole. What is new here, as compared to the case discussed by ’t Hooft [1] is
that now the unbroken group H is non-abelian and that the low-energy vortices carry continuous,

6The importance of non-BPS soliton configurations have also been emphasized by Strassler [16].
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Homotopy exact sequence:

The gauge field equations take a slightly more complicated form than in the U(N) model
(2.1):

∂z (Ω−1∂z̄ Ω) = −
g2

N

2
Tr ( ta Ω−1 q q†) ta −

e2

4N
Tr ( Ω−1q q† − 1), Ω = S S†.(2.33)

The last equation reduces to the master equation Eq. (2.10) in the U(N) limit, gN = e.

The advantage of the moduli matrix formalism is that all the moduli parameters appear in
the holomorphic, moduli matrix H0(z). Especially, the transformation property of the vortices
under the color-flavor diagonal group can be studied by studying the behavior of the moduli
matrix.

3 Topological stability, vortex-monopole complex and con-
finement

The fact that there must be a continuous set of monopoles, which transform under the color-flavor
SU(N) group follows from the following exact homotopy sequence

· · · → π2(G) → π2(G/H) → π1(H) → π1(G) → · · · (3.1)

where π2(G) = π1(G) = ∅, in the system under consideration, G = SU(N + 1), H =
SU(N)×U(1)

ZN
∼ U(N). (Fig. 1). The nontrivial configuration of the scalar field can be inter-

preted as representing π2(G/H) while the gauge field consfiguration can be classified according
to π1(H) [42]. It follows that

π2

(
SU(N + 1)

U(N)

)
= π2(CP N) ∼ π1(U(N)) = Z : (3.2)

each nontrivial element of π1(U(N)) is associated with a nontrivial element of π2(
SU(N+1)

U(N)
).

Recalling that the latter represents the topological classification of gauge and scalar fields, this
result is consistent as the theory does not admit Dirac monopoles: all monopoles are regular ’t
Hooft-Polyakov monopoles.

However, there is something of a puzzle: when the small VEV’s are taken into account, which
break the “unbroken” gauge group completely, these monopoles must disappear somehow. A
related puzzle is this: the low-energy theory develops vortices since H is completely broken. The
vortex flux is quantized by (in our case, with H = SU(N)×U(1)

ZN
)

π1(H) = Z. (3.3)

Again, when the massive monopoles associated with the breaking G → H are taken into
account, ı.e., in the full theory, the vortices visible and stable in the low-energy approximation
must disappear, as π1(G) = ∅.

Actually, these two apparent puzzles are the two faces of a medal. The solution is that the
massive monopoles are confined by the vortices and disappear from the spectrum; on the other
hand, the vortices of the low-energy theory end at the heavy monopoles once the latter are
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• π1 (G) = 1  ⇒  Regular monopoles confined by vortices

•  π1 (G) = 1  ⇒  All vortices  “end” at regular monopoles
‘t Hooft

SO(3)/U(1)•  π1 (G) = Z  ⇒   k=2 vortices  “end” at regular monopoles!

k=1 vortices are there:  confine Dirac monopoles

{
e.g.  SU(N)

cfr., SO(N)

Homotopy-group map

Vortex ! (but also 
monopole)



 Non-Abelian monopole moduli from vortex moduli
  in the system  

Flux matching
(Auzzi-Bolognesi-Evslin-KK; Kneipp)

1 Introduction

Nonabelian monopoles in spontaneously broken gauge theories have remained

somewhat obscure objects for a long time in spite of many investigations [1]-[10].

Apart from the often discussed applications in conformally invariant N = 4 the-

ories, few field theory models were known where such objects play an important

dynamical role. Although many N = 1 gauge theories, such as SQCD with appro-

priate numbers of flavors, are believed to possess Seiberg duals [11], the origin of the

“dual quarks” appearing in these models remains mysterious.

A series of papers on softly broken N = 2 gauge theories with gauge groups

SU(N), USp(2N) and SO(N) and various numbers of flavors of fundamental

matter have, however, changed the situation [12, 13, 14]. In particular, it was pointed

out [15] that the “dual quarks” appearing as the low-energy degrees of freedom of the

G = SU(N), USp(2N) or SO(N) theory, which carry the nonabelian SU(r) ⊂
G charges, can be identified with the “semiclassical” nonabelian monopoles studied

earlier by Goddard, Nuyts, Olive [4] and by E. Weinberg [7]. Also, all of the confining

vacua in strongly coupled USp(2N) and SO(N) theories with flavors and with zero

bare quark masses, involve these objects in a deformed SCFT.

Very recently, with A. Yung, we have proven the existence of nonabelian vortices

in the same class of models [16]. The analysis was done semiclassicaly, in the region

of large bare quark masses (and so large adjoint scalar VEVS), but the presence of an

appropriate number of fermions makes the results quantum mechanically correct. In

particular, a continuous family of degenerate vortex solution have been constructed,

showing the truely nonabelian nature of these vortices 1.

In this paper, we discuss some aspects relating nonabelian vortices and monopoles

appearing in the softly broken N = 2 G = SU(N) theories with Nf flavors. The

gauge group is broken at two very different mass scales, v1 " v2,

G
v1−→ H

v2−→ (1.1)

1Deceptively similar, though different, vortex configurations have been studied independently by
Hanany and Tong [17, 18].
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Exact HC+F   induces
continuous transformation of
     vortex --
and monopole
   

Study in more detail this! 
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Figura 4.3: Il vortice sta alla sinistra del monopolo.

4.1.2 Equazioni di raccordo
La lagrangiana che descrive il complesso ad energie intermedie tra le due scale
m e µm deve contenere soltanto i campi che non diventano massivi a seguito
della rottura di simmetria ad alta energia. Dobbiamo tenere conto, però,
anche di una fluttuazione del campo scalare φ attorno al suo VEV. Dunque
la teoria non è più BPS, ma descrive la dinamica dei campi nell’intervallo di
distanze peculiare della giunzione. In più dobbiamo introdurre per i campi
anche la dipendenza da z. Quindi prendiamo:

φ =

(
v 0
0 −v

)
+ λ(ρ, z) , λ(ρ, z) =

σ3

2
λ3(ρ, z) , (4.15a)

q = w(ρ, z) . (4.15b)

La lagrangiana, in questo regime energetico, risulta:

L =

∫
d3x

[
1

4g2

(
F 3

ij

)2
+

1

g2
|∂iλ3|2 + |Diq|2

+ g2

∣∣∣∣−
√

2µm + µλ3 +
1

2
√

2
|q|2

∣∣∣∣
2

+
1

4
|q|2λ2

3

]
(4.16)

dove Diq = ∂iq −
i
2
A3

i q. Dalla (4.16) si ottengono le equazioni del moto
seguenti:

1

ρ
∂ρ

(
ρ ∂ρA

3
ϕ

)
− 1

ρ2
A3

ϕ + ∂zzA
3
ϕ =

1

4
g2w2A3

ϕ (4.17a)

SU(N+1) ⇒  SU(N) x U(1)
         ⇒ 1



where F̃ (0) ≡ 1
2
εijF 0

ij is the U(1) flux. This way one finds the nonabelian Bogomolny

equations (ε = ±1),

1

2g2

F (a)
ij +

g2

4
ε

(
q̄ASaqA

)
εij = 0, a = 1, 2, 3;

1

2g1

F (0)
ij +

g1

4
√

3
ε

(
|qA|2 − 2ξ

)
εij = 0;

∇i qA + i ε εij ∇j qA = 0, A = 1, 2, . . . , Nf . (2.22)

The properties of the BPS vortex solutions have been discussed in detail recently [?].

In fact, there exists a continuously degenerate family of vortex solutions of Eq.(2.22),

parametrized by SU(2)C+F/U(1) = CP 1 = S2. This is due to the system’s

exact symmetry SU(2)C+F ⊂ SU(3)c × SU(nf)F (remember nf = 4, 5) which

is broken only by individual vortex configurations. In [?] it was also verified that

such an exact symmetry is not spontaneously broken. In other words, the dual of the

original SU(2) × U(1) theory in Higgs phase is indeed a confining N = 1 SU(2)

theory, with two vacua!

This implies the existence of the corresponding degenerate family of monopoles

which appear as sources of these vortices. For consistency, the monopole and vortex

fluxes must match precisely, a fact to be proven in Section Appendix D below.

3 Monopole-vortex complex: SU(3) case

3.1 General features

We consider the system

SU(3) →
SU(2) × U(1)

Z2

→ 1.

Consider the BPS approximations for the monopole and vortex in the singular gauge.

The monopole-dyon solution

φ(r) =




−1

2
v 0 0

0 v 0

0 0 −1
2
v



 + 3 v %S · r̂φ(r),

%A(r) = %S ∧ r̂
A(r)

r
;
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where F̃ (0) ≡ 1
2
εijF 0

ij is the U(1) flux. This way one finds the nonabelian Bogomolny

equations (ε = ±1),

1

2g2

F (a)
ij +

g2

4
ε

(
q̄ASaqA

)
εij = 0, a = 1, 2, 3;

1

2g1

F (0)
ij +

g1

4
√

3
ε

(
|qA|2 − 2ξ

)
εij = 0;

∇i qA + i ε εij ∇j qA = 0, A = 1, 2, . . . , Nf . (2.22)

The properties of the BPS vortex solutions have been discussed in detail recently [?].

In fact, there exists a continuously degenerate family of vortex solutions of Eq.(2.22),

parametrized by SU(2)C+F/U(1) = CP 1 = S2. This is due to the system’s

exact symmetry SU(2)C+F ⊂ SU(3)c × SU(nf)F (remember nf = 4, 5) which

is broken only by individual vortex configurations. In [?] it was also verified that

such an exact symmetry is not spontaneously broken. In other words, the dual of the

original SU(2) × U(1) theory in Higgs phase is indeed a confining N = 1 SU(2)

theory, with two vacua!

This implies the existence of the corresponding degenerate family of monopoles

which appear as sources of these vortices. For consistency, the monopole and vortex

fluxes must match precisely, a fact to be proven in Section Appendix D below.

3 Monopole-vortex complex: SU(3) case

3.1 General features

We consider the system

SU(3) →
SU(2) × U(1)

Z2

→ 1.

Consider the BPS approximations for the monopole and vortex in the singular gauge.

The monopole-dyon solution

φ(r) =




−1

2
v 0 0

0 v 0

0 0 −1
2
v



 + 3 v %S · r̂φ(r),

%A(r) = %S ∧ r̂
A(r)

r
;
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Monopole of the HE theory

The vortex solution has the form,

q(x) =

(
eiφw1(ρ) 0

0 w2(ρ)

)
, φ(r) =




v 0 0

0 v 0

0 0 −2v



 ; (3.8)

A3
i (x) = εij

xj

ρ2
(1 − f3(ρ)) , A3

φ(ρ) =
1

ρ
(1 − f3(ρ)), (3.9)

A8
i (x) =

√
3 εεij

xj

ρ2
(1 − f8(ρ)) , A8

φ(ρ) =
√

3
1

ρ
(1 − f8(ρ)). (3.10)

Actually, in order to have a smooth vortex-monopole complex solution which goes to

the vacuum configuration

q(x) → ξ

(
1 0

0 1

)
,

far from the monopole-vortex region, we must use the singular gauge for the vortex

such that the squark field does not wind at large ρ even in the vortex region (z > 0).

Thus by doing the SU(2) × U(1) gauge transformation

q → Uq; A → U (A + i∇) U†, U =

(
e−iφ 0

0 1

)
,

The vortex solution has now the form,

q(x) =

(
w1(ρ) 0

0 w2(ρ)

)
, φ(r) =




v 0 0

0 v 0

0 0 −2v



 . (3.11)

A3
φ(ρ) = −

1

ρ
f3(ρ), A8

φ(ρ) = −
√

3
1

ρ
f8(ρ). (3.12)

with

f3(0) = f8(0) = 1; f3(∞) = f8(∞) = 0.

Note that Aφ is singular along the vortex axis ρ = 0:

A3
φ(ρ) = −

1

ρ
; A8

φ(ρ) = −
√

3

ρ
. (3.13)

Note that this matches precisely the Dirac singularity of the monopole, Eq.(3.7),

showing that the above vortex solution should end at the right end at the monopole.
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Vortex of the LE theory

Interpolating solutions ?   Need to take into account a non BPS terms  

BPS equation

(BPS)

Embedding of ‘t Hooft-
Polyakov soln in  
Si = U or V spin

where the Z2 factor arises because SU(2) and U(1) share the common element −1.

The nontrivial homotopy groups

π2(
SU(3)

SU(2) × U(1)/Z2

) = π1(SU(2) × U(1)/Z2) = Z (2.12)

imply that nontrivial monopole solutions exist. The energy of such configurations

may be read from the Hamiltonian

H =

∫
d3x

[ 1

4g2
(F A

ij )2 +
1

g2
|Diφ

A|2
]

=

∫
d3x

[ 1

4g2
(F A

ij )2 +
1

2g2
|Diφ

A|2
]

(2.13)

where in the second formula we have kept only the real part of φA. Note that we

have restricted our interest to static configurations with no electric flux. For real φA,

fABC φ†
BφC = 0 so neither L1 nor L2 contribute. Rewriting the Hamiltonian as

H =

∫
d3x

[ 1

4g2
|F A

ij ± εijk(Dkφ)A|2 ±
1

2
∂k(εijkF A

ij φA)
]

(2.14)

it becomes clear that BPS monopole configurations must satisfy the nonabelian Bo-

gomolny equations

BA
k = −(Dkφ)A; BA

k =
1

2
εijkF A

ij . (2.15)

The BPS bound on the monopole mass is then (see Eq.(??), Eq.(??), Eq.(??) below)

H =

∫
dS · (φABA) =

2π

g
3 v1 m, m = 1, 2, . . . . (2.16)

2.2 Low-energy theory: Vortices

Vortices appear in the low-energy theory when the symmetry group SU(2)×U(1)
Z2

is

further spontaneously broken by squark VEVs [?]. Upon turning on an adjoint mass

perturbation (µ #= 0), the squark VEVs take a color-flavor diagonal form (ξ ≡ µ m):

< qkA >=< ¯̃q
kA

>=

√
ξ

2

(
1 0

0 1

)
= v2

(
1 0

0 1

)
, (2.17)

where only the first two color and flavor components are explicitly shown (all other

components being identically zero in the vortex solution). The light fields enter the

3

(Actually both monopole and vortex must be set in the singular gauge)
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B

Vortex

Monopole

Figure 1: A single vortex ends on each monopole.

we make an Ansatz (singular gauge):

Aφ = t3A
3
φ(ρ, z) + t8A

8
φ(ρ, z);

A3
φ = −

1

ρ
f3(ρ, z), A8

φ = −
√

3
1

ρ
f8(ρ, z), (3.20)

φ(r) =




v 0 0

0 v 0

0 0 −2v



 + λ(ρ, z), λ(ρ, z) = t3λ3(ρ, z) + t8λ8(ρ, z) .

q(x) =

(
w1(ρ, z) 0

0 w2(ρ, z)

)
.

The Hamiltonian has the form,

H =

∫
d3x

[ 1

4g2
(F 3

ij)
2 +

1

4g2
0

(F 0
ij)

2 +
1

g2
|Diφ

a|2 +
1

g2
0

|Diφ
0|2 + |Diq|2

+ g2
0|µφ8 +

√
2Q†t8Q|2 + g2|µφ3 +

√
2Q†t3Q|2 + 2 Q†λ†λQ

]
.

(3.21)

The vortex-monopole equation is the system (see Appendix)

f3 ρρ −
1

ρ
f3 ρ + f3 zz =

g2

2
w2

1(f3 + f8) −
g2

2
w2

2(f8 − f3) . (3.22)
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Keep this term
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Figure 1: A single vortex ends on each monopole.

we make an Ansatz (singular gauge):

Aφ = t3A
3
φ(ρ, z) + t8A

8
φ(ρ, z);

A3
φ = −

1

ρ
f3(ρ, z), A8

φ = −
√

3
1

ρ
f8(ρ, z), (3.20)

φ(r) =




v 0 0

0 v 0

0 0 −2v



 + λ(ρ, z), λ(ρ, z) = t3λ3(ρ, z) + t8λ8(ρ, z) .

q(x) =

(
w1(ρ, z) 0

0 w2(ρ, z)

)
.

The Hamiltonian has the form,

H =

∫
d3x

[ 1

4g2
(F 3

ij)
2 +

1

4g2
0

(F 0
ij)

2 +
1

g2
|Diφ

a|2 +
1

g2
0

|Diφ
0|2 + |Diq|2

+ g2
0|µφ8 +

√
2Q†t8Q|2 + g2|µφ3 +

√
2Q†t3Q|2 + 2 Q†λ†λQ

]
.

(3.21)

The vortex-monopole equation is the system (see Appendix)

f3 ρρ −
1

ρ
f3 ρ + f3 zz =

g2

2
w2

1(f3 + f8) −
g2

2
w2

2(f8 − f3) . (3.22)
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Ansätze

Coupled (quadratic) equations for 6 profile functions 
which reduce to the linear BPS equations for λ =0

⇒



• The Dirac string of the monopole hidden deep in the vortex core

• The whole monopole-vortex complex breaks SU(2)C+F  :
  orientational zeromodes of  SU(2)/U(1) ~ CP1

•  The degeneracy between the monopole solution living in
  (13) SU(2) subgroup and that in (23) SU(2) subgroup
  is explicitly broken by the vortex -- failure of the naïve 
  “non-Abelian monopole” concept (multiplet of H)

• An exact SU(2)C+F  symmetry  ⇒  Degeneracy (and indeed continous CP1  degeneracy) 

under the simultaneous color-flavor rotations for the monopole -- vortex complex

• A new exact symmetry for the monopole: the origin of the dual SU(2) group
 (multiplet of H)   

~

Cipriani,Dorigoni, Gudnason, Konishi, Michelini,
 in preparation

• It is a magnetic symmetry, i.e., symmetry of magnetic-flux orientation



Conclusion

• (Dual) confinement mechanism of non-Abelian variety 

∼
 H ~ H     C+F

• Non-Abelian monopoles (GNO duality) from the 
monopole-vortex complex 

• Many intriguing results encompassing physics of strong gauge dynamics, 
confinement and symmetry breaking, and perhaps, interesting 
mathematics

• Non-Abelian vortices and generalizations -- a vast variety of phenomena 
implied by such solutions: true reach of these equations and solutions yet 
to be seen 
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