1.1 Intr o duction

Riccardo MANNELLA

Numerical Integration of sto chastic differential equations

1 Basic algorithm and relation to F okker-Planc k equations

Dip artimento di Fisic a and

Istituto Nazionale Fisic a del la Materia, UdR Pisa

Piazza T orric el li 2, 56100 Pisa, Italy

email: mannel la@difi.unipi.it

The aim of this lecture is to study numerical algorithms for the integration of

sto chastic differential equations. I will derive an algorithm which exactly integrates

the SDE, using a generalization of a T aylor series in the presence of sto chastic

forces. Given the complexit y , we will find that this algorithm, although “exact”, it

is not particularly fast or, in general, the most convenient in a digital simulation,

although it is a useful b enchmark to test other algorithms, and I will try to improve

it. I will discuss the features of different algorithms, b oth in terms of accuracy in a

deterministic sense, and also in statistical terms, i.e. how well the algorithm is able

to repro duce, for instance, the correct equilibrium distribution. I will then briefly

intro duce algorithms to integrate sto chastic differential equations which are driven

by correlated noise. The lecture will close with the discussion of a few algorithms

for the sp ecial case of a two dimensional system in a p otential, sub ject to damping

and noise. The interest for this particular case is due to the imp ortance and the

interest in algorithms which can integrate, for instance, particles in the liquid state.

A very simple and straightforward algorithm to numerically integrate one di-

mensional differential equations driven by a single sto chastic force (external

to the system) was intro duced by Rao in [1]. Note that some of the technical

terms used in this intro duction will b ecome clear in the rest of the lecture.

The algorithm is really a T aylor expansion, or, more precisely

, a one step col-

lo cation scheme. It is p ossible to use other integration schemes (for a review

of some widely used algorithms see Mannella in [2]; more recent pap ers are

reference s [3–11]). T o integrate sto chastic differential equations (SDE), we

can basically have integration schemes based on predictor correctors [12–19]

and schemes based on Runge-Kutta [20–25, 4, 5]. Interesting material can also

b e found in the pap ers by R ¨ umelin [26] and Riggs Jr. [27, 28] where, b eside

Runge-Kutta based approaches, other integration metho ds are presented and

some some attention is devoted to the accuracy of the different schemes. Fi-

nally

, other particular schemes, not immediately connected to the two classes

just intro duced are the ones prop osed in [10, 11]. Note that I will only deal with

temp oral noise: for SDE driven by temp oral and spatial noise, the interested a a

i i i i i x t f x t , t g x t , t ξ t .

1.2 Derivation of the algorithm

According to priv ate communications from R.F. F ox, the Runge-Kutta is normally a

fourth order RK [38, 39].

reader could refer to, for instance, [29] and references therein.

In the literature it is p ossible to find algorithms which share the same

basic idea with the one I will discuss here: see for instance [30–36]. Y et a

different approach is the one followed by F ox [37], where the deterministic force

app earing in the sde is integrated via a Runge-Kutta whereas the sto chastic

force is integrated using a T aylor expansion . The algorithms prop osed in

reference s [4, 5] extend the F ox approach to an implicit Runge-Kutta treatment

of also the sto chastic force.

That are some reasons which make one step collo cation schemes slightly

preferable to predictor correctors and Runge-Kutta approaches. Predictor cor-

rectors of high orders, which by definition imply continuous and differentiable

functions, seem to b e of difficult or risky application to SDE which, by def-

inition, have continuous but non-differentiable solutions. In practice, the al-

gorithm one derives yields a tra jectory which is indeed non-differentiable, but

the deriv ation of the schemes seem to b e rather empirical. W e should add here

that at low order, when it is p ossible to make a comparison, typical predic-

tor correctors coincide with schemes based on T aylor expansions. As far as

Runge-Kutta are concerned, we have similar problems to the ones mentioned

for predictor correctors, with the added complication that schemes are known

in the literature which in principle should coincide but in practice differ, the

differences b eing due to different ways of expanding the equilibrium distribu-

tion of the sto chastic force. There is however a more fundamental reason to

prefer one-step collo cation schemes. In this approach, for relatively small or-

ders of the schemes, it is p ossible to simply ev aluate the different sto chastic

integrals which app ear in the SDE, with the b onus that the algorithm can b e

straightforwardly generalized to cover cases for which the sto chastic force is

non-white.

I will always use the Stratonovich calculus [40] to integrate the sto chastic

integrals which will b e needed at the v arious stages. After the deriv ation

of the algorithm, a section will b e devoted to explain the details of using a

given calculus and the relation b etween a sto chastic differential equation and

a F okker-Planck equation.

The most general SDE in which the sto chastic force is linear can b e written in

the form

˙ ( ) = ( ( ) ) + ( ( ) ) ( ) (1)

2

′ ′

j k

h h

∫ ∫ ∫

0 0 0

0 0 0

0

0 0 0

⟨ ⟩

⟨ ⟩

⟨ ⟩ −

−

−

≡

−

− i i

i j i j j i k j j

i j i j j i k j j

t

i i i,j j

i,j k j k

t

i i i,j j

i,j k j k

i,j k l j k l

s

i,j k

∂

∂ x ∂ x i l i

i i

i i t

i t

i i t

i i

i ξ t

. . .

ξ t

ξ t ξ t δ t t ,

δ t

f g

f x t f x ∂ f x x t x . . .

g x t g x ∂ g x x t x . . . ,

f f f δ x t f δ x t δ x t . . .

g g g δ x t g δ x t δ x t

g δ x t δ x t δ x t . . . ,

g g x t s δ x t

x t x

x t x x s ds f x s ds g x s ξ s ds.

x t

I will always assume that ( ) is a Gaussian v ariable. T o describ e it, then,

I will need only the first two moments. F or simplicity

, at least in this section,

these moments will always b e given by (the symb ol will denote averages

over the noise realizations)

( ) = 0 (2a)

( ) ( ) = ( ) (2b)

where ( ) is the usual Dirac delta. Note that Eq. 2a also defines the sp ectral

distribution of the sto chastic force: the sp ectral distribution of the sto chastic

force is given by the F ourier trasform of the two-time correlation function. F or

this case, the two-time correlation function is a Dirac delta, hence the sp ectral

distribution will b e trivially flat (the so called white noise). The deriv ation of

the basic algorithm is much more simple in this case. F or the moment, I will

assume that and are autonomous, i.e. they are not explicit functions of

time.

Expand via the T aylor formula the functions in Eq. 1. It is p ossible to

write (I will assume a summation over rep eated indices)

( ( )) = ( (0)) + ( (0))( ( ) (0)) + (3a)

( ( )) = ( (0)) + ( (0))( ( ) (0)) + (3b)

plus deriv atives of higher orders. I can also rewrite the ab ove equation as

= + ( ) +

1

2

( ) ( ) + (4a)

= + ( ) +

1

2

( ) ( )

+

1

3 !

( ) ( ) ( ) + (4b)

where, for instance, ( ( = )) and so on: the symb ol ( )

means ( ) (0) .

Eq. 1 can b e integrated formally writing

( ) (0) = ˙ ( ) = ( ( )) + ( ( )) ( ) (5)

The integration is formal b ecause the rhs of Eq. 5 still dep ends explicitly on

( ).

The idea is now to integrate Eq. 5 for times b etween zero and , where

is a (small) integration time step, then to substitute the T aylor expansions of h

−

−

−

≡

√

≡

∫

∫

∫

∫

∫ ∫ ∫

∫

0

0 0 0

0

0 0 0

0

1 2 0

1 2

0

1

1

1

0

1

1

1

1

1 2

1 2

1

1

1

0

0

0

0

1 2

0 0 0

0

1

0 0 0

1

2 3 2

0

1 1

2 t

i t

i

i i

t

i t

i i i

α

i

i i α

i h

i i,j j

i,j k j k

h

i i,j j

i,j k j k

i,j k l j k l

/

i

/

i i

h

/

i

/

i h

i h

i,k

/

k i i,k k h

i i,k k

/

h f g

x h x

f g x h x

δ x h

x h x h

δ x t f f δ x s f δ x s δ x s . . . ds

ξ s g g δ x s g δ x s δ x s

g δ x s δ x s δ x s . . . ds.

h g

δ x h g Z h o h

Z h ξ s ds hY

Y

Z h ξ t ds

Z h

x h h

Z h

O h

δ x h f ds ξ s g δ x s ds f h g g Z s ξ s ds

f h g g Z h o h ,

Z s ξ s ds Z h and in the r.h.s. of equation 5. T reating as an expansion parameter,

it will b e p ossibile to derive higher orders approximations for ( ) (0),

approximations which will b e substituted back in the T aylor expansions of

and , generating terms of higher orders for ( ) (0) and so on. A

symb ol widely used in the following will b e ( ) indicating the contribution

to ( ) (0) coming from the p erturbation term of order .

It is now p ossible to write

( ) = ( + ( ) +

1

2

( ) ( ) + )

+ ( )( + ( ) +

1

2

( ) ( )

+

1

3 !

( ) ( ) ( ) + ) (6)

At the lowest p ossible order (i.e. ), obtained keeping only the term

in the second integral app earing in equation 6, one has straightforwardly

( ) = ( ) + ( ) (7)

( ) ( ) = (8)

where is a sto chastic Gaussian v ariable with average zero and standard

deviation one; Eq. 8 follows considering that ( ) ( ) is a linear

combination of gaussian random v ariables, hence a gaussian v ariable. The

moments of ( ) follow, having used Eq. 2a to compute the averages. It is

very simple to show that ( ) in Eq. 7 is of order : it follows from the

definition of ( ).

Now, let me substitute equation 7 into equation 6, keeping only the lowest

order terms (i.e. ( )):

( ) = + ( ) ( ) = + ( ) ( )

= +

1

2

[ ( )] + ( ) (9)

where the equality

( ) ( ) =

1

2

( )

3

2

≡ √

≡ ≈

−

− { − }

− −

−

∫ { }

∫ { }

{ }

{ }

{ }

{ } { }

{ }

{ }

1

2

0

1

1 2

3

0

1

2

2

2

1

3

2 3

0

1

0 0

1

2

2

0 0 0 0

1

0 0

1

3

0 0 0 0 0 0

0 0

3

0 0 0 0 0

1 2 3

0 0 2 0 0

3

0 0 0 0 0 0 0

1

4

0 0 0

1

2

3

0 0 0

1

2

3

0 0 0 0

1

3

0 0 0 0

1

4

5 2

3

0 0 0 h

h

i i

i i i,k k

i,k k i,k k

i,k k i,j k j k i,k k ,j j

i,j k

j k i,k k ,j j k ,j j

i,k k k ,j j i,k k ,n n,j j k ,j n j n

i,k k ,j j i,j k j k

i,j k k ,n n j i,j k n j k n

/

i i

i i i,j j j

Z h

Z h Z s ds h

Y Y

Z h Z s ds h

Y Y ,

Y Y

t

x h x g Z h f h g g Z h Z h f g g f

hZ h g f Z h g g g g g g

f g g Z h g f g g f Z h Z h Z h

f f h g g Z h g g g g g g g Z h

g g f h

Z h Z h g g f h Z h Z h

g g g g Z h g g g g Z h o h

h

Z

f g

f t g t g x t x t follows from the definition of ( ) (Eq. 8) and from the Stratonovich calculus

for the sto chastic integrals (see b elow).

The details of how the calculations follows can b e found in Mannella [2],

including a deriv ation of the v arious sto chastic integrals which are needed, i.e.

( ) ( ) =

2

+

2 3

(10)

and

( ) [ ( )]

3

+ +

1

2

(11)

where and are two uncorrelated gaussian deviates with average zero and

standard deviation one.

The T aylor expansion around = 0 reads (see Mannella in [2] for the

intermediate algebra)

( ) = (0) + ( ) + +

1

2

[ ( )] + ( )

+ ( ) +

1

3!

[ ( )] +

+

1

2

( ) + ( ) ( ) ( )

+

1

2

+ ( ) +

1

4!

+ [ ( )]

+

2

[ ( )]

1

2

( ) +

1

4

[ ( )] ( )

+

1

16

[ ( )] +

1

4!

[ ( )] + ( ) (12)

which is the final expression. It will b e will shown further down in some

selected examples that the algorithm of Eq. 12 is go o d enough for a general

purp ose integration, and that higher orders in are not really needed. On

the other hand, to compute terms at (even) next p erturbation order would b e

a very difficult task, due to the app earance of non-Gaussian sto chastic terms

(for instance, like ab ove) for which the appropriate statistics can only b e

approximated.

It is very simple to generalize the basic algorithm to take into account

non-autonomous functions. It is enough to add to Eqs. 4 the terms due to

the partial deriv atives with resp ect to time of and of , i.e. the terms

˙

, ˙ and ˙ ( ( ) (0)) (higher order terms will not contribute at the

′

′

′

{ }

{ }

{ }

{ }

−

−

−

⟨ ⟩

⟨ ⟩ −

−

−

/

i i

i i k i,k

i,k k

3 2

0

1 2

2

2

0 0 0

1

2

3

0 0

1

2

3 1 2

2

2

2

1.3 F okker-Planck e quations, the

^

Ito Str atonovich c ontr oversy and numeric al

simulations δ x h g hZ h Z h

δ x h h

f g g h Z h Z h

g g h Z h Z h Z h Z h

O h

x f x g x ξ t

ξ t

ξ t

ξ t ξ s D δ t s

x

P x, t

x t

∂

∂ t

P x, t

∂

∂ x f x

∂

∂ x g x P x, t

∂

∂ t

P x, t

∂

∂ x f x g x g x

∂

∂ x g x P x, t p erturbation order considered in Eq. 12). In practice

( ) = ˙ ( ( ) ( )) (13a)

( ) =

2

˙

+

1

2

˙ [ ( )] ( ) (13b)

+

1

2

˙ [ ( )] + ( ) 2 ( ) ( ) (13c)

are all the necess ary corrections to Eq. 12 of order ( ).

Note that the algorithm was derived under the assumption of only one

sto chastic forcing: the case of a multidim ensional sto chastic forcing is much

more complex and we refer the reader to Mannella in [2] for further details.

As strange as it may sound, the

^

Ito Stratonovich controversy is anything but

a controversy [41]. F or some time, within the sto chastic physics comm unity ,

there has b een a debate on which should b e the correct prescription to obtain

the F okker-Planck op erator corresp onding to a given Langevin equation. Let

me clarify the problem with an example.

Supp ose I have the Langevin equation

˙ = ( ) + ( ) ( ) (14)

where ( ) is as usual a Gaussian v ariable with moments

( ) = 0 (15)

( ) ( ) = 2 ( ) (16)

it is in general p ossible to write an infinite numb er of different F okker-Planck

equations (the differential op erator driving the probability distribution of the

v ariable ). The most common prescriptions found in the literature are that

due to

^

Ito [42], and that due to Stratonovich [40]. In particular, if ( ) is

the probability distribution of as function of under the flux given by Eq. 14,

we obtain (I (S) will refer to

^

Ito (Stratonovich))

( ) = ( ) +

1

2

[ ( )] ( ) (I) (17)

( ) = ( ) +

1

2

( ) ( ) +

1

2

[ ( )] ( ) (S). (18)

∑

∫

∫

∫

∫ ∫

∫ ∫

∫

0 1

=1

1

1 1 1

0

0

−

− ≤ ≤ −

| |→

′

′

≤ ≤

≤ ≤ ≤ ≤

−

≤ ≤ | | −

− −

≡ n

p n

i i i i

i i i i n i i

P p

b

a

b

a

b

a

b

a b

a

b

a b

a

t t

t t p er se

Stieltjes inte gr al

Wiener pr o c ess g x x

ξ t

x x t

g x ξ t

x g x

f t g t a t b

P a t t . . . t b

S f ξ g t g t ,

t ξ t P t t

S S,

S f t g t

S f t dg t .

g t

f t

S f t dg t

g t d f t

f t dg t f b g b f a g a g t d f t .

g t g t f t

f t dg t f t g t dt.

W W

W ξ s ds,

How can it b e p ossible that given the same differential equation (Eq. 14) we

should have two (b etter, infinite, as we will see) different differential op erators

for the evolution of the probability distribution, if (note the structure of Eq. 14)

( ) dep ends explicitly on ? The solution is that Eq. 14 do es not make sense

. It is a fact that the sto chastic pro cess ( ) in Eq. 14 is such that the

quantity ˙ is ”kicked” by the noise, with the result that its integral ( ( )) is not

continuous: in practice, it is imp ossible to ev aluate the term ( ) ( ) b ecause

it is unknown for which ( ) should b e computed.

The problem has to do with the intrinsic limits of the Riemann-Stieljes

integral, in the presence of sto chastic forces [43, 44]. Let me supp ose that I

have two functions ( ) and ( ), defined in the interv al . F or each

partition : = I can build

= ( ) [ ( ) ( )] (19)

where . Define = max ( ). If it exists, and it is

finite, the limit

lim = (20)

I will term as the of ( ) with resp ect to ( ). I will sym-

b olically write it as

= ( ) ( ) (21)

Now, if I have [44] that ( ) is the difference b etween two functions which are

finite, monotonic and non-decreasing, and also that ( ) is continuous, then it

follows that the integral exists. Also, if ( ) ( ) exists, then the integral

( ) ( ) exists to o, and in particular I have

( ) ( ) = ( ) ( ) ( ) ( ) ( ) ( ) (22)

Finally

, if ( ) is differentiable and ( ) and ( ) are integrable, I have also

that

( ) ( ) = ( ) ( ) (23)

Let me now intro duce a new quantity

, , known as .

is defined (see Eq. 14) as

( ) (24) i i

i i

+1

+1

′

′

−

−

∞

≡

≡ −

≤ ≤

≤

≡ −

− − − − −

∫

∫ ∫ ∫

{

∑

∫

∑

[ ]

∫

( )

∑

( )

0

0 0 0

[ ]

[ ]

0 1

1

=0

[ ]

1

=0

2 2

=0

2

2 2 t

t

t t

s t t

s

t

a,b

a,b

n

n

i i t ,t

b

a t n

i i t t

i

b

a s s

b a

n n

b a only if do es not dep end on

step function

imme diately b efor e dW ξ t dt.

g s ξ s ds

g s ξ s ds g s dW g t W W g s ds

g s W

g t

a, b χ t

χ t a t b

f t a, b

a t < t < . . . < t b

f t f t χ t .

f t dW f t W W .

f t

t

f t

t

W dW W W dW W W b a .

or, symb olically but formally less accurately ,

( ) (25)

Eq. 23 implies that if I had to ev aluate the integral ( ) ( ) , I could

instead ev aluate the integral

( ) ( ) ( ) = ( ) ( ) (26)

which obviously is defined ( ) , otherwise the

function ( ) is not defined.

The solution of this problem is to extend the original definition of Riemann-

Stieltjes integral to include the case of sto chastic functions. Let me first intro-

duce the characteristic function of the interv al [ ], which I will call ( ),

defined as

( ) =

1 if

0 otherwise

(27)

Let ( ) b e a in the interv al [ ], i.e., if I have the partition

= ,

( ) = ( ) ( ) (28)

I will define (

^

Ito)

(I) ( ) ( ) (29)

Eq. 29 is the definition of integration according to the

^

Ito prescription. W e

note that the function ( ) could in principle b e a sto chastic function, given

that in the

^

Ito prescription only the v alues it assumes at the times matter.

Physically

, we could interpret Eq. 29 saying that to ev aluate the sto chastic

integral I must take the v alue the function ( ) assumes the

sto chastic term is “applied”, to overcome the problems with the discontinuity

of the v ariable . F rom Eq. 29 I can obtain the following identity [43, 44]

(integration by parts)

(I) =

1

2

1

2

( ) =

1

2

1

2

( )

(30)

−

−

+1

+1 i i

i i

j

c annot

≡ −

−

≡ − −

− − − −

−

1

=0

+1

2 2

1

=0

+1

2 2

1

2

1

2

∫

∑

[ ]

∫

( )

∫

∑

[ ]

[ ]

∫

( )

( )

( )

( )

( ) b

a t n

i i i

t t

b

a s s

b a

b

a t n

i i i t t

b

a s s

b a

i

i

∂

∂ x i j t

T

f t dW f t f t

W W .

t

W dW W W .

f t dW

M

f t

M

f t W W ,

W dW W W M b a ,

M .

M

M f

f M g g

M

It should b e clear that the definition intro duced in Eq. 29 is somehow

arbitrary

. Strictly from a mathematical p oint of view, the

^

Ito integral has

interesting prop erties (see [43]) which makes it formally most attractive. F rom

a physical p oint of view, on the other hand it is clear that Eq. 29 is not

symmetric with resp ect to the v ariable (somehow it “p oints towards the

future”). Also, Eq. 30 show that the usual rules for parts integration do not

apply to the

^

Ito definition. A different prescription, which is symmetric with

resp ect to the v ariable and for which the usual part integration rules apply

is the one intro duced by Stratonovich [40]. Using the same hyp othesis used for

Eq. 29 we can define

(S) ( )

( ) + ( )

2

(31)

Clearly

, Eq. 31 is symmetric with resp ect to the v ariable ; also, we have that

(S) =

1

2

(32)

In general, it is even p ossible to think of some “mixed” prescription, which

could b e defined as

(M) ( ) (1

2

) ( ) +

2

( ) (33)

for which we have

(M) =

1

2

1

2

( ) (34)

which yields the

^

Ito (Stratonovich) prescription taking = 0

Typically a numerical algorithm (and in particular the one step collo cation

derived here, as mentioned b efore) uses heavily a standard rule of integration by

parts for the ev aluation of the sto chastic integrals at different orders. This im-

plies that the algorithm integrates according to the Stratonovich prescription.

If it were necessary to integrate according to the prescription (rememb ering

that for

^

Ito we have = 0), it would b e enough to replace in Eq. 1 with

+ , assuming a summation of rep eated indices. Let me

stress that a numerical simulation , under any circumstance, resolve the

^

Ito Stratonovich controversy

, b ecause the actual form given to the integrating

algorithm must b e decided b eforehand: and if a prescription is picked to i,j j

1

2

0 0

1

2

1.4 Impr oving the b asic algorithm

M

x

ξ t

x f x g x ξ s η t

ξ t η t

x

g g Z h

n n

n

x f x g x ξ write the algorithm, obviously the integration scheme will integrate according

to .

It is p ossible to say that the Stratonovich prescription corresp onds to con-

sidering a sto chastic pro cess with a finite correlation time, where the limit of

zero correlation time is taken once all the different integrals have b een com-

puted. This p oses the following problem: in practice, what is the “correct”

prescription to integrate Eq. 14? A p ossible answer is the following: if the

“internal” fluctuations of the v ariable are faster than the fluctuations of the

v ariable ( ), then it is reasonable that the correct prescription will b e more

^

Ito

like. In the opp osite limit, the Stratonovich prescription will b e the norm. This

has b een shown to b e the correct picture in some analogue simulations [45],

where, electronically simulating the Langevin equation

˙ = ( ) + ( ) ( ) + ( ) (35)

(where ( ) and ( ) are two uncorrelated sto chastic pro cesse s) it is p ossible

to show that the equilibrium distribution of the v ariable will move from the

one characteristic of

^

Ito prescription to the one typical of the Stratonovich

prescription simply changing the relative (short) correlation times of the two

sto chastic pro cesses .

In principle it is p ossible to improve the basic algorithm combining it with a

suitable numb er of predictor-correct ors [38]. The first attempt in this direction,

following the approach we have shown for the deriv ation of the sto chastic

v ariables in the basic algorithm, it is probably the one by Blum [46]. He

intro duced the so called Heun scheme, which has b een subsequently used also

by R ¨ umelin [26]. In practice the metho d consists of an Adams Bashforth (AB)

predictor of order zero corrected via an Adams Moulton (AM) corrector of

order one, where the basic algorithm at first order is used to ev aluate the

forces in b oth stages (see Eqs. 7 and 9). W e would like to p oint out that the

intro duction of an AM corrector, which weights equally the sto chastic forcing

at the b eginning and at the end of the integration time step, will automatically

implement the Stratonovich calculus for the SDE (see previous chapter for more

details). It would not b e necessary

, then, to intro duce the term [ ( )]

(see Eq. 9), which in the basic algorithm made sure that the calculus employed

was really the Stratonovich one.

Let me define AB( ) (AM( )) as an Adams Bashforth predictor (Adams

Moulton corrector) of order . More in details, having to integrate the SDE

˙ = ( ) + ( ) (36)

∞

1 n

∑ ∑

⟨ ⟩

⟨ ⟩ −

−

1

1

3 2

2

=1

1

1

/

i i i

n x ...x n

...n

2 Behavior of the differen t integration schemes ξ t

ξ t ξ s δ t s ,

ξ

. x h x f x g x Z h

. x h x f x f x h g x g x h Z h .

h

Z h h

x t h x t F x, t

P

P t h P t

∂

∂ x

. . .

∂

∂ x

K P t

( ) = 0 (37)

( ) ( ) = ( ) (38)

with Gaussian, according to the Heun algorithm at each integration step one

will have to compute

1 ~( ) = (0) + ( (0)) + ( (0)) ( )

2 ( ) = (0) +

1

2

[ ( (0)) + ( ~( ))] +

1

2

[ ( (0)) + ( ~( ))] ( ) (39)

and go through the lo op again for the following step of integration.

Indep endently

, Mannella and Palleschi [47] used an algorithm which con-

sists of an AB predictor of zero-th order, corrected via an AM corrector still

of zero-th order, but using, as the building blo ck for the forces, the basic al-

gorithm at order . In this case, however, it is imp ortant to note that the

corrector requires the ev aluation of the sto chastic integral corresp onding to

( ) around . The corresp onding quantity is ev aluated in [48]. However,

this algorithm is here quoted only for the sake of completeness, b ecause from

the p oint of view of reconstruct ing the correct equilibrium distribution it do es

not do b etter than simpler and faster algorithms.

As mentioned in the previous pages, when considering the integration of SDE,

one has two different asp ects: the accuracy of the integration of the ”determin-

istic” part of the SDE and how well represente d are the statistical quantities

asso ciated with the given SDE.

In the following I will use two to ols to study the different schemes. I will

use, for the deterministic drift, the standard to ol normally employed to work

out the co efficients in a predictor corrector scheme (it will b e clear in the fol-

lowing how the technique works). F or the statistical prop erties, I will work

out the actual equilibrium distribution obtained in the numerical integration:

and from a comparison with the exact quantities we will easily judge pros and

cons of the v arious schemes. This is achieved deriving the F okker-Planck equa-

tion obtained in the numerical scheme. Supp ose that the discrete integration

scheme reads

( + ) = ( ) + ( ) (40)

(see the structure of Eq. 12), then the following partial differential equation

follows ( is the probability distribution)

( + ) ( ) = ( ) (41) i

∞

∫

∑

≡ − ⟨ ⟩

⟨ − − ⟩

→

1 1

1

=1

2

2

3

3

2 deterministic

...n n

n noise

i n i y i i i noise

n n

n

K

n

F . . . F .

P x , t h dy . . . dy P y , t δ x t h y t F y , t

h s ,

h

h P t

h

o h

O h

Z

Z

O h

Heun scheme:

Simple Euler:

Exact propagator:

Algorithm :

-less:

F ull algorithm:

where

( )

1

!

(42)

This equation is obtained [49] from the evolution equation

( + ) = ( )Π ( ( + ) ( ) ( )) (43)

by T aylor expansion and average over the noise realization.

The r.h.s. in Eq. 41 will turn out to b e always of the form

r.h.s. = (44)

which means that we can divide b oth memb ers of Eq. 41 by . In the limit

0 the l.h.s. of Eq. 41 will give the deriv ative of ( ) with resp ect to

time. However, dep ending on how the v arious p owers of will v anish in the

r.h.s. of Eq. 41 , we will infer which integration scheme is preferable at finite

integration time steps.

I will lo ok at the following cases:

The Heun scheme was describ ed in Eq. 39

The simple Euler corresp onds to the algorithm given by

Eqs. 7 and 9.

I will define as the exact propagator algorithm an algo-

rithm where I integrate exactly (i.e., with a very high order integration

time step) the part of the equations of motion, and then

the contribution given by Eq. 7 is added to the deterministic flow.

( ) It will b e the integration scheme given by Eq. 12, dropping

the ( ) terms.

It will b e the algorithm given by Eq. 12, but without the terms

containing .

The algorithm given by Eq. 12. I will also refer to this case

as to the algorithm ( ).

W e are now ready to compare the different algorithms.

m

1 0

0 1

3 3

1

2

0

2

3 2 2 3 3 2

1 0

2

1

3

1

1 0

3 3

3

2 2

2

2

2.1 Deterministic b ehavior of the differ ent inte gr ation schemes

x f x ,

x t h x t h a f x t h a f x t .

a a

x t nh t nh

m

m

f x t nh x t nh

t nh t h a t h a t

t t h th h t t h a a th a h a .

t

a a /

h / h

O h /

t h t ht

O h

x t h x t hf x t h

f x t d f x t

dx t

.

The ev aluation of the error asso ciated with a given integration scheme parallels

the deriv ation of a predictor corrector scheme. T o understand how the thing is

done, I will derive the AM corrector to first order. Starting from the equation

˙ = ( ) (45)

the first order AM reads

( + ) = ( ) + ( ( ( + )) + ( ( ))) (46)

W e need to ev aluate (to find the optimal v alues) for the parameters and .

The idea is to write

( + ) = ( + ) (47)

where is by one unity larger than the unknowns one has to optimize: in this

case, = 3.

Inserting Eq. 47 in Eq. 46, noting that ( ( + )) = ˙ ( + ), I have

( + ) = + (3 ( + ) + 3 ) (48)

from which it follows

+ 3 + 3 + = + (3 + 3 ) + 6 + 3 (49)

Equating now the terms which have the same p ower of , we immediately find

the standard result, = = 1 2. However, it is evident that after all

algebra, we are left not with zero, but with the quantity

= 3 2 (50)

which implies that the intrinsic error asso ciated with this metho d will b e

( 2).

F or a simple minded (Euler) integration one has

( + ) = + 2 (51)

which leads to an intrinsic error which is ( ).

The algorithm of Eq. 12, if restricted to the deterministic part, implies

that

( + ) = ( ) + ( ( )) +

2

( ( ))

( ( ))

( )

(52)

′ ′

2

3

3 3 2 2

3

3

− − −

− −

⟨ ⟩

⟨ ⟩ −

− x f x t x xf x t f x t f x t

x t h x t hx t h x/

x t t

t h t ht h t

O h

/ h

z

x

p V p

q V p χr p χr z

r χq p χq z

z z ξ t V q

ξ t

ξ t ξ s D δ t s ,

p, q r

ξ t

V q z

z

Noting that ˙ = ( ( )) and that ¨ = ˙ ( ( )) = ( ( )) ( ( )), it follows

that in this case

( + ) = ( ) + ˙ ( ) + ¨ 2 (53)

and, using ( ) = , I have

( + ) = + 3 + 3 (54)

which leads to an intrinsic error which is ( ). This error is of the same order

of the AM corrector I examined b efore, although it is somehow larger (note

that in the AM corrector example we had a factor 1 2 in front of ). W e

should exp ect, hence, that the AM corrector is slightly more accurate than the

algorithm of Eq. 12 in the limit of very small noise intensities.

I will now verify these results in a simple sto chastic system. The system

considered in the numerical simulations is a mo del of dymer in the presenc e of

thermal fluctuations [50–52]: it is the semiclassical approximation of a nonlin-

ear Schr¨ odinger equation which can b e cast in the form of a classical Langevin

equation. This dymer, incidentally

, is basically equiv alent to a spin in the pres-

ence of a magnetic field along the axis and of a fluctuating magnetic field on

the axis. The SDE one writes is in the form [51]

˙ = 2 (55a)

˙ = 2 (55b)

˙ = + (55c)

˙ = Γ + ( ) 2 (55d)

( ) = 0

( ) ( ) = 2 ( )

where the different are are suitable linear combinations of the elements

of the dymer density matrix, and the sto chastic force ( ), which is assumed

to have a Gaussian statistics, represents the interaction b etween the dymer

and a thermal bath with finite temp erature. Although the last equation in 55

is reminiscent of a colored noise evolution, the presence of the reaction term

2 in the equation for ˙ implies that colored noise algorithms cannot b e

used. In practice it would b e straightforward to mo dify these algorithms to

cover this case, given the linearity of the equation for ˙ , but here I really want

to learn something ab out the different “deterministic” schemes, and I will then

simply use standard white noise algorithms.

Apart from the wide relev ance of Eq. 55 in the physical sciences (the

onset of p ossible lo calized states, for instance, could have consequences on the

10^{-4}

10^{-2}

10^0

0.001^{2 4} 0.01^{2 4} 0.1 dh

10^{-5}

0.001^{2 4} 0.01^{2 4} 0.1 dh □

−

2 2

◯

× △

...n

D . D .

o h O h

2 2 2

2 2 2

2 2 2

1 p q r

χ . , , V p , q

r p q r

p q r

D

K

2.2 Statistic al b ehavior of the differ ent inte gr ation schemes

Figure 1: Algorithms for the dymer mo del, with = 1 0 (left) and = 0 01 (right).

exact propagator, + Simple Euler, Heun scheme, Algorithm ( ), Algorithm ( ).

onset of Davydov solitons in molecular chains), their imp ortance here is that

they admit an exact integral of motion: in fact, despite the nonlinearity

, by

insp ection it is p ossible to note that the quantity + + is an exact constant

of motion (rememb ering that the equations are some kind of semiclassical

approximation, it is p ossible to show that the constant equals one). F or the

numerical exp eriments presented further down (figure 1) the parameters chosen

were = 1 25 Γ = 3 2 = 1, starting from the initial condition = 1 =

= 0. This implies that for the subsequent evolution + + = 1. A test

particle was then followed for times equal to 200, and the final v alue of the

quantity + + 1 was plotted as function of the integration time step,

for different integration algorithms and for two different noise intensities .

F or b oth intensities of the noise considered, the algorithms which are first

order in the deterministic force are considerably less accurate in preserving the

norm. Of the higher order algorithms, the Heun scheme do es b etter for small

noise intensities, whereas the full algorithm is b etter for large noise intensities.

The algorithm which integrates exactly the deterministic force is b etter than

the first order algorithms, but it is inferior to b oth the Heun scheme and the

full algorithm.

The to ol used to understand the statistical error asso ciated with each integra-

tion scheme is Eq. 41, where I will insert the numerical scheme in the expression

for and average over the noise v ariables.

I will also limit my investigation, without loss of generality

, to one dimen-

sional system driven by one additive noise. The general system I will lo ok at

( )

′

′

′

′

′

∂ P x,t

∂ t

[ ]

[ ]

[ ]

[ ]

−

⟨ ⟩ ⟨ ⟩ −

−

≡

−

| | → ∞

{− } x V x f t

f t

f t f t f s D δ t s .

∂ P x, t

∂ t

∂

∂ x

V x D

∂

∂ x

P x, t .

∂ P x, t

∂ t

∂ J x, t

∂ x

J x, t

J x, t V x D

∂

∂ x

P x, t

V x x

P x, t

∂

∂ x

V x D

∂

∂ x

P x, t .

x

x

V x D

∂

∂ x

P x, t

P x, t N V x /D is in the form

˙ = ( ) + ( ) (56)

where ( ) is a gaussian random pro cess, with moments

( ) = 0 ( ) ( ) = 2 ( ) (57)

Asso ciated with the sto chastic differential Eq. 56 we also have a F okker-

Planck equation, which reads

( )

= ( ) + ( ) (58)

Note that this equation is in the form of a conserv ation equation

( )

+

( )

= 0 (59)

with the “probability current” ( ) given by the equation

( ) ( ) + ( ) (60)

The equilibrium solution of Eq. 58 is readily obtained. First, given that

we are talking of an equilibrium solution (I will also use mild hyp otheses, like

that the function ( ) grows quickly enough for large ’s, so that a ground

state for ( ) is defined), I can say that must v anish. This leaves me

with the equation

( ) + ( ) = 0 (61)

This equation implies that the divergence of the current must v anish: this

implies that the current itself must b e a constant. However, under the mild

hyp otheses mentioned ab ove, the current must also v anish for , which

implies that the current must v anish identically for any once the equilibrium

solution has b een reached.

This leads to the equation

( ) + ( ) = 0 (62)

which has the solution

( ) = exp ( ) (63)

16

8 0.001 2 4 6 8 0.01

ρ(x)

0.0 x

20 18 16 14 x10^{-3}

-0.2 0.0 0.2 x

□

2

3

× △

◯ n n

n

=1

3

3

−

− −

−

√

{(

∑

) }

D

. , h .

O h Z

2.3 Simple Euler

N

P x, t N V x h S x /D .

x x x f t

x x x f t ,

f t

x t h x t hf x t D hη

Figure 2: Equilibrium distributions obtained using different integration schemes, =

0 1 = 0 1. and dotted line: exact propagator; and dashed line, simple Euler; +,

algorithm ( ); , Heun algorithm; , -less; Solid line, exact equilibrium distribution.

Left, Eq. 66; right, distribution near the maximum for Eq. 65.

where is a normalization constant.

In general, integrating Eq. 56 with a discrete integration routine we will

have an equilibrium solution which is not exactly given by Eq. 63, but rather

by

( ) =

~

exp ( ) + ( ) (64)

In the figures which follow I have simulated, using the different schemes,

the sto chastic dynamics of the systems

˙ = + ( ) (65)

and

˙ = + ( ) (66)

and I will then compare the result of the simulations with the “wrong” equi-

librium distribution which is the equilibrium distribution obtained using each

integration scheme with a finite time step. In the simulations, ( ) is a gaussian

random v ariable as in Eq. 56. The comparison b etween theory and numerical

simulations is shown in figure 2.

In this case, the integration scheme reads

( + ) = ( ) + ( ( )) + 2 (67)

17

2

2

− −

√

− −

′ ′′

′ ′′ det

det

{[

( )

] }

{[

( )

] }

2.4 Exact pr op agator

worse

P x, t N V x h

V x / D V x /D .

h

x f x

t, t h x x t x t h

t t h x t h

x t h x t h D hη .

P x, t N V x h

V x D V x /D .

h

D and we need only to keep the lowest four terms in Eq. 42. Carrying out the

necessary algebra, the equilibrium distribution reads

( ) =

~

exp ( ) +

2

( ) 2 ( ) (68)

Note that the difference with resp ect to the true equilibrium distribution is

order of in the exp onent. It is clear from the figures that indeed the simula-

tions carried out using a simple Euler scheme follow very closely the exp ected

theoretical distribution.

In this case, I need to first solve the equation

˙ = ( ) (69)

over the time interv al [ + ], starting from = ( ); call ( + ) the

solution at = + . Then, the sto chastic ( + ) is given by

( + ) = ( + ) + 2 (70)

As ab ove, it is p ossible to insert this prescription in the equation for the

moments 42. After carrying out the necessary algebra, the equilibrium distri-

bution reads

( ) =

~

exp ( ) +

2

( ) ( ) (71)

which again differs from the true equilibrium distribution by a term order of

in the exp onent. Incidentally

, it is clear that at very small the equilibrium

distribution obtained using an exact propagator is than the equilibrium

distribution obtained using a simple Euler scheme, as it is clear b oth from the

figure and by insp ecting the corresp onding equilibrium distribution.

This should already b e a very imp ortant warning: when dealing with SDE,

it is extremely delicate how higher orders are intro duced; and if the orders in

the approximation in the deterministic and in the sto chastic part of the flow are

not “balanced”, when we increase the order of the algorithm we may actually

make it worse!

18 i,k k

I V V

− −

− −

−

≡ ≡

−

− −

{[

( )

] }

{ [ ] }

{[ ] }

′ ′′

′′

′

′

′ ′ ′ ′′ ′ ′′ ′ ′′′

′′ ′′′ ′

2

2

3

2

2 2

2

3

2

2

2 5 3 2 2 2 2

3 3 ( ) 4 ( )

2

2.5 Algorithm

2.6 -less

2.7 Heun scheme o h

P x, t N V x h

V x / D V x /D .

Z

P x, t N V x h

D V x /D .

V x

o h V x

Z f f

D Z

h

P x, t N V x h F x /D ,

F x V V x , F F x

D F V D V V D V V D V V

D V V D V V D V .

h

( )

In this case we find a result similar to the one found for the simple Euler case:

the equilibrium distribution generated by this scheme is given by

( ) =

~

exp ( ) +

2

( ) 2 ( ) (72)

In this case we find already an improv ement with resp ect to the previous cases:

the equilibrium distribution reads

( ) =

~

exp ( )

2

( ( )) (73)

In other words, the term prop ortional to ( ) disapp ears. This implies

that, comparing the results for the Euler scheme, the exact propagator, the

algorithm ( ), and Eq. 12, the term ( ) is canceled b oth by the joint

“action” of the term and by the term prop ortional to in Eq. 12. But

it also means that dropping one of these two ingredients yield a much less

accurate integration scheme. Although I will show b elow that b oth the Heun

scheme and the full algorithm are actually b etter integration scheme, for very

small the -less algorithm is a significant improvement with resp ect to the

other algorithms seen so far.

The algebra corresp onding to this case is somehow more cumb ersome, b ecause

now the correction to the true equilibrium distribution is order of in the

exp onent. W riting the equilibrium distribution in the form

( ) =

~

exp ( ) + ( ) (74)

the function ( ) satisfies the equation ( ( ) ( ))

0 = 12 + 2 4 + 33 + 21

1 24 2 + 3 (75)

The imp ortance of the Heun scheme, however, is that the correction is only

order of in the exp onent, which means that the equilibrium distribution it

generates will in general b e fairly close to the true one, as it is confirmed by

the simulations.

19

72 68

MFPT

4 6 0.01^{2 4 6} 0.1 dh

68 66

MFPT

10^{-2} 10^{-1}

�

□

2

4

I V V

{[ ] }

◯

× △

△

◯

−

≡ ≡

−

− −

D . dh

o h

τ

2.8 F ul l algorithm

2

2

2 5 3 2 2 2 2

3 3 ( ) 4 ( )

′ ′ ′ ′′ ′ ′′ ′ ′′′

′′ ′′′ ′ h

P x, t N V x h F x /D ,

F x V V x , F F x

D F V D V V D V V D V V

D V V D V V D V .

h D

Figure 3: Left: MFPT with different algorithms, for = 0 1, vs . , full algorithm;

, exact propagator; +, algorithm ( ); , Heun algorithm; , simple Euler. Right:

Comparison b etween the MFPT obtained using the white noise Heun algorithm ( ), and

the MFPT obtained using the coloured noise Heun algorithm, with = 10 ( ).

As in the case of the Heun scheme, the algebra in this case is very cumb ersome.

The correction to the true equilibrium distribution is again order of in the

exp onent. W riting the equilibrium distribution in the form

( ) =

~

exp ( ) + ( ) (76)

the function ( ) satisfies the equation ( ( ) ( )

0 = 36 + 6 60 + 96 + 78

90 66 + 24 (77)

It is clear that the two b est algorithms, in the sense that they generate an

equilibrium distribution which is the closest to the “true” one, are the Heun

scheme and the “full algorithm”. It should b e appreciated that even if the

correction in the equilibrium distributions may lo ok tiny (one could always

think of making the integration time step smaller), the actual F okker-Planck

equation is different, and the difference in the equilibrium distribution is in an

exp onent. Hence, we may exp ect unpredictable results when things like the

mean first passage time b etween two minim a in a bistable p otential are com-

puted. What is worse, for fixed the correction dep ends on , making it more

difficult to compute, for instance, activ ation energies from the simulations.

T o show that the calculation of the Mean First Passage Time (MFPT) is

indeed strongly influenced by the algorithm chosen, I summarized the result of

computing the mean first passage time b etween two minima in the p otential

20

′′

2 4

3

−

{ − − }

−

O S G

O S G

O S G

3.1 One p ole and two p oles filters

V x x / x /

D .

h

.

P x, t N V x h . D V x /D .

h

Z

f t

y t

y t

y

τ y f t

3 Higher order sto chastic differen tial equations

( ) = 2 + 4, using different algorithms and integration time steps in

figure 3. The noise intensity was always = 0 1: note how the convergence to

the “limiting” MFPT is much slower when I used algorithms which lead to an

order correction in the equilibrium distribution (a similar conclusion could

have b een guessed from figure 3). I used 10000 averages for each p oint in figure,

so that the statistical scattering is order of 1 0%. Overall, the full algorithm is

the one which stays closer to the limiting MFPT as the integration time step

is changed, with the Heun algorithm which is typically also very close. The

exp ected theoretical v alue for the mean first passage time is 66.3.

I will finish this section with yet another example which should warn us

ab out the care which must b e exerted when higher order integration schemes

are derived. One of the earliest, and most “transparent”, deriv ation of in-

tegration schemes, based on Runge-Kutta, is the one in [53]. There a first

algorithm is derived as an example (termed 2 2 1 by the author, meaning

a second order deterministic one, second order sto chastic one and needing the

generation of one gaussian deviate), and a second algorithm is then given in

app endix (3 3 2 , supp osedly a b etter and more accurate algorithm), as a

“pro duction” algorithm.

Now, whereas the “example” algorithm of [53] is equiv alent to the Heun

scheme, and it shares all “go o d” prop erties of this algorithm, the 3 3 2

scheme leads to the equilibrium distribution

( ) =

~

exp [ ( ) (0 145186 ( )) ] (78)

i.e. it generates an equilibrium distribution which differs by the correct one

by an order in the exp onent, and we should exp ect problems similar to the

ones typically found in very low order algorithms. Also, it apparently do es not

do much b etter than the -less scheme, which requires one less calculation of

the deterministic force for each integration step.

An imp ortant role is played by noisy drivings which are not white, but with a

sp ectral density which is Lorentzian. In particular, systems where the sto chas-

tic forcing is first passed through a one p ole or a two p oles filters. If ( ) is the

usual white noise gaussian pro cess, and ( 0 is the noise driving the system of

interest, ( ) is describ ed by the equations

˙ =

1

+ ( ) (79)

21

∑

′ ′ ′

2

0

1 2

=0

2

N

i i i

i

i

s

s

− −

⟨ ⟩ −

⟨ ⟩ − −

√

≪

≫

3.2 Some alternative algorithms y γ y ω y f t .

Z Z

dh

dh τ

x f x y

y

y t y s F t s .

y ω y ω G ω ω H ω δ ω ω .

y j h / h a i ν j h ϕ

ϕ , π a H i ν ν

N ν

ν ν

N ν ν

¨ = ˙ + ( ) (80)

The linearity of these equations has b een exploited in [47] and [54, 55] to derive

an algorithm which parallels the algorithm of Eq. 12, with suitable , and .

Also in this case we can improve the basic algorithm using the Heun algorithm

(Eq. 39). The imp ortant feature of these algorithms is that they are fully

implicit for the integration of the noise: this implies that they will exactly

repro duce the evolution of the filtered noise, irresp ectively of the relative ratio

b etween the integration time step and the intrinsic time scales of the filters.

This is confirmed using the algorithm for a one p ole filter to integrate a quasi

white noise: in figure 3 I plotted the result, and we should note that for all

considered, is larger than .

F or the sp ecific case of exp onentially correlated noise it is p ossible to find in

the literature some alternative integration scheme. Here I will briefly review

the one intro duced in [7, 9] and the one intro duced by [10].

A very elegant and efficient scheme for exp onentially correlated noise has

b een prop osed in [7, 9]. The idea is to start from

˙ = ( ) + (81)

with gaussian and correlated as p er

( ) ( ) = ( )

Clearly

, we have through a F ourier transform

( ) ( ) = ( ) = ( ) ( )

Now, write (central limit theorem)

( ) = (1 ) cos( Δ + ) (82)

with uniformly distributed over [0 2 ], = ( Δ )Δ , and suitably cho-

sen and Δ , such that the conditions

Δ

and

Δ

22

∑

2

=1

2

+1

− | |

− | |

standar d i

i i j ij a t

N

i i

i

a t

k

k k

{ } −

⟨ ⟩ ⟨ ⟩

≡

−

→ ± → − − →

⟨ ⟩ ⟨ ⟩

{ } y ih

N h N N

H ω

N s

s s t s δ e .

Y

Y s ,

N / N / M Y N /

s Y

Y Y M / N Y Y M / N Y Y

Y

Y Y t Y N / e ,

Y Y / N

N

t

Y

t t η / N a

η

N

N

N are satisfied. It is then p ossible to integrate Eq. 81. The key p oint (see [7])

is that the sum app earing in Eq. 82 can b e ev aluated with a F ast F ourier

T ransform, which implies that to generate, say

, ( ) for times from 0 up to

, only log op erations are required. Although for one p ole or two p oles

filters the direct simulation would b e faster, for computationally exp ensive

( ) this metho d is much preferable [8, 7]. F or vector and parallel machines,

furthermore, the whole algorithm can b e made to run very efficiently .

Another algorithm to integrate exp onentially correlated noise is the one

prop osed in [10]. The idea is to replace the exp onentially correlated noise by

a sup erp osition of indep endent random telegraph pro cesse s. Supp ose we have

random telegraph pro cesse s , oscillating b etween the states +1 and 1,

and such that

= 0 ( ) (0) = (83)

Intro duce the v ariable , defined as

1

2

(84)

which takes v alues b etween 2 to 2 in steps of unity

. If = + 2

is the numb er of = 1 in the sum, then the v ariable changes its state to

1 with a probability for 1 and 1 for + 1.

It is p ossible to work out the statistical prop erties of the v ariable : one

finds [10]

= 0 ( ) (0) = ( 4) (85)

and, given that is the sum of indep endent pro cesses, the quantity b e-

comes a gaussian in the limit of large . W e have clearly a p ossible representa-

tion of an exp onentially correlated noise. The apparent adv antage with resp ect

to other approaches is that, b etween different times at which the random tele-

graph signal switches, the noise is “constant”, and one is left to integrate a

differential equation. The metho d picks the time sequence at

which the v ariable switches using the prescription

= + ( ) (86)

where is a random v ariable exp onentially distributed with a cutoff equals to

one: clearly

, the larger (to achieve a b etter gaussianicity), the smaller the

time steps generated.

Apart from the problems connected with the determination of the optimal

(which is a difficult question, in practice, and can only p erhaps b e inferred

in an indirect way

, for instance checking for consistency of the results as

23

− −

− −

4

3 3

2

3 3 2

4 2 2

6 2 4

⟨ ⟩ − −

⟨ ⟩

⟨ ⟩ − −

⟨ ⟩ ⟨ ⟩

⟨ ⟩ ⟨ ⟩⟨ ⟩

≈ τ .

D .

N

.

y . .

y

y . .

y / y

y / y y

N

N

T able 1: Times taken by differen t algorithms

T able 2: Noise moments generated by the different algorithms is changed), it is not obvious at all that the metho d should yield faster algo-

rithms or, more imp ortant, that it repro duces distributions which are close to

the correct one. In fact, taking a concrete examples, I integrated with this

algorithm the SDE corresp onding to the usual bistable p otential, for = 1 0

and = 0 1. I followed the sto chastic tra jectory for a time equals to 10 . The

Time step Mo dified Heun Present Algorithm

0.1 11.17 11.00

0.05 22.13 14.53

results are summarized in table 1, where I used = 21 as suggested by the

authors of [10]. At first sight, the present algorithms is b etter as I decrease

the integration time step (although, as I have shown b efore, the Heun scheme

works even for time steps as large as 0.1). The problem, however, is when I

check the gaussianicity of the noise generated by the algorithm. Given the cor-

relation time of the noise and the total integration time, I would exp ect that the

statistical scattering on the second moment of the noise is around 1 0%. The

result of calculating the v arious moments, for an integration time step equals

to 0.05 (the most favorable case for the present algorithm), is summarized in

table 2. It is clear that the present algorithm generates a noise which has a

Quantity Mo dified Heun Present Algorithm Theoretical

2 9810 1 6310 0.0

1.028 1.265 1.0

7 6710 8 5110 0.0

( ) 3.063 2.299 3.0

( ) 5.224 3.766 5.0

distribution which is very different from a gaussian one: the second moment is

some 25% larger than exp ected , whereas the higher moments are much smaller

than what they should b e. In fact, a much more reasonable v alue for , such

that the noise has the correct distribution (on this time scale) is 2000,

which would, however, make the whole algorithm some factor 100 slower.

24

−

− −

−

−

( )

( )

( )

{ [ ] } γ h

γ h γ h

γ h

γ h

−

⟨ ⟩ −

−

−

⟨ ⟩ −

−

⟨ ⟩ −

⟨ ⟩ −

−

1 2

2

1

0 1 2

0

1

0

2

1

1 2

2

1

2

2

2

2

1 2

2

2

3.3 Quasi c onservative systems

x v

v γ v F x ξ t

ξ t

ξ t ξ s γ D δ t s .

x t h x t c hv t c h F x t η

v t h c v t c hF x t η ,

c e

c c

γ h

c c

γ h

η η

η

D h

γ e e

γ h

η D e

η η

D

γ e .

P x, v N v / V x /D

Another imp ortant class for which dedicated algorithms can b e derived is given

by the equations of motion

˙ =

˙ = + ( ) + ( ) (87)

where ( ) is a random gaussian noise, with zero average and standard deviation

( ) ( ) = 2 ( ) (88)

The ab ove equation is commonly found in the liquid state literature, and

several algorithms have b een prop osed, over the years, for its integration. The

definitive word is p erhaps summarized in [56], where two algorithms are pro-

p osed (see also reference s therein). The first algorithm integrates the ab ove

equation using the prescription

( + ) = ( ) + ( ) + ( ( )) + (89)

( + ) = ( ) + ( ( )) + (90)

where

= (91)

=

1

(92)

=

1

(93)

and where and are two random gaussian v ariables with zero averages and

moments

= 2

3 4 +

(94)

= 1 (95)

= 1 (96)

It is p ossible to check which is the equilibrium distribution repro duced by

this algorithm. W e know that the theoretical equilibrium distribution of Eq. 87

should b e given by

( ) = exp 2 + ( ) (97)

25

2

ω h

γ

′ ′

′

′

−

−

− − − − −

−

−

∫

{ [ ] }

( )

{ [ ] }

2

2

2

2

2 2

2 2 2

2

1 2

2

1

0 1 2 2 2

2

N V x F x dx

P x, v N v / V x hS x, v /D

S x, v

∂ S x, v

∂ v v

D γ

∂ S x, v

∂ x

F x

D γ v

D

∂ S x, v

∂ v v

γ D

F x

γ

F x .

O h

V x ω x / h

P x, v N v / ω x / /D

D

D

γ

γ

x t h x t c hv t c h F x t η

v t h c v t c c hF x t c hF x t h η ,

o h

O h

γ where is a normalization constant and ( ) = ( ) . W riting the

distribution generated by the numerical scheme in the form

( ) = exp 2 + ( ) + ( ) (98)

we have that ( ) satisfies the differential equation

( ) ( ) ( ) ( )

2

( )

1

2

( ) = 0

(99)

This means that this algorithms fails to repro duce the correct equilibrium

distribution at ( ) in the exp onent. It is also p ossible, for the case when

( ) = 2, to derive the equilibrium distribution at lower order in ,

which reads

( ) = exp 2 + 2 (100)

with

=

1 +

(101)

which means that when go es to zero, the effective temp erature simulated

by the algorithm go es to zero (it must b e said that in [56] it is acknowledged

that the algorithm do es not work well in this limit, although no formal pro of

is provided).

T o overcome the problems with the case of small , in [56] a second algo-

rithm is prop osed, which reads

( + ) = ( ) + ( ) + ( ( )) + (102)

( + ) = ( ) + ( ) ( ( )) + ( ( + )) + (103)

which indeed repro duces the correct equilibrium distribution at ( ) (of course,

there are corrections at ( ) in the equilibrium distribution, but I will not

write them here).

However, it is clear that b oth algorithms are fairly exp ensive in terms of

CPU times: they require at least two random gaussian deviates and one or two

ev aluations of the force at each integration time step. Beside the Heun scheme

and the full algorithm, which could b e applied also to this case, it should b e

p ossible to find a more efficient algorithm for this sp ecialized case.

The basic idea is that if we to ok = 0 in Eq. 87, I could integrate this

equation using a simplectic scheme (see, for instance [57]). The scheme which

is straightforwardly used in the presence of the noise would integrate Eq. 87

26

√

−

−

→

2 1 1

1

2

1

2

3

4 Conclusions x x t h

v t

v t h v t hF x

x t h x h

v t h .

γ v

x x t h

v t

v t h c c v t hF x d η

x t h x h

v t h ,

η

c γ h

c

γ h/

d D γ h .

o h

γ

o h as

~ = ( ) +

2

( ) (104)

( + ) = ( ) + ( ~) (105)

( + ) = ~ +

2

( + ) (106)

It is then p ossible to reintro duce b oth the dissipation ( ) and the noise, to

obtain the scheme

~ = ( ) +

2

( ) (107)

( + ) = [ ( ) + ( ~) + ] (108)

( + ) = ~ +

2

( + ) (109)

where is a gaussian v ariable, with standard deviation one and average zero,

and

= 1

2

(110)

=

1

1 + 2

(111)

= 2 (112)

This last algorithm do es repro duce the correct equilibrium distribution

(apart from terms ( ), as the second algorithm prop osed in [56]), but it only

requires one gaussian deviate and one ev aluation of the force. F urthermore,

in the limit 0, by construction it conserves the energy of the system, at

( ).

I have shown algorithms to integrate general sto chastic differential equations,

discussing connected problems. I would like to add that any simulation in

sto chastic dynamics requires a go o d and fast random numb er generator. V ery

many generators are av ailable in the literature: p ersonally

, after trying a few,

I settled for a couple of algorithms which satisfied my needs, and which have

the go o d features that are fairly fast and p ortable to all platforms (they are

written in high level languages). F or the generation of flat distributions, I use

the subtract and b orrow algorithm, first prop osed by Marsaglia (RCARR Y),

27

Acknowledgmen ts

References

12

39

45

45

111

42

46

46

2

85

33

17

42

83

SIAM J. Contr ol

Noise in nonline ar dynamic al

systems

Phys. R ev. A

Phys. R ev. A

Phys. R ev. A

Suppl. Pr o g. The or. Phys.

Phys. R ev. A

Phys. R ev. A

Phys. R ev. A

Annalen der Physik

Phys. R ev. E

J. Chem. Phys.

Phys. R ev. A

Phys. R ev. B

J. Stat. Phys.

J. Chem. Phys.

in the implementation by Luscher [58, 59]. F or the generation of gaussian or

exp onential deviates, I use the Ziggurath algorithm, by Marsaglia and Tsang

[60], mo dified to use the output from the subtract and b orrow routines. Let me

finish noticing that no simulation can b e b etter than the random noise used:

so, extreme care should b e given to the choice of the random noise generator.

Most library random noise generators are reasonable for small simulations, but

when a large numb er of random terms is needed, or the gaussianicity and true

randomicity of the noise is required, my strong advice is to test very carefully

the algorithm one is going to use. T o this end, the b enchmarks prop osed in [61]

are still the state of art.

This work was partially supp ort by EC under grant ERBCHRXCT930331

1. N. J. Rao, J. D. Borwank ar, and D. Ramkrishna. ,

:295, 1974.

2. F. Moss and P

. V. E. McClinto ck, editors.

, volume 3. Exp eriments and simulations. Cambridge University

Press, 1989.

3. A. M. Smith and C. W. Gardiner. , :3511, 1989.

4. R. L. Honeycutt. , :600, 1992).

5. R. L. Honeycutt. , :604, 1992).

6. A. S. Kronfeld. , :293, 1993.

7. K. Y. R. Billah and M. Shinozuk a. , :7492, 1992.

8. R. Mannella and V. Palleschi. , :8028, 1992.

9. K. Y. R. Billah and M. Shinozuk a. , :8031, 1992.

10. J. M ¨ uller and J. Schnakenb erg. , :92, 1993.

11. M. Beccaria, G. Curci, and A. Vicer̀ e. , 48:1539, 1993.

12. M. Borkovec, J. E. Straub, and B. J. Berne. , :146,

1986.

13. L. F ronzoni, P

. Grigolini, P

. H¨ anggi, F. Moss, R. Mannella, and P

. V. E.

McClinto ck. , :3320, 1986.

14. T. Schneider and E. Stoll. , :1302, 1978.

15. M. Sch¨ obinger, S. W. Ko ch, and F. F. Abraham. , :1071,

1986.

16. J. E. Straub and B. J. Berne. , :1138, 1985.

28

83

84

89

138

B 85

19

163

60

22

19

48

75

26

97A

51

40

38

J. Chem. Phys.

J. Chem. Phys.

J. Phys. Chem.

J. Fluid. Me ch.

Nucl. Phys. B. Field

The ory and Stat. Phys.

J. Phys. A

J. Fluid Me ch.

Bel l Syst. T e ch. J.

SIAM J. Numer. Anal.

SIAM J. Numer. Anal.

Simulation

Phys. R ev. A

Pr o g. The or. Phys.

Phys. R ev.

A

Phys. L ett.

University F r eibur g pr eprint, THEP 87/12

J. Stat. Phys.

Phys. R ev. A

Phys. R ev. A

Numeric al Solution of Or dinary Differ-

ential Equations

Nu-

meric al R e cip es: The Art of Scientific Computing

17. J. E. Straub, M. Borkovec, and B. J. Berne. , :3172,

1985.

18. J. E. Straub, M. Borkovec, and B. J. Berne. , :1788,

1986.

19. J. E. Straub, D. A. Hsu, and B. J. Berne. , :5188,

1985.

20. I. T. Drummond, S. Duane, and R. R. Horgan. , :75,

1984.

21. I. T. Drummond, S. Duane, and R. R. Horgan.

, :45, 1987.

22. I. T. Drummond, A. Ho ck, and R. R. Horgan. , :3871,

1986.

23. I.T. Drummond and R. R. Horgan. , :425, 1986.

24. H. S. Greensite and E. Helfand. , :1927, 1981.

25. J. R. Klauder and W. P

. Peterse n. , :1153,

1985.

26. W. R ¨ umelin. , :604, 1982.

27. T.L. Riggs Jr. PhD thesis, Auburn University

, Alabama, 1986.

28. T. L. Riggs Jr. and C. L. Phillips. , :11, 1987.

29. J Garc

´

ia-Ojalvo, J. M. Sancho, and L. Ram

´

irez-Piscina. ,

46:4670, 1992.

30. T. Munak ata. , :747, 1986.

31. J. M. Sancho, M. San Miguel, S. L. Katz, and J. Gunton.

, :1589, 1982.

32. J. Smythe, F. Moss, P

. V. E. McClinto ck, and D. Clarkson. ,

:95, 1983.

33. W. Strittmatter. Numerical Simulation of the Mean First Passage Time.

.

34. A. Greiner, W. Strittmatter, and J. Ho erk amp. , :95,

1988.

35. S. Zhu. PhD thesis, Georgia Institute of T echnology

, Georgia, 1987.

36. L. Ramirez-Piscina, J. M. Sancho, F. J. de la Rubia, K. Lindenb erg, and

G. P

. Tsironis. , :2120, 1989.

37. R. F. F ox, I. R. Gatland, R. Roy

, and G. V emuri. , :5938,

1988.

38. L. Lapidus and J. H. Seinfeld.

. Academic Press, 1971.

39. W. H. Press, B. P Flannery

, S. A. T eukolsky

, and W. T. V etterling.

. Cambridge University

Press, 1986.

29

24

4

30

40

32

37

58

79

47

T opics in the The ory of R andom Noise

J. Stat. Phys.

Mem. Am. Math. So c.

Sto chastic Differ ential Equations, The ory and Applic ations

The ory and Applic ations of Sto chastic Differ ential Equations

Phys.

R ev. A

Numeric al Analysis and Computational The ory and Pr ac-

tic e

Phys. R ev. A

Alcuni pr o c essi di attivazione in fisic a sto c astic a nonline ar e

Phys. R ev. D

Pr eprint

Pr eprint

Phys. R ev. A

Bel l Syst. T e ch. J.

Z. Phys. B

Phys. R ev. E

Computer Simulation of Liquids

Phys. L ett. A

Computer Physics Communic ations

Computer Physics Communic ations

SIAM J. Scie. & Stat. Comp.

The Art of Computer Pr o gr amming

40. R. L. Stratonovich. . Gordon

and Breach, 1967.

41. N. G. v an Kamp en. , :175, 1981.

42. K.

^

Ito. , :1, 1951.

43. L. Arnold. .

Wiley-Interscience, 1974.

44. Z. Schuss. .

John Wiley & Sons, 1981.

45. S. F aetti, C. F esta, L. F ronzoni, P

. Grigolini, and P

. Martano.

, :3252, 1984.

46. E. K. Blum.

. John Wiley

, 1972.

47. R. Mannella and V. Palleschi. , :3381, 1989.

48. R. Mannella. .

PhD thesis, Dipartimento di Fisica, Universit` a di Pisa, Italy

, 1989.

49. G. G. Batrouni, G. R. Katz, A. S. Kronfeld, G. P

. Lepage, B. Svetisky ,

and K. G. Wilson. , :2736, 1985.

50. V. M. Kenkre and P

. Grigolini. A new nonlinear sto chastic Liouville

equation: inclusion of finite relaxation and finite temp erature effects.

, 1989.

51. P

. Grigolini, H. L. W u, and V. M. Kenkre. Brownian Motion and Finite

T emp erature Effects in the Discrete Nonlinear Schr¨ odinger Equation:

Analytic Results for the Nonadiabatic Dimer. , 1989.

52. G. P

. Tsironis, V. M. Kenkre, and D. Finley

. , :4474,

1988.

53. E. Helfand. , :2289, 1979.

54. L. Schimansky-Geier and Ch. Z ¨ ulicke. , :452, 1990.

55. M. I. Dykman, R. Mannella, P

. V. E. McClinto ck, N. D. Stein, and N. G.

Sto cks. , , 1993.

56. M. P

. Allen and D. J. Tildesley

. . Oxford

University Press, 1994.

57. H. Y oshida. , 150:262, 1990.

58. C. M. Luscher. , 79:100, 1994.

59. F. James. , 79:111, 1994.

60. G. Marsaglia and W. W. Tsang. , 5:349,

1984.

61. D. E. Knuth. . Addison-W esley ,

1981.

30