
Finite-range corrections and Universality in
Efimov physic

Mario Gattobigio

Cortona, 29 October 2013



Outline

Efimov Physics
Efimov Effect
Discrete Scale Invariance

Finite-range Effect
3-Body Bound States
Scattering Length
Recombination

N -body Universality
N-Body States
Universality



Outline

Efimov Physics
Efimov Effect
Discrete Scale Invariance

Finite-range Effect
3-Body Bound States
Scattering Length
Recombination

N -body Universality
N-Body States
Universality



Efimov Effect

E2 ∝
1
a2

@1/a = 0


E0

3 ∝
1
`2

E n
3 → 0 n → ∞
E n+1

3 /E n
3 → 1/515

E n
3 ∼ (1/515)nκ2

∗



Efimov Effect

E2 ∝
1
a2

@1/a = 0


E0

3 ∝
1
`2

E n
3 → 0 n → ∞
E n+1

3 /E n
3 → 1/515

E n
3 ∼ (1/515)nκ2

∗



Efimov Effect

E2 ∝
1
a2

@1/a = 0


E0

3 ∝
1
`2

E n
3 → 0 n → ∞
E n+1

3 /E n
3 → 1/515

E n
3 ∼ (1/515)nκ2

∗



Efimov Effect

E2 ∝
1
a2

@1/a = 0


E0

3 ∝
1
`2

E n
3 → 0 n → ∞

E n+1
3 /E n

3 → 1/515
E n

3 ∼ (1/515)nκ2
∗



Efimov Effect

E2 ∝
1
a2

@1/a = 0


E0

3 ∝
1
`2

E n
3 → 0 n → ∞
E n+1

3 /E n
3 → 1/515

E n
3 ∼ (1/515)nκ2

∗



Efimov Effect

E2 ∝
1
a2

@1/a = 0


E0

3 ∝
1
`2

E n
3 → 0 n → ∞
E n+1

3 /E n
3 → 1/515

E n
3 ∼ (1/515)nκ2

∗

Discrete Scale Invariance
Sornette, Physics Reports 297, 239-270 (1998)



Efimov Effect

E2 ∝
1
a2

@1/a = 0


E0

3 ∝
1
`2

E n
3 → 0 n → ∞
E n+1

3 /E n
3 → 1/515

E n
3 ∼ (1/515)nκ2

∗

Discrete Scale Invariance
Sornette, Physics Reports 297, 239-270 (1998)



Discrete Scale Invariance

For each ξ

L n+1/L n → 1/22.7
an+1
− /an

− → 22.7
an+1
∗ /an

∗ → 22.7

E n
3 +

~2

ma2
=

~2κ2
∗

m
e−2(n−n∗)π/s0e∆(ξ)/s0


E n

3 /(~2/ma2) = tan2 ξ

κ∗a = e(n−n∗)π/s0
e−∆(ξ)/2s0

cos ξ



Discrete Scale Invariance

For each ξ

L n+1/L n → 1/22.7
an+1
− /an

− → 22.7
an+1
∗ /an

∗ → 22.7

E n
3 +

~2

ma2
=

~2κ2
∗

m
e−2(n−n∗)π/s0e∆(ξ)/s0


E n

3 /(~2/ma2) = tan2 ξ

κ∗a = e(n−n∗)π/s0
e−∆(ξ)/2s0

cos ξ



Discrete Scale Invariance

For each ξ

L n+1/L n → 1/22.7
an+1
− /an

− → 22.7
an+1
∗ /an

∗ → 22.7

E n
3 +

~2

ma2
=

~2κ2
∗

m
e−2(n−n∗)π/s0e∆(ξ)/s0


E n

3 /(~2/ma2) = tan2 ξ

κ∗a = e(n−n∗)π/s0
e−∆(ξ)/2s0

cos ξ



Discrete Scale Invariance

For each ξ

L n+1/L n → 1/22.7

an+1
− /an

− → 22.7
an+1
∗ /an

∗ → 22.7

E n
3 +

~2

ma2
=

~2κ2
∗

m
e−2(n−n∗)π/s0e∆(ξ)/s0


E n

3 /(~2/ma2) = tan2 ξ

κ∗a = e(n−n∗)π/s0
e−∆(ξ)/2s0

cos ξ



Discrete Scale Invariance

For each ξ

L n+1/L n → 1/22.7
an+1
− /an

− → 22.7
an+1
∗ /an

∗ → 22.7

E n
3 +

~2

ma2
=

~2κ2
∗

m
e−2(n−n∗)π/s0e∆(ξ)/s0


E n

3 /(~2/ma2) = tan2 ξ

κ∗a = e(n−n∗)π/s0
e−∆(ξ)/2s0

cos ξ



Discrete Scale Invariance

For each ξ

L n+1/L n → 1/22.7
an+1
− /an

− → 22.7
an+1
∗ /an

∗ → 22.7

E n
3 +

~2

ma2
=

~2κ2
∗

m
e−2(n−n∗)π/s0e∆(ξ)/s0


E n

3 /(~2/ma2) = tan2 ξ

κ∗a = e(n−n∗)π/s0
e−∆(ξ)/2s0

cos ξ



Discrete Scale Invariance

For each ξ

L n+1/L n → 1/22.7
an+1
− /an

− → 22.7
an+1
∗ /an

∗ → 22.7

E n
3 +

~2

ma2
=

~2κ2
∗

m
e−2(n−n∗)π/s0e∆(ξ)/s0


E n

3 /(~2/ma2) = tan2 ξ

κ∗a = e(n−n∗)π/s0
e−∆(ξ)/2s0

cos ξ



Discrete Scale Invariance

DSI ⇒ Universal form of observables
Log-periodic functions (cfr. Sornette)

Zero-range interaction (` = 0)

Particle-Dimer Scattering Length

aAD/a = d1 + d2 tan[s0 ln(κ∗a) + d3]

d1, d2, d3 Universal Constants

Recombination Rate at the threshold

K3 =
128π2(4π − 3

√
3)
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(πs0) + cosh2

(πs0) cot2[s0 ln(κ∗a) + γ]
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Finite-range Calculations
N -body calculation using Schrödinger Equation

Finite-range potential

V (r) = V0 e−r2/r2
0

Tuning of the Scattering Length

-104

-103

-102

-10

0

10

102

103

104

-3.6 -3.4 -3.2 -3 -2.8 -2.6 -2.4 -2.2 -2

a
/r

0

V0/(h̄
2/mr2

0
)



Finite-range Calculations
N -body calculation using Schrödinger Equation
Finite-range potential

V (r) = V0 e−r2/r2
0

Tuning of the Scattering Length

-104

-103

-102

-10

0

10

102

103

104

-3.6 -3.4 -3.2 -3 -2.8 -2.6 -2.4 -2.2 -2

a
/r

0

V0/(h̄
2/mr2

0
)



Finite-range Calculations
N -body calculation using Schrödinger Equation
Finite-range potential

V (r) = V0 e−r2/r2
0

Tuning of the Scattering Length

-104

-103

-102

-10

0

10

102

103

104

-3.6 -3.4 -3.2 -3 -2.8 -2.6 -2.4 -2.2 -2

a
/r

0

V0/(h̄
2/mr2

0
)
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Particle-Dimer Scattering Length
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Recombination at the threshold
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