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Compact stars

Very massive compact stars?
PSR J1614-2230  mass M ~ 2 M⊙    Demorest et al Nature 467, (2010) 1081   
Tension with quark matter models   Bombaci et al. Phys. Rev. C 85, (2012) 55807 
Unlikely that one single model can explain everything, see for example Drago et al. arXiv:1309.7263  
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http://arxiv.org/find/astro-ph/1/au:+Weber_F/0/1/0/all/0/1
http://arXiv.org/abs/arXiv:1309.7263
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SUPERFLUIDS 
AND 

SUPERCONDUCTORS

CV ~ e-DêT
CV~T

R ~ T3

0.0 0.5 1.0 1.5 2.0 2.5 3.0
T

Tc

arbitrary units
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Superconductor: “screening” of the magnetic field: Meissner effect (almost perfect diamagnet) 

Superfluid vs Superconductors

Goldstone theorem
Transport of the quantum numbers 
of the broken group with almost no 
dissipation

Superfluid 
Broken global symmetry

Higgs mechanism
Broken gauge fields with mass, M, 
penetrate for a length 

Superconductor 
Broken gauge symmetry

� / 1/M
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Fermionic and bosonic superfluids at T=0

Bosons “like” to move together, no 
dissipation

4He becomes superfluid at 
Tc ≃ 2.17 K,  Kapitsa et al  (1938)  

BOSONS

An arbitrary weak interaction leads 
to the formation of Cooper pairs  

3He becomes superfluid at 
Tc ≃ 0.0025 K, Osheroff (1971)

FERMIONS

BEC BCS

4He 3He

increasing the attractive interaction between fermions



THAT’S IT?
BCS AND BEC

THESE ARE THE ONLY TWO
SUPERFLUID PHASE?
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Solid helium !!

Can a superfluid be solid? Can solids become superfluid?

The naive answer seems  NO WAY!  (Penrose and Onsager, 1956)

Solid
Long range order spontaneously produced

Difficult to deform (shear modulus)

Superfluid
Highly delocalized system 

Frictionless motion 

Supersolid

{

{
Rev. Mod. Phys. 84, 759 (2012) and
arXiv:1110.1323v2 [cond-mat.quant-gas]

It seems helium cannot become a supersolid.
Supersolid with ultracold trapped atoms?

H. R.Glyde, 
Encyclopedia 
of Physics (2005)

http://arxiv.org/abs/1110.1323v2
http://arxiv.org/abs/1110.1323v2


Main concepts so far:
• We don’t know what is inside compact stars. It might be that some superfluid and/or 
superconducting phase is realized

• Superfluids are weird systems: vanishing viscosity, quantized vorticity...

• Both fermions (like 3He)  and bosons (like 4He) can become superfluid

• There are some physical situations in which both 3He and 4He become solids, but 
apparently not supersolids



Main concepts so far:
• We don’t know what is inside compact stars. It might be that some superfluid and/or 
superconducting phase is realized

• Superfluids are weird systems: vanishing viscosity, quantized vorticity...

• Both fermions (like 3He)  and bosons (like 4He) can become superfluid

• There are some physical situations in which both 3He and 4He become solids, but 
apparently not supersolids

What about quark matter?  Can it look like a supersolid?  
Does it happen?  Which are the consequences? ....  

Next:
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sizable strange quark mass 
+

weak equilibrium
+ 

electric neutrality 

mismatch of the Fermi 
momenta around 

Realistic conditions in compact stars

For simplicity we consider the no pairing case 

Fermi momenta pFu = µu pFd = µd pFs =
p
µ2
s �m2

s

µ =
µu + µd + µs

3

electric neutrality

weak decays

2

3
Nu � 1

3
Nd �

1

3
Ns �Ne = 0

µu = µd � µe

µd = µsu+ d $ u+ s
u ! s+ ē+ ⌫e
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For                           some less symmetric CSC phase should be realized
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Forcing the superconductor to a homogenous gapless phase 

Casalbuoni, MM et al. Phys.Lett. B605 (2005) 362

Leads to the “chromomagnetic instability” M2
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(p� µ)2 +�2

CFL



LOFF-phase
LOFF (or FFLO) Larkin, Ovchinnikov (1964) and Fulde, Ferrel (1964)

• In coordinate space 

• In momentum space 

<  (p1) (p2) > ⇠ � �(p1 + p2 � 2q)

<  (x) (x) > ⇠ � ei2q·x

Cooper pairs with nonzero total momentum

For                                     the superconducting LOFF phase is favored�µ1 < �µ < �µ2
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• Crystal oscillations Casalbuoni, MM et al. Phys.Rev. D66 (2002) 094006
MM, Rajagopal and Sharma Phys.Rev. D76 (2007) 074026



Fermionic dispersion laws
Fermions have an unisotropic gapless dispersion law. Defining                          one has⇠ = |p� µ|

BCC
FCC

Velocity of fermions in two different structures

E = c(✓,�) ⇠
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The shear modulus describes the response 
of a crystal to a shear stress

stress tensor acting on the crystal

strain (deformation) matrix of the crystal

• Crystalline structure given by the spatial modulation of the gap parameter

• This pattern of modulation that is rigid 

MM, Rajagopal and Sharma Phys.Rev. D76 (2007) 074026

More rigid than diamond!!
20 to 1000 times more rigid than the crust of neutron star⌫ = 2.47

MeV

fm3

✓
�

10MeV

◆2 ⇣ µ

400MeV

⌘2
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Gravitational waves from “mountains”
z
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y

• The deformation can arise in the crust or in the core 

• The maximum deformation depends on the breaking strain

• Large shear modulus

• Large breaking strain 
To have a “large” GW amplitude 

If the star has a non-axial symmetric deformation 
(mountain) it can emit gravitational waves

ellipticity GW amplitude

✏ =
I
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� I
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I
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c4
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FIG. 1: The areas above the solid lines are excluded by
the direct upper limit for the Crab pulsar obtained from the
S3/S4 runs for the cases σmax = 10−3 and 10−2. The dotted
(dashed) line is the constraint set by the spin-down limit for
σmax = 10−3 (10−2). The rectangular box is the theoretically
allowed region of µ and ∆.

Based on the extrapolation of terrestrial materials, val-
ues as high as 10−2 has been suggested for neutron star
crusts [36, 37], which may also be favored by the enor-
mous energy (∼ 1046 erg) liberated in the 2004 December
27 giant flare of SGR 1806-20 according to the magnetar
model [38, 39]. In this work, we consider the effects of
σmax in the range 10−3 to 10−2, values that have been
used in the study of compact stars by other authors (e.g.,
[18, 19, 27, 38]).

Using the shear modulus given in Eq. (5), the max-
imum quadrupole moment for a solid quark star in the
crystalline color superconducting phase can be estimated
by Eq. (4). However, the moment of inertia Izz is needed
to calculate the corresponding maximum equatorial ellip-
ticity. Using the empirical formula for strange stars given
by Bejger and Haensel (see Eq. (10) of [40]), Eq. (2) gives
the maximum equatorial ellipticity as

εmax = 2.6 × 10−4

(

ν

MeV/fm3

)

(σmax

10−3

)

(

1.4M"

M

)2

×

(

R

10 km

)4 [

1 + 0.14

(

M

1.4M"

) (

10 km

R

)]−1

. (6)

We use the values M = 1.4M", R = 10 km, and
σmax = 10−2 in order to compare with [19], in which
Owen obtained εmax ∼ 2 × 10−4 for solid strange stars
(with the quarks clustered in groups of about 18). For
the estimated range of the shear modulus given above,
we find that εmax could be as large as ∼ 5 × 10−2 for
solid quark stars in a crystalline color superconducting
phase. This relatively large value of εmax is about four
orders of magnitude larger than the tightest upper limit
obtained by the combined S3/S4 result for the pulsar
PSR J2124-3358 [30].

Constraints set by the Crab pulsar. Eq. (1) suggests
that the observational upper limits on h0 obtained from
known isolated pulsars can be used to set a limit on ε

assuming a value of Izz. However, the moment of inertia
is very sensitive to the poorly known dense matter equa-
tion of state (EOS). It can change by a factor of seven
depending on the stiffness of the EOS [40]. Alternatively,
with Eq. (2), one can use Eq. (1) to set a limit on the
pulsar’s quadrupole moment without assuming a value
of Izz [41]. The limit can in turn set a constraint on the
shear modulus of crystalline color superconducting quark
matter by Eq. (4). In particular, with the expression (5)
for ν, we can define an exclusion region in the ∆−µ plane
by the the following constraint:
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∼ 7.3 × 104 MeV2
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)

]1/2

,(7)

where h̃0 is the observational upper limit on h0 for a
given pulsar.

Under the assumption that the pulsar is an isolated
rigid body and that the observed spin-down of the pulsar
is due to the loss of rotational kinetic energy as gravita-
tional radiation, one can also obtain the so-called spin-
down limit on the gravitational-wave amplitude hsd =
(5GIzz |ḟ |/2c3r2f)1/2, where ḟ is the time derivative of
the pulsar’s spin frequency [30]. As it is expected that
the strain amplitude satisfies h0

<
∼ hsd in general, we

can derive a constraint on the product ∆µ based on the
spin-down limit:

(∆µ)
sd

<
∼ 2.1 × 105 MeV2
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|ḟ |

10−10 Hz s−1

)1/4
(

f

1 Hz

)−5/4

×

[

1 + 0.14

(

M

1.4M"

) (

10 km

R
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, (8)

where we have used Eq. (10) of [40] for the moment of
inertia for strange stars.

In [30] it is reported that the gravitational-wave strain
upper limit for the Crab pulsar (h̃0 = 3.1× 10−24) is the
closest to the spin-down limit (at a ratio of 2.2). For the
other pulsars, the direct observational upper limits are
typically at least one hundred times larger than the spin-
down limits. For pulsars in globular clusters, in which
cases the spin-down measurement is obscured by the clus-
ter’s dynamics, the gravitational-wave observations pro-
vide the only direct upper limits. In the following, we
shall focus on the constraints set by the observational
data for the Crab pulsar.

The S3/S4 results for the Crab pulsar are plotted in
Fig. 1. In the figure, the solid lines represent Eq. (7) when
the equality holds for the breaking strain σmax = 10−3

and 10−2, assuming that M = 1.4M" and R = 10 km.
The pulsar’s spin frequency is f = 29.8 Hz and the dis-
tance is r = 2 kpc. For comparison, the dotted and
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FIG. 2: In the left panel, the ellipticities obtained from our analysis are shown as a function of the core transition
density ρc/ρn, where ρn is the nuclear saturation density. We consider two breaking strains, a maximum value
σ̄br = 10−2 and a minimum of σ̄br = 10−5. For each of these values we examine the region between the maximum
and the minimum shear modulus µ, obtained for the range of parameters in [10], cf. (2). The shaded region
indicates the region permitted by LIGO observations and the horizontal line is the current LIGO upper limit of
ε = 7.1×10−7 for PSR J2124-3358 [5]. If the breaking strain is close to the maximum the observations are already
constraining the theory. If it is close to the minimum, however, there are no significant constraints yet. In the
right panel we compare the ellipticity obtained by considering the full star, only the core of the full star and just
the naked core, with no fluid around it. We take the breaking strain to be σ̄br = 10−5. As one can see the results
for the two cores do not differ significantly, while the ellipticity of the core plus fluid star is smaller, more so as
the core size decreases at higher transition densities.

der to make real improvements, one would (again) want
to use a realistic equation of state. This would require
the calculation to be carried out within General Relativ-
ity. Then the determination of the background solution
is straightforward, but the calculation of the mountain
size would require implementing the General Relativistic
theory of elasticity, see for example [15]. To date, there
have been no such calculations. Work in this direction
should clearly be encouraged.

Finally, we need to improve our understanding of the
breaking strain. The range of values that we have used,
10−5 ≤ σ̄br ≤ 10−2, is relevant for a crust consisting of
normal matter. The upper limit represents the limit on
Coulomb force dominated micro crystals while the lower
limit is a pessimistic estimate of large scale breaking.
However, the physics of the core is very different from
that of the crust. There is no reason to believe that the
estimates on the breaking strain for the crust should be
applicable to the core. We used these estimates simply
because no data relevant for our study is available. The
response of the crystalline quark matter to large stresses
is also uncertain. Normal matter will be predominantly
brittle and break into pieces when the temperature is suf-
ficiently far below the melting temperature and will re-
spond by plastic flow (up to some limit) otherwise. How
an elastic quark core will respond is completely unknown.
Yet, for our purposes it may not matter which scenario
is realised as long as the timescale for plastic flow at a
given strain is longer than the observation time.
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FIG. 1: The areas above the solid lines are excluded by
the direct upper limit for the Crab pulsar obtained from the
S3/S4 runs for the cases σmax = 10−3 and 10−2. The dotted
(dashed) line is the constraint set by the spin-down limit for
σmax = 10−3 (10−2). The rectangular box is the theoretically
allowed region of µ and ∆.

Based on the extrapolation of terrestrial materials, val-
ues as high as 10−2 has been suggested for neutron star
crusts [36, 37], which may also be favored by the enor-
mous energy (∼ 1046 erg) liberated in the 2004 December
27 giant flare of SGR 1806-20 according to the magnetar
model [38, 39]. In this work, we consider the effects of
σmax in the range 10−3 to 10−2, values that have been
used in the study of compact stars by other authors (e.g.,
[18, 19, 27, 38]).

Using the shear modulus given in Eq. (5), the max-
imum quadrupole moment for a solid quark star in the
crystalline color superconducting phase can be estimated
by Eq. (4). However, the moment of inertia Izz is needed
to calculate the corresponding maximum equatorial ellip-
ticity. Using the empirical formula for strange stars given
by Bejger and Haensel (see Eq. (10) of [40]), Eq. (2) gives
the maximum equatorial ellipticity as

εmax = 2.6 × 10−4
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We use the values M = 1.4M", R = 10 km, and
σmax = 10−2 in order to compare with [19], in which
Owen obtained εmax ∼ 2 × 10−4 for solid strange stars
(with the quarks clustered in groups of about 18). For
the estimated range of the shear modulus given above,
we find that εmax could be as large as ∼ 5 × 10−2 for
solid quark stars in a crystalline color superconducting
phase. This relatively large value of εmax is about four
orders of magnitude larger than the tightest upper limit
obtained by the combined S3/S4 result for the pulsar
PSR J2124-3358 [30].

Constraints set by the Crab pulsar. Eq. (1) suggests
that the observational upper limits on h0 obtained from
known isolated pulsars can be used to set a limit on ε

assuming a value of Izz. However, the moment of inertia
is very sensitive to the poorly known dense matter equa-
tion of state (EOS). It can change by a factor of seven
depending on the stiffness of the EOS [40]. Alternatively,
with Eq. (2), one can use Eq. (1) to set a limit on the
pulsar’s quadrupole moment without assuming a value
of Izz [41]. The limit can in turn set a constraint on the
shear modulus of crystalline color superconducting quark
matter by Eq. (4). In particular, with the expression (5)
for ν, we can define an exclusion region in the ∆−µ plane
by the the following constraint:
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where h̃0 is the observational upper limit on h0 for a
given pulsar.

Under the assumption that the pulsar is an isolated
rigid body and that the observed spin-down of the pulsar
is due to the loss of rotational kinetic energy as gravita-
tional radiation, one can also obtain the so-called spin-
down limit on the gravitational-wave amplitude hsd =
(5GIzz |ḟ |/2c3r2f)1/2, where ḟ is the time derivative of
the pulsar’s spin frequency [30]. As it is expected that
the strain amplitude satisfies h0

<
∼ hsd in general, we

can derive a constraint on the product ∆µ based on the
spin-down limit:
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where we have used Eq. (10) of [40] for the moment of
inertia for strange stars.

In [30] it is reported that the gravitational-wave strain
upper limit for the Crab pulsar (h̃0 = 3.1× 10−24) is the
closest to the spin-down limit (at a ratio of 2.2). For the
other pulsars, the direct observational upper limits are
typically at least one hundred times larger than the spin-
down limits. For pulsars in globular clusters, in which
cases the spin-down measurement is obscured by the clus-
ter’s dynamics, the gravitational-wave observations pro-
vide the only direct upper limits. In the following, we
shall focus on the constraints set by the observational
data for the Crab pulsar.

The S3/S4 results for the Crab pulsar are plotted in
Fig. 1. In the figure, the solid lines represent Eq. (7) when
the equality holds for the breaking strain σmax = 10−3

and 10−2, assuming that M = 1.4M" and R = 10 km.
The pulsar’s spin frequency is f = 29.8 Hz and the dis-
tance is r = 2 kpc. For comparison, the dotted and
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FIG. 2: In the left panel, the ellipticities obtained from our analysis are shown as a function of the core transition
density ρc/ρn, where ρn is the nuclear saturation density. We consider two breaking strains, a maximum value
σ̄br = 10−2 and a minimum of σ̄br = 10−5. For each of these values we examine the region between the maximum
and the minimum shear modulus µ, obtained for the range of parameters in [10], cf. (2). The shaded region
indicates the region permitted by LIGO observations and the horizontal line is the current LIGO upper limit of
ε = 7.1×10−7 for PSR J2124-3358 [5]. If the breaking strain is close to the maximum the observations are already
constraining the theory. If it is close to the minimum, however, there are no significant constraints yet. In the
right panel we compare the ellipticity obtained by considering the full star, only the core of the full star and just
the naked core, with no fluid around it. We take the breaking strain to be σ̄br = 10−5. As one can see the results
for the two cores do not differ significantly, while the ellipticity of the core plus fluid star is smaller, more so as
the core size decreases at higher transition densities.

der to make real improvements, one would (again) want
to use a realistic equation of state. This would require
the calculation to be carried out within General Relativ-
ity. Then the determination of the background solution
is straightforward, but the calculation of the mountain
size would require implementing the General Relativistic
theory of elasticity, see for example [15]. To date, there
have been no such calculations. Work in this direction
should clearly be encouraged.

Finally, we need to improve our understanding of the
breaking strain. The range of values that we have used,
10−5 ≤ σ̄br ≤ 10−2, is relevant for a crust consisting of
normal matter. The upper limit represents the limit on
Coulomb force dominated micro crystals while the lower
limit is a pessimistic estimate of large scale breaking.
However, the physics of the core is very different from
that of the crust. There is no reason to believe that the
estimates on the breaking strain for the crust should be
applicable to the core. We used these estimates simply
because no data relevant for our study is available. The
response of the crystalline quark matter to large stresses
is also uncertain. Normal matter will be predominantly
brittle and break into pieces when the temperature is suf-
ficiently far below the melting temperature and will re-
spond by plastic flow (up to some limit) otherwise. How
an elastic quark core will respond is completely unknown.
Yet, for our purposes it may not matter which scenario
is realised as long as the timescale for plastic flow at a
given strain is longer than the observation time.
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Summary

• The study of matter in extreme conditions allows to shed light on the basic 
properties of QCD

• Color superconductivity is a phase of matter predicted by QCD

• In realistic conditions a crystalline rigid color superconducting phase should 
be favored

• We are looking for signatures of this phase
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• Quark matter inside compact stars, Ivanenko and Kurdgelaidze (1965), Paccini (1966) ...

• Quark Cooper pairing was proposed by Ivanenko and Kurdgelaidze (1969) 

• With asymptotic freedom (1973) more robust results by Collins and Perry (1975), Baym 
and Chin (1976)

• Classification of some color superconducting phases: Bailin and Love (1984)

A bit of history

Interesting studies but  predicted small energy gaps ~ 10 ÷100 keV
negligible  phenomenological impact for compact stars 

•  A large gap with instanton models by Alford et al. (1998) and by Rapp et al. (1998)

•  The color flavor locked (CFL) phase was proposed by Alford et al. (1999)  
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Bardeen-Cooper-Schrieffer (BCS) in 1957 proposed a microscopic theory of fermionic superfluidity

BCS Theory

weak interaction 
and T=0

Quasiparticle dispersion law E(p) =
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Increasing the temperature the coherence is lost at Tc ' 0.3�0
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Type I (Pippard):                  first order phase transition to the normal phase� ⌧ ⇠

� � ⇠Type II (London):                 second order phase transition to the normal phase
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Chiral symmetry breaking

At low density the χSB is due to the condensate
that locks left-handed and right-handed fields 

In the CFL phase we can write the condensate as

h ̄  i

Color is locked to both left-handed and right-handed rotations. 

F C C F

< R R>< L L> SU(3)L rotation SU(3)c rotation SU(3)R rotation


