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Precision tests of the pseudofermion method for numerical simulations of dynamical fermions 
on the lattice are performed using a new criterion for the control of systematic errors, based on 
the Schwinger-Dyson equations. 

A lattice version of the two-dimensional N fermion Gross-Neveu model, based on Wilson 
fermions and Symanzik's improvement scheme, is completely analyzed in the large-N expansion, 
up to O(1/N). An unambiguous definition for the perturbative part of operators mixing with the 
vacuum ("condensates") is presented and discussed. Finite lattice effects are also examined. 

A Monte Carlo simulation of the model is performed for different values of the coupling in the 
scaling region, taking into account the effects of the variation of the simulation parameters. 

Comparison of analytical and numerical results shows a small but systematic difference, mainly 
due to an imprecise determination of the critical mass. 

1. Introduction 

In  recent  years,  a number  of results have been ob ta ined  in the numer ica l  analysis  

of  la t t ice  f ield theories with fermions  by use of the so-cal led quenched approx ima-  

t ion in M o n t e  Car lo  s imula t ions  [1,2]. These results s t rongly  suggest that  a more  

c o m p l e t e  analysis ,  involving the full dynamica l  effect of  fermion fields, would  be 

a p p r o p r i a t e  in o rder  to de te rmine  physical  quanti t ies ,  in a scheme where sys temat i -  

cal  er rors  are  under  control  and  stat is t ical  errors are small.  The majo r  p rob lems  that  

are  to  be faced  when deal ing with dynamica l  fermions  essential ly be long to the 

fo l lowing two classes: 

(i) one  has  to f ind a sat isfactory a lgor i thm to include fermion effects, fast enough 

to a l low for the use of sufficiently big lattices but  such that  sys temat ica l  errors  are 

a lways  unde r  control ;  

(ii) one mus t  be able to check the res tora t ion  of symmetr ies ,  l ike chira l i ty  and 

s u p e r s y m m e t r y ,  that  must  be expl ic i t ly  b roken  in o rder  to give a correct  la t t ice 

f o r m u l a t i o n  of  fe rmion fields wi thout  doubl ing  problems.  

A t  p resen t  the two a lgor i thms that  seem to be the best  candida tes  for fe rmion 

s imula t ions  are  the Langevin [3-6]  and  the pseudofermion [7-11] method.  A n u m b e r  

of  tests have  been  pe r fo rmed  on the first, whose advantages  and d rawbacks  are now 
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more or less known [12,13]. We shall focus on the pseudofermion approach, with 
the purpose of giving it a comparable status. 

In order to check the fermion simulation algorithm and study symmetry restora- 
tion, we decided to start from two-dimensional models. Motivations for this are 
both practical and theoretical. It is obvious that working in two dimensions allows 
for bigger lattices within reasonable limits of computer resources. Finite-volume, 
thermalization and boundary-condition dependence effects can be studied in greater 
detail, as well as long-range correlations in the number of sweeps. 

From a theoretical point of view, two-dimensional models can be viewed as an 
important  laboratory to check a number of approximation schemes applied in field 
theory. Most phenomena thought to be relevant in four-dimensional gauge theories 
have illustrations in two-dimensional models; we just mention asymptotic freedom, 
dynamical mass generation, and existence of 1/N expansions. 

Chirality and supersymmetry can be defined, and even if continuous symmetries 
cannot  be spontaneously broken because of Coleman's theorem, their realization 
may be highly non-trivial (Kosterlitz-Thouless phenomenon). A crucial motivation 
is, however, the fact that many two-dimensional asymptotically free fermionic, 
bosonic and mixed models, with O(N)  and SU(N)  internal symmetries, can be 
explicitly solved in the N ~ ~ limit. Moreover, semiclassical methods (DHN) allow 
for the determination of the mass spectra of the continuum theories, and factoriz- 
ability leads to a determination of the exact S matrix for a wide class of these 
models. Therefore, the check of systematic and statistical errors can be made in an 
absolute and explicit way. 

Having in mind further extensions to models with continuous symmetries, we 
start from the study of the N fermion Gross-Neveu model [14], a purely fermionic 
system with a discrete "/5 symmetry whose dynamical breakdown leads to mass 
generation. This model has an exact large-N solution and is 1/N expandable 
[15,16]. The continuum Gross-Neveu model can be solved using Bethe-ansatz 
techniques [17]. Its bound state and soliton spectrum [18,19], as well as its 
factorized S matrix [20, 21], are analytically known. 

We mention that the Gross-Neveu model admits a chiral extension, and that the 
two models can be properly combined with O(N)  and C P  N-1  sigma models, 
respectively, in order to build up N =  1 (N = 2) supersymmetric models whose 
properties in the continuum limit are also well known. 

In sect. 2, we discuss the pseudofermion algorithm for the simulation of dynami- 
cal fermions, with special stress on the sources of systematic errors, and present a 
new test, based on the Schwinger-Dyson equations, allowing for a precise measure- 
ment of these errors. 

In sect. 3, we review briefly the (massive) Gross-Neveu model in the continuum, 
and compute exactly the 1/N corrections to the fermion condensate. 

In sect. 4, we discuss the same model on the lattice, both in the simplest version 
based on Wilson fermions [22, 23] and in a tree-improved Symanzik formulation 
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[24, 25], and we exhibit the phase diagrams of the model, as a function of the (bare) 
mass and coupling constant. 

In sect. 5, we analyze the weak-coupling phase in the large-N limit, arguing in 
favor of a Symanzik-improved action for all computational purposes. 

In sect. 6, we discuss the finite-size effects, showing that the choice of antiperiodic 
boundary conditions, besides eliminating all zero-mode pathology, leads to a naive 
scaling dependence of the finite-lattice effects, and this dependence can be ex- 
pressed in terms of a universal function, independent of the specific features of the 
fermion propagator regularization. 

In sect. 7, we compute the first order of the 1/N expansion of the model and 
determine numerically the set of expectation values to be reproduced by the 
computer simulation. We show that, in the f ~ 0 limit, universality is satisfied and 
the continuum results are reproduced. To this purpose, we must define un- 
ambiguously the perturbative part of physical operators, as discussed in detail in 
appendix A. 

Sects. 8 and 9 are devoted to the procedures and techniques of the Monte Carlo 
simulation. 

In sect. 10 we present and discuss our numerical results. The violations of the 
Schwinger-Dyson equations (deviations from detailed balance) do not show the 
expected linear behaviour on the upgrading step squared. The pseudofermion 
algorithm allows for efficient determination of critical mass, but the results are not 
in very good agreement with the theory; this error is reflected by small but 
systematic deviations in other observables. 

2. The algorithm for dynamical fermions 

A major problem in numerical simulations of field theories is the presence of 
dynamical fermions. In order to avoid integration over anticommuting variables, it 
is necessary to integrate the fermions out explicitly, by the use of the 
Matthews-Salam formula 

fd+ d~ exp(-  ~K~b) = (det K)N,  (2.1) 

where K is the Dirac operator that depends on the bosonic fields ~ coupled to the 
fermions, and N is the number of (degenerate) fermion species. The resulting 
effective action is therefore 

Ser  f = S b q- S f ,  (2.2) 

where S b ( ~ )  is the purely bosonic part of the original lagrangian and 

Sf(~) = - N  Trln K(0 ) .  (2.3) 
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The main problem arising from this formulation is the nonlocality of the fermionic 
determinant. In a numerical simulation this implies that the computation of the 
variation of Seff due to the change of a single bosonic variable (i.e. the main 
ingredient of any algorithm) involves many other variables distributed over the 
lattice, and therefore it typically implies a growth in computation time proportional 
to V 2 instead of V (V is the lattice volume, i.e. the number of sites). 

As a consequence, exact simulations of fermionic theories can be performed only 
on very small lattices, and in order to consider reasonably big lattices one needs 
some approximation scheme. 

A few methods have been proposed involving computations proportional to V. 
Among them we mention the microcanonical method [26-29], discretized Langevin 
algorithms and the pseudofermion method. 

We shall not discuss the microcanonical method. In order to avoid the assump- 
tion of ergodicity one has to resort to hybrid algorithms [27, 28] that are beyond the 
scope and limits of the present work. 

Langevin and pseudofermion methods have a comparable status. In particular, 
the Langevin approach has a reasonably good theoretical status, including some 
control over the properties of the systematic errors [9]. There is only one parameter 
controlling these errors, the discrete step in Langevin time, and the discrete 
stochastic process converges to an equilibrium differing from the continuum one by 
terms linear in the discrete time step. 

Our aim is to perform a numerical analysis of the systematic errors of the 
pseudofermion method within a model whose solutions can be explicitly computed, 
thus verifying the proposed parametrization of the errors in terms of the parameters 
of numerical simulation. For our purposes, let us recall the basic ideas of the 
pseudofermion method. 

The basic ingredient consists in expanding the change in the fermionic effective 
action Sf due to the updating of the bosonic variables to the lowest order in the 
variation of the bosonic field itself 8~, that is assumed to be small. In this 
approximation 

8Sf-~-NTr(K - 1 8 K ) ~ - - N T r  K 8oJsq~  (2.4) 

The updating of ¢) is performed following the Metropolis algorithm, by defining 

8se,f = s b  ( + ) - & ( ) + as f  , (2.5) 

and using the approximation (2.4) for 8Sf. 
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Consistently with this linear expansion in 6~, we can avoid taking into account 
the variation of K-1 due to every updating of q,'s, but compute K 1 only once, 
before updating all the bosonic fields. 

The most efficient way of computing K-1 is by Monte Carlo inversion 

K i / (  ~ ) = (X,Xtj)  , (2.6) 

where the average is computed by introducing the quadratic action 

S x = x~Kij(q~)Xj  (2.7) 

for the auxiliary bosonic fields X (pseudofermions). When K is not hermitian and 
positive definite, the same method is applied to the inversion of K*K. Monte Carlo 
inversion has the advantage of computing only the matrix elements of K 1 entering 
T r ( K  1 6K) ,  with computation time proportional to V, thanks to the locality of K. 
The sources of systematic errors are essentially two. 

(i) The linear expansion of Sf and the use of K-1 computed at the beginning of 
each bosonic upgrading sweep. This implies an explicit violation of the detailed 
balance, that can be kept small by choosing a small step size 8~ in the bosonic field 
updating. In turn, a small 8~ slows down the dynamics of the bosonic field and 
requires a bigger number of sweeps in order to generate the same statistical sample 
of configurations; 

(ii) Monte Carlo inversion of K introduces a statistical error in the matrix 
elements of K - l ,  whose effect is the introduction of a noise source in the effective 
action 

~Sf ---> - N T r  (K-1  + e) 6q,, (2.8) 

where e is the noise matrix, that is proportional to 1 /n~pf ,  where n pf is the number 
of pseudofermionic sweeps used to compute K 1. The net effect of this noise is to 
produce an O(1 /n  pf) systematic error in the expectation value of every observable. 

We will rescale the number n sw of (bosonic) sweeps in order to keep constant the 
statistical significance of our configuration sample: nsw cc 1/((6q~)2). In this case, 
according to ref. [9] systematic error (ii) should scale as ((8~)2).  

The dependence expressed in eq. (2.8) allows for a formulation of an exact theory 
of the deviations from the exact quantum expectation values of any observable due 
to the finite number of pseudofermionic sweeps. These deviations will be examined 
more carefully in sect. 8 for the Gross-Neveu model. The effect of Monte Carlo 
inversion being under control, it is crucial to investigate the effect of the step size. 
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To this purpose, we devised a very simple quantitative test of violation of the 
detailed balance. 

Let us consider the total variation of the effective action, 

8S~ff = 8S b + 8Sf , (2.9) 

and notice that, when equilibrium is reached, the quantum field equations of the 
model 

(SSb I 8S f I=N(Tr  K 1 8K 

are satisfied. 
Both sides of eq. (2.10) are observable quantities that can be measured in the 

numerical simulation. Therefore, the deviation from the exact Schwinger-Dyson 
equation (2.10) is a precise measure of the systematic error, and for sufficiently 
small 8~ this quantity should be proportional to ((8q~)2). Error propagation should 
then, in principle, allow one to reconstruct the effect of this error on other 
observable quantities. 

3. The massive Gross -Neveu model 

In order to fix the notation and for immediate comparison we briefly review the 
continuum limit of the (euclidean) two-dimensional massive Gross-Neveu model. 
The starting point is a theory of N self-interacting Dirac fermions with global 
symmetry U(N)  and euclidean action 

S = f d2x[ ~ - lg2( ~ )2+ m~y] . (3.1) 

This action is stable under renormalization because of a hidden O(2N) symmetry 
[18] enjoyed by the scalar interaction. 

Moreover, in the limit m ~ 0 a discrete chiral symmetry 

(~ ,  ~/) --* (Ys+, - ~'/5) (3.2) 

becomes effective. 
In practice, one usually prefers to eliminate the explicit four-fermion interaction 

by means of a Lagrange multiplier o, such that the effective action becomes 

(3.3) 
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One should stress that the effective action (3.3) is no longer stable under 
renormalization; a quartic fermion counterterm is dynamically generated by the 
two-loop contributions to the four-point function, corresponding to an O(g 6) and 
O ( 1 / N  2) correction [30]. In trying to extract physical information from the effective 
version of the model, we must therefore keep in mind this limitation. 

The 1/N expansion of the model is obtained by defining the operator 

K =  ~ + o + m,  (3.4) 

and integrating over the fermionic fields, which leads to the action 

N 
Sef~ (Z)  = - ~  f d2x (2;(x) - m) 2 -  N Trln K,  (3.5) 

where we have defined the large-N variables 

~,=o+m, f=g2N, K(p) = i~ + ~J. (3.6) 

The large-N solution is obtained by solving the saddle-point equation 

1 
-7 (N(x)  - m) = t r K - l ( x ,  x; I;) (3.7) 
J 

for a constant field 1;c, playing the r61e of the effective (large-N) mass for the 
fermion field. 

The renormalized gap equation can be expressed in the form 

= 1 ; c  , ( 3 . 8 )  m fZcln 

where 

2;o=Acex p - ~ , (3.9) 

and is shown in fig. 1. When m --* 0, 1;c --* + 1;0, indicating a spontaneous break- 
down of the discrete symmetry and a non-perturbative dynamical mass generation. 
The general phase diagram of this model in the (m, f )  plane is shown in fig. 2. 
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Fig. 1. The saddle-point equation of the cont inuum Gross-Neveu model. The dashed line is the unstable 
region. 

In order to include the 1/N corrections, one has to introduce the propagator of 
the Z field 

where [14] 

8~Se,,(Z) > ~  [1 ] A)jI: 8Y.--(--~((y) = N ~ + H(x, y) z=zc' 

d 2 p  1 

~(k)=trJ~-GTK ( 

i 4.y2 
f =  1 +  k-- 5 -  

(3 .lO) 

p,Z)K-l(p+k,~,)=~-~ln +~ - -~ l n  ~ ] -  , 

(3.11) 
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Fig, 2. Phase diagram of the cont inuum Gross-Neveu model. Dashed lines are the metastable phase 
boundaries. 
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The quantum effective potential, as a function of the external background field Z, 
has a 1 / N  expansion 

F(Z) = NFo(Z ) + Ft(Z ) + O(1/N) ,  (3.12) 

where 

ro(~) - 
( Z - m )  2 

z/ 
2 m 2 

[ d~P. l n ( p 2 + Z  2 ) = - - m f  
y (2vr) ~ " 2f 

+ ~ l n  - 1  , 

1 d 2 p  1 1 . 

Fi(Z) = ~ f ~- ' j 'S ln[ ~ A  J; (P)]  (3.13) 

The 1 / N  corrections to Z c can easily be expressed in terms of these functions by 
substituting 

1 
- -Z  1 (3.14) 

N = Z ° +  N c 

into the gap equation OF/ON = 0, and expanding in powers of 1/N. The result is 

r;(Zc °) 
Zl~ - ( 3 . 1 5 )  

t t  0 ' 

where 

1 d2p r;(:~) __ f ~ 7  {~ln(~ + 1 , / [  [.~2 + ~ l n ( ~ + l l ]  / 4N (3.16) 
- 1 ]])  p2 + 42;2, 

1 1 ( Z  2 ) 
= - -  + - - l n  - -  . Fd' ( Z ) ~r 2 ~r Z ~ (3.17) 

In the massless limit is is therefore possible to compute analytically Z~. We find 
that, when Z ° = + N o 

1 d2p +4Z o 2Z o 
Zlc= - 2 1 r f ( 2 ~ r ) :  p2+4Z~ - +Z° ln  Ac " (3.18) 

Eq. (3.18) is found to be in agreement with the standard renormalization-group 
analysis of the model. It is indeed possible to write down a renormalization-group 
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equation for the effective potential, ignoring the above-mentioned O(1/N 2) effects; 
in the massless limit it takes the form 

[ 0 0 0] 
- A c o - ~  + f i n  + ~ , Z ~ -  F (Z ,  f )  = 0. (3.19) 

Consistently with ref. [30], we found that the following relationships hold 

___N- l f 2 ( l  _ y ( f  )) + O - ~  
t~(f)  = ~rS 

1 N _ I  2 ( f 3 )  
y ( / )  = ~ - - ~ f +  4-Tg-~f  + O ~-  . (3.20) 

As a consequence, we found that F(Z, f )  is minimized by 

Z = _+Acexp N -  1 f + O , (3.21) 

where A~ has calculable 1 / N  corrections with respect to A c and no logarithmic 
corrections are present. 

4. The G r o s s - N e v e u  model  on the lattice: Generalit ies 

A naive transcription of the fermionic Lagrangian on a lattice leads to a species 
duplication [31-33]. In order to avoid this problem, we shall essentially follow 
Wilson's proposal [22]: degeneracies are lifted by the introduction of an irrelevant 
operator whose naive continuum limit is zero. 

As an unavoidable consequence, chiral invariance is explicitly broken. This is, 
however, a way to generate the correct chiral anomalies that otherwise would not 
arise in an intrinsically finite scheme such as lattice regularization. One must check 
that no lattice artifacts, or anomalies, that are absent in the continuum formulation, 
are generated in this scheme. 

Another problem in two-dimensional theories arises in connection with the severe 
infrared divergencies that make Monte Carlo simulations very sensitive to volume 
effects. A better control of volume effects is obtained by the use of Symanzik's 
improved actions [24], reducing the effects due to the finiteness of the lattice spacing 
and therefore allowing for larger correlation lengths. A rather general ansatz for 
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lattice actions, allowing for improvement up to O(a z), is 

S = a  2 ~ ( x ) 7 .  ~ - - a  ( ~ ( x + a ~ ) - ~ ( x - a ~ ) )  

- a ( ~ ( x  + 2 a ~ )  - ~ ( x -  2 a ~ ) )  

f 1 
2a ~ ( x ) [ ~ ( x  + a~) + ~ ( x -  a~) - 2~ (x ) ]  

r2 Y '~ (x ) [~ (x  + 2 a ~ ) + ~ ( x -  2 a ~ ) - 4 ~ ( x  +a/~) 
+2a 

-4~b(x - a/~) + 6~b(x)] 

1 
+m~/(x)+(x) + o (x ) f J (x )~(x )  + -f-gsg2oa(x) 

½ 3 2 N 2 o ( x ) [ o ( x  + a~) + o ( x  - a~) - 2o(x)] 

)3 }. (4.11 +a33N(o(x ) + m  +a234N(o(x)+m) 4 

If all coefficients rl, r2, c, 32, 33, 34 are chosen to be equal to zero, one obtains the 
naive action with species doubling. The choice r 1 = r ~ 0, r 2 = c = 32 = 33 = 34 = 0 
corresponds to the standard Wilson action. 

Finally, Symanzik's improvement program is implemented by requiring the proper 
lattice Green functions to reproduce the corresponding continuum limit to the 
desired precision. The inverse fermionic propagator is 

Zir 1 = EiT, fi~ + J ( p )  + m, 

1 
sin ap.(1 + 2a2c d), 

a 

1 3 ^ 4  ~ ( p )  = ~arl~2 + ~a r 2 E p .  , 

2 
- sin 1 /32= 'P~'= a 2aP~' y~,~2. (4.2) 
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Expanding in powers of a, one obtains 

A f ' ( p )  ~ Eiy.p.[l + ( 2 c -  ~)a2p 2] 

1 1 3 4 (4.3) +½rlap2 +~(r2-  i~q) a EP. +m. 

Therefore Symanzik's tree improved action is obtained through the choices 

c = ~ ,  r t = 0. (4.4) 

One-loop perturbative computation of two, three and four-point Green functions 
for the field o allows for the determination of 82, 83 and 84 and the construction of 
the one-loop improved Symanzik action. 

The form of one-loop improvement assumed in eq. (4.1) can be shown to imply 
that no deviations from asymptotic scaling are present for physical quantities, up to 
O(exp(-  4~r/f)), thus solving the apparent paradox of ref. [25]. 

For our present purposes, we only need to focus on the behavior of Wilson and 
Symanzik's tree-improved actions, with special emphasis on their exactly solvable 
large-N limit. 

We introduce the large-N effective potential in the form 

1 
F0(X ) = ~ ( ~  - m) 2 + F0(X ) + 83 ~3 n t- 84 ~4 ' (4.5) 

where 

dZP ln[iff +~#(p) + Xl,  F0 (:~) = - tr f ~ 7  (4.6) 

and study the different phases of the models in the (m, f )  plane by considering the 
saddle-point equation (when 83 = 84 = 0) 

X - m  

f 
- -  + F 0 ' ( X  ) = 0 .  ( 4 . 7 )  

In general, eq. (4.7) has more than one solution. The absolute minimum of Fo(X ) 
is the true vacuum of the model; other solutions that are local minima correspond to 
metastable states. Varying m and f leads to level crossing: first-order transition 
lines separating different stable phases correspond to values of the parameters such 
that two degenerate vacua are present. 
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The appearance of a new solution is related to the simultaneous solution of eq. 

(4.7) and its first derivative 

1 
+ Fo"(Z ) = 0. (4.8) 

/ 

We can therefore find immediately the end lines of the different metastable phases 
in the form of a parametric equation in Z 

i,/ 
z 

1 
(4.9) 

The Wilson-action phase diagram is presented in fig. 3 for the choice r 1 = 1. The 
symmetry  of the effective potential under the exchange 

( m + 2 r l ) - +  - - ( m + 2 r l )  , o - +  - - o  (4.10) 

manifests itself in the structure of the phase diagram. As discussed in ref. [23], this 

symmetry  implies the existence of three different weak-coupling phases: a 
Kogut -Sussk ind  phase with fermion doubling around m = -21"1, f =  0, and two 

equivalent and separate chiral phases around m = 0, f = 0 and m = -41"1, f = 0. 
The Symanzik tree-level improved action does not possess the above-mentioned 

symmetry.  The appearance of new vacua occurs now for nonzero values of f ,  as 
_ _  1 shown in the phase diagram of fig. 4, for r 2 - ~. 

. . . .  I . . . .  I . . . . . . . . .  

- 5  - 4  - 3  

l ' ' ' '  

-2  - I  
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0 
0 

Fig. 3. Phase diagram for Wilson action, with r 1 = 1. 
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Fig. 4. Phase diagram for Symanzik action, with r 2 = ~. Solid fines are the phase-transit ion lines; dashed 
lines are the metastable phase boundaries.  

For  very large f ,  the two models become comparable, the strong-coupling chiral 
line being m = - 2rl for Wilson action and tending asymptotically to m = - 6r 2 for 
Symanzik tree action. This fact allows for a direct comparison between values of q 

and r 2 related by 

r 2 = ~r I . (4.11) 

This relationship qualitatively survives when we compare the weak-coupling regimes 
of the two models and is one of the justifications for the choice r z = ~ in our actual 

computat ions.  

5. The weak-coupling phase 

In order to make more quantitative theoretical statements about the physics of 
the lattice Gross-Neveu model in the different formulations that have been pre- 
sented, we need to consider the weak-coupling expansion of the effective potential 
near  the chiral limit. In this section we shall still focus on the large-N limit of the 
model. Most statements which are valid in this limit will, however, turn rather 
immediately into more general properties of the model at arbitrary (not too 
small) N. 

Since Z o - e x p ( - ~ r / f ) ,  the weak-coupling expansion will turn into a small-Z 
expansion for the function F0(Z ) appearing in the large-N effective potential. In 

general, the following expression will hold 

Fo(~,)=ao+a~Z+ ~ (a.+b. lnlY-])Y- n, 
n = 2  

(5.1) 

where the coefficients an, bn will depend on the parameters r 1, r 2 and c. 
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In the naive chiral limit r 1 --- r 2 = 0, the coefficients of the odd terms a2n+l, b2n+l 
will vanish. 

In general, the n th coefficients are associated, by naive power counting, with the 
p o w e r  a n - 2  of the lattice spacing a. In particular, a 0 - a - 2  is an irrelevant overall 

constant in the vacuum energy, and a 1 - a-1  is, in the large-N limit, the perturba- 
tive mass renormalization of the fermion. All terms such that n > 3 are nonpertur- 

batively depressed like e x p ( -  n~r/f) in the weak-coupling regime and correspond to 
the contribution of irrelevant operators, vanishing in the naive continuum limit 
a ~ 0 .  

One more piece of information comes from an analysis of the infrared behavior of 
the momen tum integral in eq. (4.6), showing that 

1 
b 2 -  2~ ' b 3 -  2~ ' (5.2) 

while b 4 vanishes for arbitrary r 2 when q = 0 and c = ~2- Therefore b 3 = b 4 = 0 for 
Symanzik 's  tree improved action, as required by its definition. 

Finally, Symanzik's one-loop improvement corresponds to the choice 3 3 = - a 3 ,  

34 = - - a  4 ( 3 2  is computed in appendix B). The coefficients a 0, a 1 and a 3 have 
simple representations in terms of momentum integrals 

d2p ln( fi2 + at/,2) 
a°= - f ~ - 7  

d2p 2J/l 
f 

a 1 J (2~r)2 fi2 +,//.{2' 

d2p 2J/{(fi2 - ~Jg2) (only if q = 0).  (5.3) a~=f(2,~)2 ( fi2 _[_ ~¢2) 3 

In order to define a2, a subtraction of the logarithmic singularity must be per- 
formed, thus obtaining 

1 d2p [ fi2_//¢,2 1 ] 
a 2 = - ~ ( l + 5 1 n 2 ) - f ~ - ~ [ ( ~ z + j # 2 ) 2  /32 " (5.4) 

We can now define (unconventionally) the A parameter  of the model in the 
large-N limit 

[ ( 1)] 
l i m a A c - A = e x  p -27r a 2 + ~  . (5.5) 
f ~ O  
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The expansion of the effective potential including the first irrelevant operators is 
therefore (up to a constant) 

1 (m)1(( 2t ) ( rx ) 
FO(Z) ~ ~ z 2  + al -- 7 Z + ~ In ~ - 1 ~2 + a3 + ~ ln lZ  I Z3. (5.6) 

The numerical values of the lowest order coefficients, for ~ = ~, are 

a 1 = -0 .512165,  a 2 = -0 .136823,  

a 3 = 0.061009, a 4 = -0 .027964,  

a5 = -0 .011944,  bs=  1/(87r) ,  (5.7) 

and therefore A = 1.432877. 
We can now search for solutions of the saddle-point equations corresponding to a 

pair of degenerate minima of the effective action, i.e. satisfying the set of equations 
[23] 

Co(Z+) = to(Z_),  

#ro 8to 
8z (~+) = T g  (Z-)  =o .  (5.8) 

When f is sufficiently small, we find (for r 1 = 0) 

m° -- fal  + fa3Y.~, 

~o~_ - - -~o-  2rra3 ~2,  (5.9) 

where Z o = A exp( - ~r/f). 
One-loop improvement would correspond to vanishing of the O(~ 3) corrections 

in the physical quantity 1 o ~(:~+_ 2~o_). 

An example of the behavior of the effective potential Fo(Z ) for a few values of m 
around the critical mass is shown in fig. 5. In table 1 the values of Z °, zo_ and m °, 
obtained by numerical solutions of the exact eqs. (5.8), are presented. These values 
are compared with the results of eq. (5.9) in fig. 6 (the values of m ° given by eq. 
(5.9) are indistinguishable from those of table 1.) 

Symanzik's improvement can be quantified by noticing that the width of the 
scaling region is consistently measured by the biggest values of the renormalization- 
group-invariant quantity ~ that can be reached without leaving the weak-coupling 
domain. 

The crossover region between weak and strong coupling can be approximately 
measured, for comparable values of r 1 and r 2 (r  1 = 3r 2 = r), by equating the weak- 
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m = -0.9935 

Fig. 5. The  effect ive poten t ia l  Fo(X ) for Symanzik  action,  for r z = ~, f =  2 and values of m a round  

m c = -1 .0135 .  

TABLE 1 
Cri t ical  mass  and  condensate ,  to lowest  o rder  in 1/N 

(exact  solut ions  of eq. (5.8)) 

f Xo X°+ - X o _ m o 

2.5 0.4078i  0.38812 0.52139 1.254888 

2.4 0.38701 0.36755 0.48637 1.20721i  
2.3 0.36560 0.34663 0.45170 1.159239 

2.2 0.34359 0.32537 0.41740 1.110976 
2.1 0.32100 0.30377 0.38350 1.062426 

2.0 0.29787 0.28183 0.35005 1.013592 
1.9 0.27423 0.25959 0.31710 0.964480 

1.8 0.25016 0.23706 0.28472 0.915197 
1.7 0.22575 0.21432 0.25300 0.865453 
1.6 0.20113 0.19142 0.22206 0.815559 
1.5 0.17645 0.16848 0.19204 0.765428 
1.4 0.15193 0.14564 0.16311 0.715078 

1.3 0.12785 0.12312 0.13550 0.664529 
1.2 0.10453 0.10120 0.10950 0.613804 
1.1 0.08239 0.08021 0.08537 0.562928 

1.0 0.06192 0.06063 0.06355 0.511932 

0.9 0.04368 0.04301 0.04446 0.460844 

0.8 0.02823 0.02794 0.02855 0.409693 

0.7 0.01611 0.01601 0.01621 0.358504 
0.6 0.007625 0.007603 0.007648 0.307297 
0.5 0.002676 0.002673 0.002679 0.256082 
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Fig. 6. Exact values of (a) 2J ° and (b) ,~o (solid line), compared to expansion (5.9) (dashed line). 

and strong-coupling expressions for the perturbative mass 

f~a 1 -- - 2 r .  (5.10) 

We can therefore define the quantity 

~'c(r)=A(r)exp fc-(-r) = e x p  - - ~ + T r  ~ r - 2 a 2  , (5.11) 

measuring the approximate value of the vacuum condensate in the crossover region 
for a given value of r. In fig. 7 the dependence of IJ c from r for Wilson and 
Symanzik tree level action is presented. 

1.0 . . . .  [ . . . .  i . . . .  ] . . . .  ] . . . .  i . . . .  

0.8 ~ ~  - 

/ /  

0.6 / 

~C 7 L 

0.4 /I ! 
0.2 

0.0 , , , J  . . . .  I . . . .  I , , ,  P . . . .  J . . . .  
0 0.5 1 1.5 2 2.5 

r 

Fig. 7. X c as a function of r for Wilson action (dashed line) and Symanzik action (solid line). X wi] is 
multiplied by 4. 
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It is worth noticing that, consistently with our statement about the relationship 
between r a and r2, in a wide region 0.1 ~< r ~< 2, including our reference value r = 1, 
the r a t i o  ~cSym/~.~c Wil is approximately constant and equal to 4. In particular, for 

r = l  

A w n / A  Sym -= 2.5, (5.12) 

implying the finite renormalization 

Moreover 

1 1 
- -  --- 0.29. (5.13) 

fwil fSym 

1 1 

fc Wil fcSY m 
- - - -  ½(aWil -- aSym) ~ 0.14, (5.14) 

implying altogether 

Sym Wil Zo / Z  c = 3.88. (5.15) 

In order to fully understand the practical implications of this improvement, we 
must, however, discuss the finite-lattice effects, which we shall do in sect. 6. 

6. Finite-lattice effects 

In the absence of a general theory of finite-lattice effects, we decided to resort to 
a detailed numerical analysis of these effects in the Gross-Neveu model by 
evaluating on a finite lattice the function F0(Z ) and its derivatives, varying all the 
possible relevant parameters. 

We defined 

1 
Fo(,~, L )  = - Y'~ ~ ln{ ~2 + ( ~ ( p )  + ~j)2}, (6.1) 

P 

where the sum runs over all the Fourier modes of a lattice of size L × L, with 
antiperiodic boundary conditions 

297 
P" = T ( n ,  - 1) ,  n~ integer. (6.2) 

The choice of antiperiodic boundary conditions was motivated by the need of 
eliminating all dependence from the zero modes that are integrable in the contin- 
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u u m  limit bu t  appea r  as spurious singularities at ~ = 0 in the lattice formulat ion 
with per iodic  bounda ry  conditions. 

W e  studied the quantit ies 

aFo(Z, L) = Fo(Z, c )  - Fo(Z, ~ ) ,  

aro'(Z, L) = Fo'(Z, L) - Fg(Z, ~ ) ,  

aro"(~, L) = r0"(S, L) - Fo"(Z, oo), (6.3) 

for  L = 5,10, 20, 40, 60, r 2 = 0 .1-2,  r I = 0, 3 , 1 ,  and - IO/L ~ ~ <~ IO/L. Our con- 
clusions are the following: 

(i) the funct ion kF0(N , L )  does not show any significant dependence  on r 1, r 2 in 
the whole  region of parameters  we have considered and for all L > 20 at least. This 
s t a tement  is true up to one par t  in 103 for L = 40 and especially well verified when 

r 2 is var ied at r 1 = 0. As a consequence,  the finite-lattice dependence  is a universal 
funct ion  that  can be studied directly on the integral of  the scalar p ropaga to r  

1 
Fo~C~r(~, L )  = - E ~-5 ln(/32 + 2~ 2) ; (6.4) 

p 

(ii) AFo(2~, L )  shows naive scaling dependence  on the variable S = S L  for all 
L >~ 20, i.e. 

1 
AFo(Z, LI= ~ fo (S) ,  

1 
a F o ' ( Z ,  L )  = g f o ' ( S ) ,  

aro"(Z, L) =/0"(S). (6.5) 

The  behav ior  of  fo(S) is shown in fig. 8. Its main  features are: 
(a) an exponent ia l  decay - e x p ( -  IS 1) of the funct ion for large S, with logarith- 

mic  slope essentially equal to 1; 
(b) S --+ - S symmetry ;  
(c) a smal l -S  expansion governed by the ultraviolet  renormal izat ion group of the 

model ,  imply ing  

fo(S)~const.- 4w In - 1  , 

- - -  I n  + 1  . ( 6 . 6 )  f # ( s )  --- 
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Fig. 8. fo(S) = L2/~F0(Z, L) for a 40 × 40 lattice. 
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S~ is a universal constant that can be determined from the equation 

l n S  c = - l n 2 +  lim l n L  (6.7) 
2 L---, ~ " ~  ' 

giving S c --- 2.082 (already verified for L = 40). 
The variable S measures the physical dimensions of the lattice in units of the 

fermion correlation length, and the naive scaling dependence shows that the 

finite-lattice renormalization group is the same as the ultraviolet renormalization 
group: L - exp(~r/f) .  Keeping S fixed is the physically meaningful way of extract- 
ing cont inuum information out of the model. 

As an immediate consequence, we reinterpret our equations as a condition on the 
lattice volume: S >> S c implies L >> Sc/~, and therefore the minimum acceptable 
lattice size Lo must obey Lc >> Sc/Z~, implying 

L c  Wil 
- 4.  (6.8) 

LcSY m 

The volume factor in favor of Symanzik action is = 15 for r = 1. 

7. The 1 / N expansion 

For  theoretical and numerical purposes, it is extremely important to understand 
the r61e of the 1/N corrections in the lattice version of the model. 

As we already mentioned in discussing the continuum version, as long as we 
ignore O ( 1 / N  2) effects we can apply the effective potential formalism and study the 
behavior  of the operator Z neglecting its compositeness. 
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While the renormalization-group analysis can be repeated without modifications, 
and the results concerning physically scaling quantities are simply a reproduction of 
the continuum results, the bare quantities resulting from the actual computation are 
necessarily affected by perturbative tails that must be theoretically understood and 
subtracted in order to obtain the continuum limit. 

The essential ingredient of the 1/N expansion is the X field propagator, defined 
in eq. (3.10). The lattice representation of the self-energy part is 

d2p 2[(,/g(ll)+X)(Jg(12)+X)-~'~] 
FI(k'~:~)-~ f ( 2 ' 7 / )  2 [ 8  q-  ( - / ~ ¢ ( 1 1 )  q-  ~ ) 2 1  [ ~ 2  q-  ~ - - ( ~ 2 ; ~ - ) 2 1  ' 

(7.1) 

where l 1 = p and l 2 = p + k. 
H(k, X) admits a small-X expansion 

n = l  
(7.2) 

The expansion coefficients can show significant deviations from the corresponding 
continuum expressions. The computation of Ho(k ) is discussed in appendix A. Its 
behavior is shown in fig. 9. We just mention that, in Symanzik's tree improved 
model l(k2) 

H°(k) = G I n  ~ + A2 k2 + O(k4), (7.3) 

where A 2 is related to the one-loop improvement parameter by 8 2 = - A  2- The next 

0.2 

0.0 

Ho 
- 0 . 2  

- 0 . 4  

- 0 . 6  

0 

. . . .  I . . . .  I . . . .  [ . . . .  ] . . . .  

, I I I [ ' ' , , [ , , , I 
0.2 0.4 0.6 0.8 1 

IkV~ 

Fig. 9. Ho(k ) computed for k v =  k x (solid line) and for k v = 0  (dashed line), showing rotation 
invariance for [ k [ / A  < 1. 
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terms of the expansion are 
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Al(k ) = 6a3 + O(k2), 

1 2 J g ( k )  
B l ( k )  = - 7 ~2..k,///,2(k) -~ O(k2) ,  

A 2 ( k ) = ~ 5  In +1  +12a  4+O(k2) ,  

1 [ k2 - .d /2(k)  
B 2 ( k )  = - 7 2 (~:2 +.//¢,2(k))2 + ak~ ~:2 + J g 2 ( k )  

2 
vrk 2 

+ o ( k 2 ) .  

(7.4) 

We report for comparison the corresponding expressions for the Wilson model [23] 

1 k 2 

H°(k) -- 2~r in A~ v + O(Ikl), 

r 
a l ( k )  = 2~r I n  k 2 -4- c o n s t . +  O ( I k [ )  

r 
B l ( k )  = - - + O ( I k l ) ,  

~7 

1 
A2(k ) cc ~'2 Ink 2 , 

1 
Bz(k ) cc k- 5 . (7.5) 

One sees that the effect of the tree-level improvement is the disappearance of all 
spurious logarithmic dependences on k and ~Y up to O(a2). 

We can now study the behavior of the 1/N contribution to the effective potential 

1 (, ) 
F l ( f , ~ Y ) = ~ j ~ - ~ 2 1 n  ~ + H ( k , ~ )  . (7.6) 
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The perturbative tail of Ft, defined as 

1,d2  (1 ) 
F,( i ,  o) -- 7 s (-77~/_ in 7 +SSo(k) , (7.7) 

is an irrelevant numerical constant renormalizing the vacuum energy. There is, 
however, a good reason to study its dependence on f .  Let us indeed consider the 
observable quantity 

1 _ O 1 
(7.8) 

where 

d2k 1 O 

C,(f, X) = f (2=) 2 1/f + H(k, X) = -2f2-~/ ' l ( f 'oy  ~)" (7.9) 

The perturbative tail of this quantity is related to that of F~ through the relationship 

d2k 1 f 
c l ( f , 0 )  ) (2=) 2 l / f +  no(k) 

8 
2f2-~-~Fl(f,O). (7.10) 

FI( f, 0) is a non-Borel summable asymptotic series in f 

( _ 1 )  -+l 
F l ( f , 0  ) - - ~ l n f +  ~ 2n c,,f", 

n = l  

c"=a~-~[I-l°(k)] ~ ( - 1 ) " n ' ~ 2 = /  4=" (7.11) 

Choosing r 2 = ~, we obtain 

Cl ~ 1 2 ~a 1 = 0.131156, 

c 2 = 0.040352, c 3 = 0.003228. (7.12) 

Numerical evaluation and series resummation for Fl(f ,  0) and C1( f, 0) are discussed 
in appendix A. 

Going back to the function F l ( f ,X  ), we notice that the argument of the 
logarithm in the integral is not always a positive-definite function. In the weak-cou- 
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pling limit the positivity condition for all k turns into the request that 
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1 1 1 12;I 
- + - + - - I n  > 0 ,  
f 7 -  

~0 
i.e. I~1 > / - - .  (7.13) 

e 

Therefore in the small-Z region Ft ( f ,  N) develops a nonzero imaginary part, and in 
the limit 2? ---, 0 

~" ~ d2k 
Im r l ( f , o  ) = ~ [  

(2~r) 2 '  
(7.14) 

where /¢ is defined by the relationship l / f +  Ho(~: ) = 0. For small f we have 
K: ~ Z o ( f )  and therefore 

1 2  (7.15) Im _r' 1 ( f ,  0) ~- gZ 0 , 

a relationship that we have numerically verified. The imaginary part of FI( f,  ~.) is a 
signal of the instability of the effective potential in the region of values of S that 
are physically not attainable [15]. Indeed, by comparing with eq. (3.8) and fig. 1, we 
recognize that the value 1211 = Zo/e is exactly at the endpoint of the curve 21(m). 

Aside from the perturbative tail, lattice regularization, due to the explicit break- 
down of 75 invariance, generates terms that are odd functions of Z in the effective 
potential. In particular, a linear term arises in F 1, inducing a 1/N renormalization 
of the mass parameter and a nonmultiplicative redefinition of the nonperturbative 
part of the field Z. Including only relevant operators, we can therefore parametrize 
the 1 /N  correction to the effective potential in the small-coupling region by 

l" l ( f  = Fl(f ,O) + [d l ( f  ) + l ) l ( f  )ln + 1 2 GI(U, t ) ,  (7.16) 

where t = ln(]2; I /A).  
Going back to the definition of F1, it is easy to obtain the relationships 

1 f d2k Al(k ) 
dl(f )  - 2 J  (2=) 2 l / f +  IIo(k ) ' 

1 f d2k Bl(k ) 
tSl(f) 

2 J  (2vr) 2 1 / f+Flo(k )  ' 
(7.17) 
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and the following exact equations hold 

d2k 
f ~-~Al(k)=O, f dZ k a 1 = - -  W l ( k )  ~ ' (7.18) 

implying 

al(/)  = O ( f 2 ) ,  

a 1 b l ( f ) = f G + O ( f 2  ) • (7.19) 

al l(f)  and b l ( f )  are non-Borel summable series. The behavior of b l ( f )  will be 
shown in fig. 12 (see below). 

These results are consistent with the explicit computation of the two-loop contri- 
bution to the effective potential, which can be performed analytically, and coincides 
with the first coefficient of the expansion of F 1 in powers of f 

x e d2k 1 r d2k r d2p 1" 7fJ~17(k,Z)=~fJ~trJ~K (P,S)K-I(P+k,S) 

[ " d2k - 1  ]2 =½ftr[J~K (k,S)] =14f[Fo'(S)]2. (7.20) 

By substituting eq. (7.16) into (7.9), we obtain 

Cl(f ,S) -~-- Cl(f, O) + 2[al(f ) + bl(f )lnl-~-]X + ~ . 2 d l ( f ,  t ) ,  (7 .21)  

where the dot stands for derivative respect to 1 / f .  
Eq. (7.21) reflects a very general phenomenon occurring in the lattice formulation 

of quantum field theories: the mixing between quantum operators with the same 
conserved quantum numbers. In our case, the explicit breaking of the chiral "/5 
symmetry allows for perturbative mixing between the operator S2(x) defined by eq. 
(7.8) and the operator ~;(x). 

In order to decouple the two operators, we shall therefore parametrize lattice 
expectation values in the scaling region by 

N(S2(x))c(S)=q(f,O)+%(f)(~(x))(i)+~.(f)[{~(x))(f)] 2 ( 7 . 2 2 )  

There are two different values of {S2(X))c for each value of f ,  given by eq. (7.8) 
and corresponding to the large-N solutions S°+ and S ° of table 1. These values are 
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TABLE 2 
The 1/N (leading) contribution to N(ZZ(x) )c, Cl+ =- CI( f ,  Z°+ ( f ) ) ,  

and its perturbative part C 1 =- Cl( f ,O) 
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2.5 1.65294 2.41375 2.02306 
2.4 1.61267 2.30992 1.96427 
2.3 1.57150 2.20700 1.90318 
2.2 1.52935 2.10491 1.83977 
2.1 1.48610 2.00360 1.77399 
2.0 1.44161 1.90301 1.70584 
1.9 1.39572 1.80309 1.63533 
1.8 1.34824 1.70382 1.56248 
1.7 1.29895 1.60515 1.48738 
1.6 1.24760 1.50707 1.41012 
1.5 1.19391 1.40957 1,33085 
1.4 1.13755 1.31266 1~24974 
1.3 1.07818 1.21636 1,16702 
1.2 1.01545 1.12071 1.08292 
1.1 0.94908 1.02577 0,99773 
1.0 0.87880 0.93161 0.91168 
0.9 0.80454 0.83831 0,82499 
0.8 0.72635 0.74592 0,73778 
0.7 0.64452 0.65438 0,65004 

presented in table 2 together with the perturbative tail C l ( f ,0  ). We can therefore 
determine the (approximate) values of al(f) and az(f) for each finite value of f by 
solving a simple linear system and studying the behavior of these functions when 
f ~ 0 .  

The perturbative value of al(f) can be extracted from eq. (7.21) by observing 
that, when f ~ 0, 

bl ( f )  --* _f2 al (7.23) 
2~r 

and therefore, as shown in fig. 10, 

O~l(f)  ~ - ~ f a l  ~ - m  ° . (7.24) 

The behavior of c t 2 ( f )  is shown in fig. 11; it is related to the wave-function 
renormalization of ~ (x ) .  Its universal term can be computed in the continuum 
model, leading to 

C t z ( f )  ~ l n f ,  (7 .25)  

in agreement with our numerical results. 
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Fig. 10. The mixing coefficient a l ( f )  (solid line), compared with m o (dashed line). 

I n  o r d e r  to c o m p u t e  the  1 / N  co r rec t ions  to the  v a c u u m  e x p e c t a t i o n  va lue  o f  ~ ,  

we  c a n  n o w  subs t i t u t e  ou r  resul ts  in to  eqs. (5.8) and  so lve  p e r t u r b a t i v e l y  in 1 / N  by  

the  a n s a t z  

1 1 1 
F = F 0 "[- N / ~ I ,  m = m ° + - - m  1 N  ' 2 : -  + =  2 :°+-  _~aN -+" (7 .26)  

I t  is s t r a i g h t f o r w a r d  to o b t a i n  the  r e l a t ionsh ips  [23] 

r l ( z ° )  - r l(Z°_) 
m l : f  , 

7"1= l / f +  Fo"(2: ° ) " (7 .27)  

- 1  

. . . .  I . . . .  I . . . .  I . . . .  I . . . .  
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Fig. 11. The multiplicative renormalization coefficient a 2 (f) .  
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In the small-coupling region we can ignore the irrelevant operators and evaluate, by 
the use of eq. (7.16) 

qT_ ] 1 2 
FI(-Y°) - + Z  o a l - T b l  +~Z0Gl(to) ,  

F{(~,°+)~-ffl+bl(1-f)+_~,o([Ga +lOG1] -2~ra3bl) 
2 Ot Jr=t0 

(7.28) 

where t o = -~r / f ,  and in the same approximation 

1 1 
7 + F°"(27°) = --(l~r -+ 4~ra32J°) " (7.29) 

Therefore, we obtain 

m 1 = f a ~  - ~ b ~ ,  

Z ~  ~ r Z o ( [ G  1 + lG;],=,o-67ra3bl)--71@ 1 . (7.30) 

As we mentioned before, in order to compare with the continuum limit we have 
to subtract from N~+ the nonmultiplicative term -~rb 1. Therefore, the scaling part 
of ~ is 

T-qTZo([G 1 q- ½G;],=t, - 6~a3bl). (7.31) 

Making use of the small-2; expansion for FI(k, ~,) (7.2) in the definition of 
F{(f, N) leads to the following result: 

[GI + 1G~],=,o - ~rln - f ~ -  
k2_-~(k) ] 

~rB2(k) + 2(~:2 + jg2 (k ) )2  ] 

i /" d2k - 2A2 + B2 + 2~'B2//° 

+ 2 Y (2~r) 2 1/f+ H o 

( , ~ / f e l  - A 1 ) (  ~ / U B 1  - ~ - A x )  

( l / f+ / - /0 )2  
, (7.32) 

where all the integrals are proper and convergent around k = 0. 
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As a consequence, the nonperturbative part of 2;1 is 

+~0 - ~  + a 2 ( f  , (7.33) 

where a 2 ( f )  is a series expandable (non-Borel-summable) function of f ,  nonsingu- 
lar in the small-coupling region, and 

r d2k J/{ 2 (k)  
ff2(0) = l n 2  + 3 +  2 o r J  ( ~ ) 2  (~2  + ~ ¢ 2 ( k ) ) 2  ' (7.34) 

is the O ( 1 / N )  correction to the A parameter in the lattice regularization scheme. 
Numerically, for r 2 = 3, we have 

d2(0 ) = 1.65400, d~(0) = -0.46722. (7.35) 

Eq. (7.33) is in agreement with the analysis presented in sect. 3, as required by the 
universality of the renormalization-group coefficients in the two-loop approxima- 
tion. In particular, no logarithmic dependence on f is present, in contrast with ref. 
[231. 

In table 3 the values of m 1 and S ~  corresponding to the large-N solutions of 
table 1 are presented; they are obtained by numerical evaluation of the exact eqs. 

TABLE 3 
O(1/N) corrections to critical mass and condensate, 

as given by eq. (7.27) 

f .~1+ ~t m 1 

2.5 0.42038 0.70243 0.485286 
2.4 0.40110 0.68637 0.471446 
2.3 0.38118 0.66978 0.457279 
2.2 0.36063 0.65257 0.442757 
2.1 0.33945 0.63464 0.427851 
2.0 0.31769 0.61586 0.412528 
1.9 0.29543 0.59609 0.396754 
1.8 0.27278 0.57518 0.380496 
1.7 0.24996 0.55293 0.363714 
1.6 0.22722 0.52913 0.346379 
1.5 0.20497 0.50352 0.328457 
1.4 0.18371 0.47585 0.309932 
1.3 0.16411 0.44581 0.290783 
1.2 0.14688 0.41306 0.271001 
1.1 0.13287 0.37758 0.250656 
1.0 0.12268 0.33917 0.229763 
0.9 0.11658 0.29808 0.208398 
0.8 0.11400 0.25501 0.186650 
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Fig. 12. The 1 / N  perturbative contribution to Z, ½(Z 1 + Z l )  (solid line), compared with -~rb  I (dashed 
line). 
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Fig. 13. The nonuniversal  contribution to the nonperturbat ive part  of Z l, H = ( Z I + -  Z l_ ) / (2Z0)  + ~r/f, 
obta ined  by  numerical  evaluation of eq. (7.27) (solid line), compared with a2, obtained by numerical 

integration of eq. (7.32) (dashed line). 

(7.27). The perturbative contribution to Z 1 is compared with -~rb I in fig. 12. The 
nonperturbative part is compared in fig. 13 with if2, resummed up to O(exp( -  2~r/f))  
by the method described in appendix A. 

8. The Monte Carlo simulation 

The purpose of our Monte Carlo simulation is essentially twofold: 
(i) we want to check the possibility of establishing by numerical simulation the 

critical value of the bare mass m c corresponding to the restoration of the chiral ('/5) 
invariance in presence of an explicit breakdown of this symmetry; 
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(ii) we want to determine the expectation value of physical quantities at the 
critical point and compare the numerical extrapolations 8Z ~ 0 and n pr ~ ~ to the 
known theoretical predictions. 
Such an analysis offers us a possibility to discuss the feasibility and reliability of the 
pseudofermion method, and to evaluate quantitatively, with properly designed tests, 
the effects of the systematic errors discussed in sect. 2. 

As we mentioned before, at the critical value of the bare mass, corresponding to 
the continuum limit mren = 0, a first-order phase transition takes place. It is 
therefore natural to search for such a transition by performing hysteresis cycles in 
which we measure the vacuum expectation value of ~ versus different values of m 
at fixed coupling constant f .  The coordinates of the center of the hysteresis cycle 
correspond to the location of the critical point and to the value of the perturbative 
contribution to the fermion condensate, defined by the relationship (holding at the 
critical point) [23] 

(~5  += (~)pert q- (~)nonpert " (8.1) 

Since this determination is somehow inaccurate, the method is refined by explor- 
ing the central region of the cycle by the mixed-phase technique. The starting 
configuration is obtained by assigning the "positive vacuum" value to half of the 
sites of the lattice, and the "negative vacuum" value to the other half. Thermaliza- 
tion tends to bring the whole lattice into the lower energy vacuum, this one being 
the positive one for m > m c and the negative one for m < m c. At the critical mass, 
the lattice evolves into a metastable mixed-phase configuration ("soliton-antisoli- 

~(Y,++ ,~ ). ton") and the average value (Z )  is left at its perturbative value 1 
Once the critical mass has been determined, simulations are performed both in 

the positive and in the negative phase in order to evaluate accurately the expectation 
values of physical quantities. Of special interest is the non-perturbative contribution 
to the expectation value of ~, that is the value of the fermion condensate ( ~ )  

 XS.oopert = (8 .2)  

Another very important quantity is the value of the connected part of the composite 
operator N2(x), defined in eq. (7.8) and measuring the variance of the field, i.e. the 
steepness of the potential well. 

As observed in sect. 2, a crucial parameter in the simulation is the average square 
of the step size in the bosonic field update ((8Z)2).  Therefore, the mixed, negative 
and positive start simulations discussed above must be repeated for different values 
of ( (8Z)2) ,  leading to systematically different values for the measured quantities, 
m c itself included. 

In the optimistic view, one should be able to discover a linearity region in the 
dependence of the physical quantities from ((3~)2) ,  for sufficiently small ( (3Z)2) ,  
and therefore to extrapolate linearly down to ( (3Z)  2) ~ O. 
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In our view, the reliability of these extrapolations partly rests on the crucial test 
we mentioned in sect. 2, i.e. the linear dependence on ((8X)2) and extrapolation to 
zero of the quantum Schwinger-Dyson equations 

--, o.  (8.3) 

We must also take into account the dependence of the numerical results on the 
n u m b e r  n pf of pseudofermion sweeps used to compute K-1. The statistical error 
O(1/n~pf)  affecting the inversion procedure turns into a systematic error O(1/n pr) 
in the expectation values of physical quantities. 

The statement can be made more quantitative if we assume eq. (2.8) to hold and 
the matrix e to be independent of the field configuration. The effective action of the 
model can then be modified to account for the introduced noise by 

s --) s - NeE (x)Y.(x), (8.4) 
X 

where we have parametrized tre(x, x ) =  e*l(x), ~ (x )  being a normalized gaussian 
noise and e an experimentally determined parameter. In the range of values N >/10, 
f =  1.8-2.2 the numerical analysis performed at the critical point gives 

1.2 

A straightforward computation to lowest order in e shows that, using standard 
lattice averaging procedures, 

(X) --* (2:) + ½e2(N2(X3)c ) , (8.6) 

[ 1 ] 
<~2)c ~ <~J2)c + e 2 ( N < ~ ) c )  2 + ~ ( N 3 < ~ . 4 ) c  ) . (8.7) 

Recalling the well known property of the 1 / N  expansion 

(Zn>c - N - '+~,  (8.8) 

we find that the systematic error due to pseudofermionic noise is depressed by a 
factor 1/npf  in (X) and only by a factor N/np f  in (X2)c. 
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9. Details of the computation 

The simulation algorithm is dominated by the inversion of K tK, both from the 
point of view of complexity and of computation amount. 

For the Symanzik-improved theory, K tK involves interactions up to the fourth 
neighbour. To allow for the parallel upgrading of the pseudofermion fields X, we 
divided the lattice sites into ten "colors", the sites of the same color being 
uncorrelated by K tK. All the X fields belonging to the same color are updated 
simultaneously, using the heat-bath algorithm. 

On the other hand, the updating of the bosonic fields Z that is performed using 
the Metropolis algorithm is very easy, since the variation (2.5) of the effective action 
does not involve correlations of Z at different sites. 

The Schwinger-Dyson equations (2.10) of the Gross-Neveu model have the form 

<TrK l ( x , x ) > = ~  8Z((x) ' (9.1) 

where the right-hand side is a simple polynomial in Z(x). To check the accuracy of 
eq. (9.1), we measure the two quantities after each iteration. The left-hand side is 
computed as a part of the Monte Carlo inversion. 

The computation was implemented in a FORTRAN code for a CRAY XMP 
computer. One iteration on a 40 x 40 lattice, including 100 upgradings of the X'S 
and one of the Z's, is performed in 0.45 CPU s, 95% of which are spent in the 
computation of the matrix elements of K-1. 

10. Numerical results 

We selected several values of the coupling constant f in the scaling region; for 
each f ,  the simulation was performed on a L x L lattice, with antiperiodic bound- 
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F ig .  14(a).  T h e r m a l  cycle for  N = 10, f =  2.0 a n d  ( (8 .S)  2)  = 0.0093. (b) M i x e d  p h a s e  r u n s  fo r  N = 10, 

f =  2.0 a n d  ( ( 8 ~ )  2 )  = 0.0093. T h e  cu rves  c o r r e s p o n d ,  f r o m  top  to b o t t o m ,  to the m a s s e s  m = 0.940,  

- 0 .942 ,  - 0 .944,  - 0.946,  - 0.948,  - 0.949,  - 0 .950 and  - 0.952. m c is e s t i m a t e d  to be  - 0 .949 + 0.001. 
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ary conditions, choosing L large enough to have small (O(10 5)) finite-size correc- 

tions (this is obtained by choosing S -- 12, cf. sect. 6). 
The simulation starts with the determination of the critical mass m c. It was first 

estimated by a thermal cycle and then, more precisely, by mixed-phase runs. We 
required a precision of 0.001 in the determination of m c. The physical observables 
and 8S/8! were then measured at mc in the two phases, starting from the 
"posi t ive" configuration I ; ( x ) =  ~+ and from the "negative" one N ( x ) =  N .  The 
whole procedure was repeated for several values of ( (8S)2) .  When a previous run at 
different ((SS)2)al lowed for an estimate of m c, we skipped the thermal cycle but 
we always recomputed m c by mixed-phase runs for each ((82;)2). 

The results were then extrapolated to {(6~) 2) ~ 0 with a linear fit, and compared 
with the O ( 1 / N )  analytical results. We used values of {(8~) 2) = 0.002-0.02, 
corresponding to acceptances ~ 80-95%. n~w, the number of sweeps used to 
measure the observables, was rescaled keeping ( (8S)2)n  sw constant. Typical values 
of n~w run from 200 for ( (8~)  2) = 0.02 to 2000 for ( (SZ) 2) ~0.002. Typical 
examples of a thermal cycle and of a mixed phase run are presented in fig. 14. 

For  N = 1 0  and npt=100,  we investigated f = 1 . 6 ,  L = 6 0 ,  f = 1 . 8 ,  L = 5 0 ,  
f = 2.0, L = 40 and f =  2.2, L = 40. We checked that n pf = 200 gives similar results. 
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Fig .  15(a) .  T h e  c r i t i ca l  m a s s  m c for  N = 10, npf = 100 a n d  f =  2.2. (b)  ( ~ )  for  N = 10, npf  = 100 a n d  

f =  2.2. (c) ( ,~2)~ fo r  N = 10, npf = 100 a n d  f =  2.2. ©: pos i t ive  p h a s e  da t a ;  × :  n e g a t i v e  p h a s e  da t a .  
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Fig .  16. (a)  me ;  (b)  (2~);  (c) ( Z 2 ) c ;  a n d  (d)  t he  v a l u e  o f  t he  S c h w i n g e r - D y s o n  e q u a t i o n .  I n  all ca ses  

N = 10, npf = 100, a n d  f = 2.0. 

Numerical results for m c, (X) and (~y2)~ in the two phases are presented in figs. 
15-18. The straight lines are the results of a linear fit in ((62)2);  as discussed in 
sects. 2 and 8, the numerical estimate of the observables is given by the extrapola- 
tion of the fit to ( (62)  2) = 0. We plotted for comparison at ( (82)  2) = 0 the results 
of the 1/N expansion up to O(1/N).  

These three quantities are remarkably linear in ((82~)2). The two points at very 
small ((3Z)2),  that we computed for f =  2.0, stabilize the extrapolation t o  ( ( 8 ~ )  2 )  

0, but do not change dramatically the result. Numerical results for mc and (2:+) 
do not seem to extrapolate to the theoretical results, even allowing for an O(1/N 2) 
uncertainty; on the other hand, the extrapolation of (2J2)¢ looks compatible with 
the 1/N computation. 

The value of the Schwinger-Dyson equation (3S/3~,) is shown only for f =  2.0, 
in fig. 16d; it is very similar for the other values of f .  Its behavior is not linear, but 
possibly for the two leftmost points. We investigated also the case N = 30, f = 2.0 
for L = 40; results are presented in fig. 19 for npf = 100 and in fig. 20 for r t p f  = 300 
(in these figures the linear fits are performed only on the three left-most points). 
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Fig.  17. (a) me; (b) ( Z ) ;  (c) (Z2 )c .  In  all  cases  N = 10, npf = 100, a n d  f =  1.8. 

In this case, we see a clear difference between different n pf 'S ;  i n  particular, 
rtpf = 300 data show a milder dependence on ( (8S)2) .  This was to be expected, 
since quantum fluctuations are O ( 1 / N )  and therefore the relevance of pseudo-fer- 
mion-induced fluctuations (independent of N but dependent o n  npf) is growing 
with growing N. Also the Schwinger-Dyson equation shows a much higher expecta- 
tion value for N = 30 than for N = 10 (at the same npf and ((8Z)2)) ,  indicating the 
need for a bigger n pf. 

We can estimate the effect on the other observables of an error in the critical 
mass ,imo in the following way: in the set of eqs. (5.8), the first equation 
F0(Z+) = F0(Z ) is violated by the incorrect determination of mc; let us assume 
that the numerical algorithm works properly in the positive and negative phases, 
and therefore the second equation 8Fo(Z+)/SZ = 0 is satisfied. The leading contri- 
bution to A2~+, the error induced by Am c on ( ~ + ) ,  is computed from 

3mc 0 ~  + ,AZ±F~ '=  O, 
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Fig. 18. (a) me; (b) ( X ) ;  (c) ( • 2 ) c .  I n  all cases N = 10, ?tpf = 100, and f =  1.6. 

with 

OF() 1 1 
- and F~ '= --(1 _+ 4rra3Xo) + O(X2),  (10.1) 

am f 7r 

where the prime stands for derivative respect to X and all the derivatives are 
evaluated at m = mc and X = X+; the result is 

q7 

AN+--- AmcT(1 -T- 4rra3Xo). (10.2) 

Using eq. (7.22), we find for the error on (N2)c 

A ( N 2 ) c  ~ A N  1 0 C  1 _ A ~ , ±  [ a l ( f )  + 2a2( f )~_+] ,  (10.3) 
N 0 2  N 

and, since 10~11 < 1 and ]a2l < 1 in the relevant range of values of f ,  A(Z2)c is 
negligible. 
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Fig. 19. (a) mc; (b) (Z); (c) (Z2)c; and (d) the value of the Schwinger-Dyson equation. In all cases 
N = 30, n p f  = 100, and f =  2.0. 

The observed values of Am c and the corresponding computed values of A•+ are 
listed in table 4. We note that these values account for most of the deviations from 
theoretical predictions. 

11. Conclusions and outlook 

We think that the achieved theoretical status of the lattice Gross -Neveu  model in 
the large-N limit is fully satisfactory up to O(1 /N) .  Every observable (in the sense 
of statistical mechanics) is unambiguously calculable and the continuum limit is well 
defined and coincides with the field-theoretical predictions. 

Problems related to the non-Borel sum,ab i l i t y  of perturbative series can be 
solved by defining computational procedures such that every relevant number can 
be obtained with aribtrary precision, as shown in appendix A. We also put under 
control finite-volume dependences, which allowed us to quantify the effect of 
Symanzik improvement.  



506 

-0 .96 

-0 .97 

o -0 .96 

-0 .99  

M. Campostrini et al. / Pseudofermion algorithm 

:(~) i r i 

- 1 . 0 0 . .  ' ' ' ' I . . . .  I . . . .  I . . . .  
0.005 0.01 0.015 0.02 

((~r,) ~) 
0.12 . . . .  I . . . .  I . . . .  I . . . .  

m 

0.10 

o 

0.08 

0.06 

' - o  
v 

0.34 

0.32 

0.30 

0.28 

0.26 

0.24 

0.10 

0.04 . . . .  I . . . .  I . . . .  I . . . .  0.00 
0.005 0.01 0.015 0.02 

0.05 

0 0 

, ~ ) '  , , r . . . .  i . . . .  i . . . .  

. . . .  I , , , , I . . . .  I , , , , 

0 0.005 0.01 0.015 0.02 
((~)~) 

0.005 0.01 0.015 0.02 

((~)~) 

Fig. 20. (a) me; (b) ( Z ) ;  (c) (X2)c;  and  (d) the value of  the S c h w i n g e r - D y s o n  equation.  In  all cases 

N = 30, npf = 300, and f = 2.0. 

TABLE 4 

The  error  on  the de te rmina t ion  of  the critical mass  Am c and the 

induced  errors  ,~X+ and AX relative to the da t a  presented  in figs. 1 5 -2 0  

Fig. n f Am c AX+ zaX 

15 2.2 0.027 0.028 0.049 

16 2.0 0.013 0.016 0.025 

17 1.8 0.013 0.018 0.027 

18 1.6 0.017 0.028 0.038 

19 2.0 0.010 0.012 0.019 

20 2.0 0.008 0.010 0.015 
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The analysis of the Monte Carlo data showed that the pseudofermion method is 
not very efficient in the large-N limit of the Gross-Neveu model. In particular, 
while the error induced by Monte Carlo inversion of the fermion propagator can be 
kept under control, the dependence on ((8~) 2) is only poorly understood. This is 
essentially due to a lack of theoretical understanding on the violation of the 
Schwinger-Dyson equations induced by ((8Z)2), which spoils the efficiency of this 
conceptually simple and conclusive test. 

The extrapolation of the numerical results to zero upgrading step show small but 
systematic deviations from the theoretical predictions. These deviations are ac- 
counted for by the imprecise determination of the critical mass, as discussed in 
detail in sect. 10. Anyway, one firm result of our analysis is the capability of the 
pseudofermion method of dealing with spontaneous breakdown of symmetries, at 
least in the discrete case. 

We must mention that the problem we faced refers to the worst possible 
dependence on approximations for the Matthews-Salam determinant, that of a 
purely fermionic theory with a large number of degrees of freedom. Most interesting 
physical models should have a less critical dependence. This statement includes 
supersymmetric models, where fermions are balanced by an equal number of 
bosons, and the extremely favorable case of QCD, where there are - N  times as 
many bosons as fermions and the quenched approximation appears to work. In 
these models we expect the pseudofermion method to be more efficient, since it 
deals exactly with bosonic degrees of freedom. 

These conclusions seem to indicate several possible directions of future research. 
We would like to extend our analysis to continuous symmetries, with special regard 
to the lattice implementation of chirality and supersymmetry [34]. It would be 
interesting to compare the mass spectra of semiclassically solvable models with their 
lattice counterparts. In the context of numerical analysis, two open questions seem 
to be most relevant. It would be necessary to have a theoretical prediction of the 
small ((SZ) 2) dependence of measured quantities and in particular to know the 
coefficient of the linear term in the violation of the Schwinger-Dyson equations. 
We would also like to compare our results with those obtained with different 
methods, with a special interest for the competing Langevin method. 

Appendix A 

The problem of an explicit and unambiguous evaluation of the continuum 
(nonperturbative) part of quantum operators carrying no nontrivial quantum num- 
bers can be explicitly addressed in the Gross-Neveu model by considering the 
quantity (ZZ(x))c defined in eq. (7.8). 

The lattice value of this operator can be computed (in the 1/N expansion) from 
eq. (7.9), which requires subtraction of a perturbative tail whose formal definition, 
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resulting from eq. (7.10), is given in terms of 

d2k 1 = ~ ( - 1 ) " G f  "+1 
Cl(f'O) =- f (2vr) 2 1 # + / - / 0 ( k )  n=0 

(A.1) 

= [ d2k A 2 n! 
c. y ~ - ~ 2 [ H o ( k ) ] "  _.g 4---~-(-1)"(27r---~. (A.2) 

The series (A.1) is not Borel summable, but we claim that a summation procedure 
can be defined in such a way that its result reproduces the numerical value of the 
integral for every value of f to any desired precision. 

More precisely, since we could not find any direct numerical algorithm for the 
evaluation of the integral, because of the singularity of the integrand due to 
the vanishing of the denominator when k = G0(f), we computed its value through 
the relationship (7.10) 

0 
Ca(f,O ) = - 2 f z - z ; / ' l ( f , 0 ) ,  (A.3) 

oj 

where 

l [ d 2 k  [1 j n+l 
F l ( f , O ) - ~ y ~ l n  7+1Io (k )=-½1nf+  ~ ( - 1 )  n=l 2n Gf ~ (A.4) 

can be easily evaluated numerically. Eq. (A.3) allows us to focus on the evaluation 
of Fl(f ,0);  most of the discussion will, however, apply directly to C 1 as well as to 

I"1. 
Central to our analysis is the observation that the integral (and the series as well) 

can be splitted into two domains, the region [k[ < A and the region ]k I > A, and 
that integration in the external region shows no pathology, while the corresponding 
series defined by the coefficients 

d2k 
cneXt= Jlkfl>A (2¢r) 2 [ir/°(k)] n (A.5) 

is summable in the standard sense and therefore brings an unambiguous contribu- 
tion to the final result. For the sake of it, we estimated the convergence radius of the 
external contribution from explicit evaluation of the first 20 coefficients and found 
it to be 

f~o,v = 3.6 = [H~ a~] 1 (A.6) 
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We are therefore left with the task of resumming the series defined by 
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d2k 
i n t =  f [ H o ( k ) ]  n ( A . 7 )  

Cn jbk I<A (2,/r) 2 

Let us observe that, in the relevant region, H o ( k  ) can be represented by its 
expansion in a series of the lattice spacing a 

1( 2 ) 
n o ( k ) = G l n  ~ +a2a2k 2+ a 2m E a2m,,+a'~m,,ln ~ P2~,,(k), 

m = 2  l = 0  

(A.8) 

where P2m, i ( k )  are the independent orthogonal polynomials of degree 2m in k x, ky 
enjoying the symmetries 

k ,~, - k ,  k x ~ ky .  (A.9) 

In particular 

m - 2  4 4 e 2 m . o = ( k 2 )  m , P 2 m , l = ( k  2) [ ~k.- 3(k2)2] . (A.10, 

This representation of H o ( k  ) allows for the analytical integration of the coeffi- 
int with a precision that is only related to our ability in computing the cients c n 

coefficients A>~ z and A' Appendix B is devoted to this problem. By observing , 2rn, l" 
that (choosing x = k 2 / A  2) 

n~ 
/ l x  m Inn x dx  = ( - 1)" n + l  ' (A.11) 

(m 1) a0 + 

we recognize that the expansion (A.8), once substituted in eq. (A.7), leads unam- 
biguously to the representation 

c¼ nt = -~--~ ( - 1) n ~ - ~ - l n !  dm ] 
+ m = l  (m + 1) ~ ' (A.12) 

where d m can be analytically determined as functions of A 2., i and A, and must , 2m, 1 

possibly be set of zero for a finite set of values of n < m. 



510 M. Campostrini et al. / Pseudofermion algorithm 

int with its representation (A.12), Our resummation simply consists in replacing c n 
thus obtaining a sum of series whose general form is 

,=o n! 2~r(m + 1) (A.13) 

times coefficients depending on A and dm. Now the series 

~-'~ n!x "+1 (A.14) 
n=0 

is the asymptotic expansion of the well-known function 

e x p ( -  1 )Ei (x l - )  = - R e f f l n ( l + x l n t ) d t ,  (A.15) 

and therefore our internal integral can be re-expressed in the form of an infinite 
sum over exponential-integral functions of increasing argument. 

Resumming only the series for m ~< m 0 and replacing the rest with a standard 
(non-resummed) series leads to an error O(exp( -2~r (m0+ 2) / f ) ) ,  that can evi- 
dently be made as small as desired by a proper choice of m 0. An explicit evaluation 
o f  f,~nt up to m 0 = 2 leads to 

A2( (2°) 
tint - In f +  exp - Ei - 27rA2A - E1 
~ 1  8q7" f -  f - -  2exp - 7  - f -  

(A.16) 

Comparison of results in the form (A.16) extended to higher orders with explicit 
numerical integration of F~ nt on big lattices (L  = 300) leads to extremely satisfac- 
tory results up to f = 3.0, showing the essential accuracy of the resummation scheme 
and leading to our theoretical predictions for C1( f, 0). 

In order to qualify our assertions, we must specify that we do not pretend we 
have found a more powerful resummation scheme than Borel's. The ambiguity 
corresponding to the singularity in the Borel variable is still there and manifests 
itself through the appearance of an O ( e x p ( - 1 / x ) )  imaginary part in the direct 
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computation of the integral (A.15), giving rise to the relationship (7.14) 
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ImFl ( f , 0 )  =~ 2~2: 0 + O ( ~ 4 ) .  (A.17) 

Our claim is rather a statement of the irrelevance of this ambiguity in the 
evaluation of the integral related to C 1 

f01 X dt,  (A.18) 
l + x l n t  

for which a principal-part prescription eliminates the imaginary part. We are thus 
left with a calculable quantity whose value is well approximated both by our 
resummation scheme and by direct numerical computation, and represents the 
uniquely defined perturbative tail that must be subtracted in order to obtain the 
physical quantum expectation value. 

Appendix B 

Knowledge of the small-a expansion of the one-loop integral 

rI0(k) = 2f  d2p --  I 1 " l 2 
[712 ' 

(a.1) 

where l 1 = p  and l 2 =p-4-k, is explicitly required both in the context of the 
one-loop Symanzik-improvement scheme and for the purpose of resumming 
the O(1/N) perturbative contributions to physical quantities, as discussed in 
appendix A. 

The general form of the expansion will be as in eq. (A.8). Let us just notice that, 
by introducing polar coordinates on the k plane, we can express the orthogonal 
polynomia ls  P2m, l(k) in the form 

P2m, I( k ) = ( k 2  ) m C O S ( 4 / 0 ) .  (B.2) 

The coefficients A2m, I and /V2m, t of the small-a expansion can be systematically 
computed by a technique exploiting dimensional continuation. 

We shall not belabour on this point, already well discussed in the literature [25]. 
Suffice it to mention that IIo(k ) may be expressed as the limit for d ~ 2 of the sum 
of two d-dimensional integrals; the first integral is computed by expanding the 
integrand in powers of a and extending the integration to infinity, while the second 
corresponds to expanding the integrand in powers of k and integrating on the 
lattice. UV divergencies of the first and IR divergencies of the second integral must 
match to give a finite result. 
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In order to perform the lattice integration, one has to isolate and subtract the IR 
singularities, which can be done by the help of explicitly analyzable lattice integrals 
involving scalar propagators. We made some "technological" progress in the evalua- 
tion of such lattice integrals, which helped us in the numerical computation of the 
O(a 4) coefficients. Since many of our results do not depend strictly on d = 2, we 
report them in the following for future use and reference. The most general relevant 
lattice integral with no intrinsic scale is 

I~n [~_d ^2k ] nk 
f ddp k=2~ p,=lP/z ) J(~'~)= ( ~  ( z ~ p ; )  d ^2 n 

• kn k -  n <~ 0, (B.3) 
k = 2  

showing an IR divergence degree 

~o=½d+ ~ knk -n .  
k=2  

(B.4) 

We can make use of the integral representation 

(z.g) ° 
1 {. >) 

2 " ( n - 1 ) ! f d z z "  lexp - z  E (1-cosp~,  , 
~=1  

(B.5) 

and notice that 

( aexp - z  ~ (1 cosp.  [u(z)] d 
~=1  

(B.6) 

where u(z) is related to a Bessel function and satisfies the differential equation 

( 1 )  1 
u " ( z ) = -  2 + -  u ' ( z ) - - u ( z ) .  

Z Z 
(B.7) 

Iterated use of eq. (B.7) and integration by parts allows us to express J(n k, n) in 
terms of the restricted set 

ddp 1 f L=J(o,n) 
J (2~1 ~ (z~g) ° 

(B.8) 

by a linear relationship 

J(nk, n)= E am(nk, n ,d)J  m. (B.9) 
rn <~ n 
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The coefficients am(n k, n, d) can be easily and systematically computed with the 
help of a symbolic manipulation program, like REDUCE. For the purpose of 
regularization, what we really need is the e-expansion around D dimensions of these 
integrals, where e = d -  D. In general 

1 
J(nk, n) = -A(n k, n) + B(nk, n) + O(e) ,  (B.IO) 

8 

and in particular 

1 
Jm = -Am + Bm + O(e).  (B.11) 

e 

Eq. (B.9) in turn implies that 

A(nk,n)= Y'~ am(n k,n,D)Am, 
m<n 

F Oam(n  k , D) n,  

m<n L 3d 
n, D)Bm]. (B.12) 

A conceptually simple trick allows us to compute all the A m in arbitrary 
dimensions. The crucial observation consists in noticing that when 

n = ~ kn k, (B.13) 
k = 2  

the integrals are infrared finite for all D. Therefore, the following equation may be 
established 

~m am( nk' y'~knk' D )Am = (B.14) 

From this equation, one can always establish a recurrence relationship among the 
Am. When D = 2, it takes the form 

3rn 2 -  3m + 1 (m - 1) 2 1 
Am+l = 8rn2 Am 32m 2 Am 1,  A1 = 2~"  (B.15) 

Similar considerations lead to the determination of the coefficients B m. Direct 
computat ion of D-dimensional integrals can be in general avoided, except possibly 
for the first D - 1 among them. 
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In particular, when D = 2, it is known that 

1 
B I =  ~-~ ( -  ~ln4cr + !72 ~ + ~ ln2 ) ,  (B.16) 

and it is convenient to parametrize the integrals by 

Xm [1 -  ½1n4 r+ 1 5 In2- Cm] Jm = + , (B.17) 

where A-~ and Cm are rational numbers. The easiest way to compute C m is now 
based on the existence of the following two-dimensional identities 

^4 ^2n ^ 2 n + 2  ^2 ( ) 2  Y'.p.Ep;, = 2 E ~ b 2 " + 4 - 2 E p ;  Ep• + E/3~" Y~,/3~ . (BA8) 

t7 m can be determined recursively by applying (B.18) to the case of infrared finite 
integrals. The values of X m and C,, for n ~< 8 are reported for reference in table 5. 

Similar identities can be easily generalized to D dimensions; they are related to 
the properties of the representations of the permutation group for D elements. 
Explicit infrared singularities are not the only pathologies one can meet in evaluat- 
ing higher order coefficients of the expansion of H o ( k  ). Actually, one encounters 
many improper integrals whose value is a finite number but whose naive numerical 
evaluation on bigger and bigger square lattices leads to non-convergent results. 

Typical representatives of this phenomenon are integrals in which the singularity 
behaviour of the integrand has the form 

P2m,t(P) 
p2) n ' n > m,  l > 0. (B.19) 

TABLE 5 

The coefficients A-,~ and C,n, as defined in eq. (B.16), for the lowest values of m 

1 i o 

2 ± ! 8 2 

3 ms 17 
256 20 

4 7 281 
2048 252 

5 169 16045 
262144 12168 

6 269 714989 
2097152 484200 

7 1781 1184801 
67108864 739800 

8 3035 273447451 
536870912 160612200 
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In order  to insure convergence of the numerical integration, these contributions 
must  be regularized with a procedure similar to that employed with IR divergencies, 
bu t  with a crucial difference related to the fact that the integrals of the regulators 
must  be themselves finite calculable numbers.  This is achieved by constructing 
funct ions of the scalar propagators  whose singularities are integrated to zero in 
dimensional  regularization, and then taking proper  combinat ions of these objects. 

We list the first few examples and their two-dimensional numerical values 
ob ta ined  from dimensional  cont inuat ion 

1 1 1 /3 4 1 

( p 2 )  2 ---' K2 '° - -  (/32) 2 6 (/32) 3 " - 96---7' 

1 1 1 /~4 1 /36 1 ( /~4)  2 
(p2 )3  - + K 3  o =  - -  + ' (/32) 3 4 (/32) 4 3 0  (/32) 4 24 (/32) 5 

Y~>d 134 1 ]36 1 ( / 3 4 )  2 1 
( p 2 ) 4  + K 4 2 ~  - -  + + - - -  ' (/32) 4 6 (/32) 4 3 (/32) 5 128rr '  

~p.p4 /34 1 /36 7 /~8 5 (/34) 2 

( p 2 )  5 "K5'2 (/32) 5 + 6 (/32) 5 + 240 (/32) 5 12 (/~2) 6 

1 /34/36 5 (/34) 3 119 
- - q -  .~ 

8 (/32) 6 48 (/32) 7 737280~" ' 

30720~ ' 

(B.20) 

^ B  __ ^ n  where p - F~p ; .  As a consequence, the integrable singularities 

P4,,(p) P4,1(p) 
( p 2 )  4 ' (p2)5  ' (B.21) 

can be regulated by 

4K4, 2 - 3K2,0, 
7 

4K5'2 - 3K3'° 184320~r ' (B.22) 

respectively. 
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The last essential ingredient of computation is the evaluation of the lattice 
angular integrals in d dimensions (the continuum angular integrals are straightfor- 
ward). 

In computations O(a4), the general form of these integrals is 

d~p f (2~r)a E T~,po k~k~k°k" 
p.vpo" 

1 dap 

d'p [ ] 
+ .(.-1~ f~ [Z (r...... + r.... + ~....) - 3Z r.... 

(B.23) 

We can now compute the cumulative contribution of the continuum integral and the 
lattice integral over the regulators of the IR singularities for the O(a 4) expansion of 
IIo(k ). The result, showing the cancellation of singularities (as expected) and 
allowing for the determination of A'4, l, is 

 ,ni l .4[ / ) ] (B.24) 

and it implies 

1 
A' = 0 ,  A' - (B.25) 4,0 4,1 96~ 

Numerical integration of the regulated integrals leads to the following results (for 
rz= !) 3 

A 2 = 0 . 0 0 6 7 4 2 6 7 ,  A 4,0 = 0 . 0 0 4 7 4 6 ,  A 4,1 = 0 . 0 0 2 3 3 4 .  (B.26) 

More generally, the values of A2,  A4, 0 and A4,1 as functions of r = 3r 2 are plotted 
in fig. 21. 
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Fig. 21. The coefficients A2, A4, o and A,,, 1 in natural units for eq. (A.8), as functions of r = 3r 2. 
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The agreement of the truncated series with the numerical value of IIo(k ) is 
remarkably good in the region k ~< A. This implies an estimate for the coefficients 
A6,/ which is consistent with an effective convergence radius O(1) in the variable 
k 2/A2. 
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